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Abstract: The fixed point set of the affine Weyl group (;lgn,g) under a certain group
automorphism « with a (S) = S can be considered as the affine Weyl group (C,, S). Then
the left and two-sided cells of the weighted Coxeter group (5’n,Z), where £ is the length
function of Zzn, can be given an explicit description by studying the fixed point set of the
affine Weyl group (Zzn, 5) under . We describe the cells of (5’n,Z) corresponding to the
partitions k1271 with 1 < k < 2n+ 1 and (2n — 1,2).
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0 Introduction

In this article, we will discuss some results about left cells in a weighted Coxeter group
(W, L) as defined by Lusztig in [1], which is, by definition, a Coxeter system (W, .S) together
with a weight function L : W — Z. When L = Z, (W, L) is called in split case by Lusztig,
where £ is the length function of W. And when W can be realized as the fixed point set of a

finite or an affine Coxeter system (W, S) under a group automorphism a with a(S) = S, where
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the weight function L is the restriction to W of the length function ¢ of W, (W, L) is called in
quasi-split case by Lusztig (see [1, Ch. 16]).

The affine Weyl group W = C,, can be realized as the fixed point set of the affine Weyl
group W = Avgn under the group automorphism a determined by «(s;) = s2,—; for 0 <
i < 2n+ 1, where the Coxeter generator set S = {s; | 0 < i < 2n + 1} of Ay, satisfies
sf =1,88; =58 (jZi+1mod 2n+ 1) and $;8,418; = Si+18:Si+1 for any 0 < 4,5 < 2n+1
(we stipulate s2,+1 = Sg). Following the ideas of Shi in [2], we will study certain left cells of

the weighted Coxeter group (57“ E), where £ is the length function of Ay,

1 Cells theories of a weighted Coxeter group

We assemble in this section some basic concepts and results of a weighted Coxeter group,
which follow from Lusztig in [1] except for 1.7 from Shi in [2].

1.1 Let (W, S) be a Coxeter system with £ its length function and < the Bruhat-Chevalley
order on W. An expression w = $182---s, € W with s; € S is called reduced if r = {(w).
By a weight function on W, we mean a map L : W — 7Z satisfying that L(s) = L(t) for any
s,t € S conjugate in W and that L(w) = L(s1)+ L(s2) + - - -+ L(s,) for any reduced expression
w= 81525, € W. Call (W, L) is a weighted Cozeter group.

Suppose that there exists a group automorphism « : W — W with «a(S) = S. Let
W ={w e W | a(w) = w}. For any a-orbit J in S, let w; € W be the longest element
in the subgroup W; of W generated by J. Let S, be the set of elements w; with J ranging
over all a-orbits on S. Then (W%, S,) is a Coxeter group and the restriction to W& of the
length function ¢ : W — N is a weight function on W*. The weighted Coxeter group (W%, /)
is called in the quasi-split case.

1.2 Let A = Z[v,v"!] be the ring of Laurent polynomials in an indeterminant v with
integer coefficients. Denote v,, = v“(*) for any w € W. Define a ring involution a — @ of A
by setting 3. a;v" = 3" a;v~" where a; € Z in the sum. Define A, = {f € A| deg f < m} for
any m € Z.

1.3 Let (W, S) be a Coxeter system. For any w,z,y,z € W and s € S with sz < z <
y < sy, define p, , M; , € A recurrently by the following requirements:

Pew =0 if 2L w,pww =1 and p., € Aco if 2 <w. (1.3.1)
Drw = VDzsw + Pszsw — 9. M 4P2,2 for z <w and sw < w, where e = 1 if sz < z,
z<z/<sw
szl <z’
and —1 if sz > z (see [1, The proof of Theorem 6.6]). (1.3.2)
Z M P,z = vspay(mod Aco), (1.3.3)
<2<y
sz<lz
M3, = Mg, (1.3.4)

The condition (1.3.3) determines the coefficients of v* in M3 for all k > 0; then (1.3.4)

determines all the other coefficients (see [1, Proposition 6.3]).
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1.4 Let (W,S) be a Coxeter system. For y # w € W, if there exists s € S with w < sw,
such that either y = sw or M, # 0, then we denote y < w; if there exists s € S with w < ws,
such that either y = ws or M5717w71 # 0, then we denote y oW Let % (resp., \) be the
preorder on W which is transitively generated by the relation y cw (resp., y o w) The
equivalence relation associated to this preorder is denoted by > (resp., E) The corresponding
equivalence classes in W are called left cells (resp., right cells) of W. Writey < w in W, if there

