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Determination of a convex body by the volume of

its polar bodies

WU Li-rong

(Zhejiang Industry Polytechnic College, Shaoxing Zhejiang 312000, China)

Abstract: Using tools of spherical harmonics and Hamburger’s moment, we proved

that an origin-symmetric convex body containing a sphere of radius δ in its interior is

determined in R
n by the volume of its polar bodies with respect to all the points near the

sphere.
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3 R
n ¥, àN K 'u��S: z �4N K∗z �½Â�

K∗z = {y ∈ R
n|〈y, x − z〉 6 1, ∀x ∈ K}.

gþ�V±5, 'u4N�ïÄ��
éõk¿Â(J. X��àN�3���:, ¦

� Voln(K)Voln(K∗z) ����, <�rd:¡�� Santaló:. 'u Santaló��ïÄ�©

z [1]. ���:é¡�àN K �NÈÈP(K)´�� GL(n) ØC�¼, ½Â�

P(K) = Voln(K)Voln(K∗0).

P(K) �þ.´Í¶� Blaschke-SantalóØ�ª[2,3], ©z [2] �Ñ
{áy². 'uP(K) �

e., Mahler 3©z [4]¥ßÿ, P(K) > P(Cn), Ù¥ Cn ´ R
n ¥�:é¡���á�N. é
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���àN, Mahler 3©z [5] ¥ßÿ¿y²
� n = 2 �, 3��:é¡��¹, éz�

� z ∈ R
n,

Voln(K)Voln(K∗z) > Voln(△n)Voln(△∗0
n ),

Ù¥△n L« n�ü/. 3é¡��¹e, Reisner 3©z [6,7]¥ïÄ
 zonoids�¹, 3©

z [8] ¥ïÄ
 1-Ã^�N��¹. Gordon�3©z [9]¥�Ñ
'u zonoids���#�

y². BourgainÚ Milman 3©z [10]¥y²
P(K) > cnP(Bn
2 ), Ù¥ c ´��Ï^~ê,

Bn
2 �ü î¼¥. 3©z [11] ¥, Ball �x
Tß���Å�§�'X. Lopez Ú Reisner 3

©z [12]¥�y
� n 6 8 ��õk 2n + 2 �º:�õ¡N��ß�´é�. 3©z [13]¥,

BöröczkyÚ Hug y²
'u zonoidsØ�ª�½5. Barthe �3©z [14]¥ïÄ
kNõ

é¡5�àN��¹. Ù¦'u4N�Ø�ª��¼����©z [15-20].

�©�Ä
'u�:é¡àN�(½¯K. ·��Ñ, 3 R
n ¥���¹�»� δ �¥

ÙSÜ��:é¡àN, �dÙ'ud¥NC:�4N�NÈ¤��(½, =e¡�½n:

½½½nnn 0.1 � K, L ´ R
n ¥�:é¡�àN. XJ�3 0 < a < b, ¦�éz� δ ∈

(a, b), y ∈ δSn−1, k

Voln(K∗y) = Voln(L∗y),

K K = L.

1 Funk-Hecke úª

ÄkÛ��
'u¥¡NÚ¼ê�¯¢, �õ�[!�ë�©z [21-23]. ^ Pm L

« R
n ¥ü ¥¡ Sn−1 þ� m g¥¡NÚ¼ê�m. 5¿�ü ¥¡þ m g¥¡NÚ¼ê

´ m gNÚàgõ�ª. r Pm �� L2(S
n−1) �f�m. ?¿ 2 �ØÓgê�¥¡NÚ¼ê

3 L2(S
n−1) ¥´���. ØJ���m Pm ��ê N(n, m):

N(n, m) =
(2m + n − 2)Γ(n + m − 2)

Γ(m + 1)Γ(n − 1)
.

� {Ymj : j = 1, · · · , N(n, m)}´ Pm �m��|��Ä, K¼ê Ymj, m ∈ N ∪ {0}, j =

1, · · · , N(n, m) /¤ L2(S
n−1) �m��|��Ä. Ïd, XJ F, G ∈ L2(S

n−1), K

〈F, G〉 =
∞
∑

m=0

N(m,n)
∑

j=1

〈F, Ymj〉〈G, Ymj〉,

Ù¥ 〈F, G〉L« L2(S
n−1) ¥�SÈ. Ó��k

‖F‖2
L2(Sn−1) =

∞
∑

m=0

N(m,n)
∑

j=1

〈F, Ymj〉2.

½½½nnn 1.1(Funk-Heckeúúúªªª[21]) ∀Ym ∈Pm, [−1, 1]þ�z��ëY¼ê f Ú x∈Sn−1,

¤á ∫
Sn−1

f(〈x, ξ〉)Ym(ξ)dξ = λmYm(x),

Ù¥

λm =
(−1)mπ

n−1
2

2m−1Γ(m + n−1
2 )

∫1

−1

f(t)
dm

dtm
(1 − t2)m+ n−3

2 dt. (1)
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3©z [21,22]¥®�Ñ
�
AÏ¼ê�Xê, 3d�Ä

f(t) =| 1 − st |−n−1, (2)

Ù¥ t ∈ [−1, 1], � st ∈ [−1, 1]. P¼ê f(t) 'u Funk-Heckeúª�Xê� λm(s).