LR
exists a sequence yo = y,y1,...,Yyr = w in W with some r > 0 such that for every 1 < i < r

either y;_1 \ y; or y;—1 < y; holds. The equivalence relation associated to the preorder < S is
denoted by m;% and the C(})%rrespondlng equivalence classes in W are called two-sided cells of W

1.5 For w € W, define L(w) = {s € S| sw < w} and R(w) = {s € S | ws < w}. If
y,w € W satisfy y < w (resp., y < w), then R(y) D R(w) (resp., L(y) 2 L(w)). In particular,
if y ~w (resp., y ELw), then R(y};: R(w) (resp., L(y) = L(w)) (see [1, Lemma 8.6]).

1.6 In [1, Chapter 13|, Lusztig defined a function @ : W — N U {oo} in terms of
structural coefficients of the Hecke algebra associated to W.

In [1, Chapters 14-16], Lusztig proved the following results when W is either a finite or
an affine Coxeter group and when (W, L) is either in the split case or in the quasi-split case.

Dy L§R w in W implies a(w) < a(y). Hence y oW in W implies a(w) = a(y).

(2) If w,y € W satisfy a(w) = a(y) and y % w (resp., y § w, Yy L<R w), then y ~w (resp.,
Yy w,y o~ ).

For any X C W, write X1 := {27! |z € X}.

Lemma 1.7 (see [2, Lemma 1.7]) Suppose that W is either a finite or an affine Cozeter
group and that (W, L) is either in the split case or in the quasi-split case.

Let E be a non-empty subset of W satisfying the following conditions:

(a) There exists some k € N with a(z) = k for any x € E;

(b) E is a union of some left cells of W;

(c) E71 = E.

Then E is a union of some two-sided cells of W.

2 The weighted Coxeter groups (Asy,£) and (C,, £)

2.1 The affine Weyl group Ay, can be realized as the following permutation group on
the integer set Z (see [3, Subsection 3.6] and [4, Subsection 4.1]:

2n+1 2n+1
Agn:{w:Z—>Z|(i+2n+1) = (w+2n+1, > (i) w—Zz}
=1 =1

The Coxeter generator set S = {s;]0<i<2n+1} of Ay, is given by

t, ift Z4,i+1 (mod2n+ 1),
t)si=<qt+1, ift=i (mod 2n + 1),
t—1, ift=i+1 (mod2n+1),
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forany t € Zand 0 < i < 2n+ 1. Any w € Avgn can be realized as a Z X Z monomial
matrix Ay = (aj)i jez, where a;; is 1 if j = (i)w and 0 if otherwise. The row (resp., column)
indices of A,, are increasing from top to bottom (resp., from left to right). We can conveniently
use some familiar operations in linear algebra on the matrix A,,. For example, A,-1 is just
the transposed matrix of Ay; As.w (resp., Aus,) can be obtained from A, by transposing the
(2ng + ¢ + ¢)th and the (2ng + ¢ + ¢ + 1)th rows (resp., columns) for all ¢ € Z.

Let o : Agn — Agn be the group automorphism determined by a(s;) = sop—; for 0 < i <
2n + 1. Then the affine Weyl group C,, can be realized as the fixed point set of Ao, under «Q,

which can also be described as a permutation group on Z as follows.
Co={w:Z—Z|(i+2n+1w=()w+2n+1,(—)w = —(i)w,Vi € Z}

with the Coxeter generator set S = {t; | 0 < ¢ < n}, where t; = 8;82,—; for 1 < i < n,
to = sgSa2nSo and t, = s,. For any w € CN'n, we can see that (k(2n + 1))w = k(2n + 1), for any
k € Z. For the sake of convenience, we define s; for any ¢ € Z by setting Sagn4q+5 to be s for
any g€ Zand 0 <b<2n+1.

2.2 Denote the set {1,2,--- ,k} by [k] for any k& € N. By a partition of a positive integer
n, we mean an r-tuple A := (A1, Ag, - -+ , A) of weakly decreasing positive integers Ay > -+ > A,
with XT: Ar = n for some r > 1. )\; is called a part of \. We usually denote A in the form

k=1

jrjke .k (boldfaced) with j1 > jo > --- > jm > 1if j; is a part of A\ with multiplicity

k; > 1 for i > 1. For example, 8522312 stands for the partition (8,5,5,2,2,2,1,1) of 26.