ÚÚÚnnn 1.1 � f ∈ C1[−1, 1], s ∈ R, ¦�éz� t ∈ [−1, 1], st ∈ [−1, 1], K f(t) =| 1 −
st |−n−1 3 Funk-Hecke úª¥�Xê�deª��,

λm(s) =
π

n

2

n!

∞
∑

k=m

(−s)k 22−k(n + k)!

(k − m)Γ(k−m
2 )Γ(n+m+k

2 )
.

y ² Äk?nL�ª (1)�È©. m g©ÜÈ©�, ��

∫1

−1

| 1 − st |−n−1 dm

dtm
(1 − t2)m+ n−3

2 dt

= (n + 1) · · · (n + m)sm

∫1

−1

| 1 − st |−n−m−1 (1 − t2)m+ n−3
2 dt.

du st ∈ [−1, 1], ·�'u st Ðm | 1 − st |−n−1 �, 2A^ B ¼ê[22,24], k

B(a, b) =

∫1

−1

| t |2a−1 (1 − t2)b−1dt,

∫1

−1

| 1 − st |−n−m−1 (1 − t2)m+ n−3
2 dt

=

∞
∑

k=0

(−s)k (n + m + k)!

k!(n + m)!

∫1

−1

| t |k (1 − t2)m+ n−3
2 dt

=
Γ(m + n−1

2 )

(n + m)!

∞
∑

k=0

(−s)k (n + m + k)!

Γ(m + n+k
2 )

Γ(k+1
2 )

Γ(K + 1)
.

?�ÚA^Γ¼ê���úª[22],

Γ(2x) =
22x−1

√
π

Γ(x)Γ
(

x +
1

2

)

,

Ù¥ x Ú x + 1
2 ´Øáu N ∪ {0}�Eê, =���Ún�(Ø.

2 Ì�(Ø�y²

5¿4N�NÈäkÚn 1.1 ¥¼ê f �/ª, ·�|^Ún 1.1 5Ðm4N�NÈ¤

¥¡NÚ¼ê.

ÚÚÚnnn 2.1[1,2] � K ´ R
n ¥�:é¡�àN, y ∈ intK, K

Voln(K∗y) =

∫
K∗0

1

(1 − 〈x, y〉)n+1
dx. (3)

5 L � ª (3) T Ð ´ � � ² 1 � ¡ ¼ ê © ê � � ê � A ~. é ξ ∈ Sn−1, à

N K 3 ξ ���²1�¡¼ê[22]´ R þ���¼ê

Ak,ξ(t) = Voln−1(K ∩ {ξ⊥ + tξ}),
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Ù¥ ξ⊥ + tξ ´R�u ξ ��å�: t��²¡. ��ÿÁ¼ê φ ∈ S(R) � q �©ê��ê,

ÏL φ Ú t−1−q
+ /Γ(−q)[22]�òÈ½Â�

φ(q)(x) =
〈 t−1−q

+

Γ(−q)
, φ(x − t)

〉

.

é−1 < q < 0,

A
(q)
K,ξ(t) =

〈 z−1−q
+

Γ(−q)
, Ak,ξ(t − z)

〉

=
1

Γ(−q)

∫∞

0

|z|−1−qAk,ξ(t − z)dz

=
1

2Γ(−q)

∫
R

|z|−1−q

∫
<x,ξ>=t−z

χ(‖x‖K)dxdz

=
1

2Γ(−q)

∫
R

|t − y|−1−q

∫
<x,ξ>=y

χ(‖x‖K)dxdy

=
1

2Γ(−q)

∫
Rn

|〈x, ξ〉 − t|−1−qχ(‖x‖K)dx.

ÚÚÚ nnn 2.2 � K ´ R
n ¥ � : é ¡ � à N, r ´ � ¹ 3 K S Ü � ¥ � � », é t ∈

(0, r), y ∈ tSn−1, z���K�ê m, k

〈Voln(K∗y), Ym〉 =
π

n

2

n!

∞
∑

k=m

c(n, m, k)(−t)k

∫
Sn−1

h−n−k
K (ξ)Ym(ξ)dξ, (4)

Ù¥

c(n, m, k) =
22−kΓ(n + k)

(k − m)Γ(k−m
2 )Γ(n+m+k

2 )
. (5)

y ² d y ∈ intK, �±P y = tξ, ξ ∈ Sn−1. �âª (3), ·�k

〈Voln(K∗y), Ym〉 =

∫
Sn−1

Voln(K∗y)Ym(ξ)dξ

=

∫
K∗0

(

∫
Sn−1

|1 − t‖x‖2〈x/‖x‖2, ξ〉|−1−nYm(ξ)dξ
)

dx. (6)

5¿�4N�½ÂÚ K ´�:é¡�, S�È©�±=z�Ún 1.1��/. ù�, L�

ª (6) �u

∫
K∗0

λm(t‖x‖2)Ym(x/‖x‖2)dx

=
π

n

2

n!

∞
∑

k=m

(−t)k22−k(n + k)!

(k − m)Γ(k−m
2 )Γ(n+m+k

2 )

∫
Rn

‖x‖k
2Ym(x/‖x‖2)χ(hK(x))dx

=
π

n

2

n!

∞
∑

k=m

(−t)k22−k(n + k)!

(k − m)Γ(k−m
2 )Γ(n+m+k

2 )

∫
Sn−1

Ym(θ)

∫ 1
h

k
(θ)

0

rn+k−1drdθ.

O�SÈ��B���ª (4)Úª (5).
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L�ª (4)´k¿Â, Ï��Ä
Ã�¦Úp¡z���ýé�� kg�ª.

∞
∑

k=m

c(n, m, k)tk
∫
Sn−1

h−n−k
K (ξ)Ym(ξ)dξ. (7)

�â StirlingìCúª[25], � Rx → ∞�, Γ(x) ∼
√

2πxx− 1
2 e−x, ·�k, � Rx → ∞�,

Γ(x)
1
x ∼ x

e , Ïd, � k → ∞�,

c(n, m, k)
1
k =

1

2

( 4

k − m

)
1
k
( Γ(n + k)

Γ(k−m
2 )Γ(n+m+k

2 )

)
1
k ∼ 2e

k
.

2|^ Cauchy-SchwarzØ�ª, k

∣

∣

∣

∫
Sn−1

h−n−k
K (ξ)Ym(ξ)dξ

∣

∣

∣

1
k

6

(

∫
Sn−1

|h−n−k
K (ξ)|2dξ

)
1
2k

(

∫
Sn−1

|Ym(ξ)|2dξ
)

1
2k

. (8)

- Dt L«�»� t, ¥%3�:�î¼¥. ·�ÀJ t, ¦�éz�� ξ ∈ Sn−1, k

hK(ξ) > hDt
(ξ) = t.

Ïd, � k → ∞�, du (t−n−kω
1
2
n )

1
k ∼ t−1, ¤±L�ª (8)m>1��´k.�, Ù¥ ωn L

«ü ¥¡ Sn−1 �L¡È, qduéz���K�ê m, Ym ´��Äp¡�����, Ï

dL�ª (8) m>1��TÐ´ 1. Ïd, �?ê (7) 'u t ´Âñ�. ¤±, � t ∈ (0, r), L�

ª (4) ´)Û�.

k
þ¡�Ún·��±y²�©�Ì�½n.

½½½nnn 0.1 ���yyy²²² duéz��y ∈ δSn−1,

Voln(K∗y) = Voln(L∗y),

3¥¡þé y ����» δ ¦�, =é j = 0, 1, 2, · · · , k

djVoln(K∗y)

dδj
=

djVoln(L∗y)

dδj
, (9)

2�âÚn 2.2,

∞
∑

k=m

c(n, m, k)(−δ)k

∫
Sn−1

(h−n−k
K − h−n−k

L )(ξ)Ym(ξ)dξ = 0. (10)

rþª (10)w�'u δ ��?ê, (Üúª (9), éz���ê m > 0, k > m, k

〈h−n−k
K − h−n−k

L , Ym〉 = 0. (11)

y 3, r ( ½ ¯ K Ú Hamburger Ý[26]¯ K é X å 5, = ´ Ä � 3 X � 
 � ~ � ÿ

Ý σ(u),−∞ < u < +∞, ¦�é�½�?ê {zk}∞0 �Ð´Ý�ÿÝ:

zk =

∫+∞

−∞

ukdσ(u), k = 0, 1, 2, · · · . (12)

Ø���5, �Ä?ê

zk =
∣

∣

∣

∫
Sn−1

h−n−k
K (ξ)Ym(ξ)dξ

∣

∣

∣
.
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�â Cauchy-SchwarzØ�ª, k

zk 6

(

∫
Sn−1

|h−n−k
K (ξ)|2dξ

)
1
2
(

∫
Sn−1

|Ym(ξ)|2dξ
)

1
2

.

Ò�3y²Ún 2.2¥¤��, k

zk 6 δ−n−kω
1
2
n ,

Ù¥ ωn L«ü ¥¡ Sn−1 �L¡È, Ïd

∞
∑

k=1

(z2k)−
1
2k >

∞
∑

k=1

δ1+ n

2k ω
−

1
4k

n

u Ñ. � â k � ù O K[26], Ý ¯ K (12)´ ( ½ �. Ï d, ª (11) · ^ u ? ¿ � � K �

ê k Ú m. 3¥¡NÚ¼ê�Ðmª�¿Âe, é?¿��K�ê k, 3 Sn−1 þ,

h−n−k
K ≡ h−n−k

L .

d)Ûòÿ, 3 Sn−1 þ, k hK ≡ hL, = K = L.
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