Fix w € As,. For any i # j in [2n + 1], we write ¢ <, j, if there exist some p, ¢ € Z such
that both inequalities 2pn+p+i > 2gn+q+j and (2pn+p+i)w < (2gn+qg+7)w hold. In terms
of matrix entries of w, this means that the entry 1 at the position (2gn+q+ 7, (2¢gn+ g+ j)w) is
located to the northeast of the entry 1 at the position (2pn+p+1i, (2pn+ p +i)w) (see Fig. 1).
This defines a partial order <,, on the set [2n + 1].

1 ——(2gn + q + j)-th row

1 ——(2pn+ p + i)-th row

Fig. 1 lustration of ¢ <4 j

A sequence ay,ag, - ,a, in [2n 4 1] is called a w-chain, if a1 <y a2 <y -+ <y ap. We

identify a w-chain a1,as,--- ,a, with the corresponding set {ai,as, - ,a,}. For any k > 1
k

a k-w-chain-family is by definition a disjoint union X = |J X; of k w-chains Xi,---, X} in

i=1
[2n + 1]. Let dj, be the maximally possible cardinal of a k-w-chain-family for any k > 1. Then

there exists some r > 1 such that dy < do < --- <d, =2n+1. Let A\ =dy and Ay = di, —di_1
forany 1 < k < r. Then Ay > Ay > --- > A\, by a result of Curtis Greene in [2n+1]. Let Aoy, y1
be the set of partitions of 2n 4+ 1. Hence w — ¢(w) = (A1, -+, A;) defines a map from the set
Avgn to the set Ag,41.
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2.3 Let Z, £ be the length functions on the Coxeter systems (Avgn, §), (CN'n, S), respec-
tively. By the definition in 1.1, we see that the weighted Coxeter group (ggn, EN) is in the split
case, while (C,,,?) is in the quasi-split case (see [1, Lemma 16.2]).

For any © € Ay, and k € Z, let my(z) =# {i € Z | i < k and (i)z > (k)z} and
m"(z) =# {i € Z | i <n+1and (i)z > n}. Then the formulae for the functions ¢ and ¢ are as

follows.
Proposition 2.4 For any w € szn and x € én, we have
— New— (8)aw 2n-+1
() fw)= % [l =5 my(w);
1§i<]<2n+1 k=1

(2) £(x) = 1(E{x) — mo(a) + m" (),
where |a] stands for the largest integer not larger than a and |a| stands for the absolute value
of a for any a € Q.

Proof (1) follows from Shi in [8, Proposition 2.4].

(2) When £(z) = 0, £(z) = mo(z) = m"(z) = 0.

When £(z) = 1, if 2 = t; with 0 < i < n, then £(z) = 2 and mg(z) = m"(z) = 0; if z = to,
then {(z) = 3, mo(z) = 1 and m"(z) = 0; if & = t,,, then £(z) = 1, mg(z) = 0 and m"(z) = 1.
These imply that the equality is right when £(z) < 1.

Now suppose that the equality is right when ¢(x) < k with k € N.

When £(z) = k+1, if t; € £(z) with 0 < i < n, then £(t;z) = {(z) — 2, mo(t;z) = mo(x)
and m"(t;z) = m"™(x); if to € L(x), then (tox) = L(x) —3, mo(tox) = mo(x) — 1 and m"(tox) =
m™(z); if t,, € L(x), then (t,z) = {(x) =1, mo(tnx) = mo(z) and m™ (t,z) = m"™(x) — 1. These
imply that the equality is right when ¢(z) = k 4+ 1. Hence (2) is obtained.

2.5 Let <, <¢ be the Bruhat-Chevalley orders on the Coxeter systems (szn, §), (én, S),
respectively. Since the condition z <¢ y is equivalent to = < y for any x,y € én, it will cause
no confusion if we use the notation < in the place of <o. Hence from now on we shall use <
instead of both < and <¢.

Let L(z) = {s € S | sz < z} and R(z) = {s € S | xs < z} for € Ay, and let
Ly)={teS|ty<y}and R(y) ={te S|yt <y} fory € C,.

Corollary 2.6 For any x € én and 0 <1 < n,

$i € L(z) <= s9p_; € L(z) = t; € L(z) = ()z > (i+ 1)z < 2n+1—i)z <
(2n — i)z,

$i € R(x) <= s9n_; € R(x) == t; € R(z) <= (i)z~1 > (i+1)z! <= 2n+1—i)z~' <
(2n — i)zt

Proof The results follow from Shi in [2, Corollary 2.6].

2.7 For any a € Z, denote by (a) the unique integer in [2n+1] satisfying a = (a) mod 2n+
1. Tt is known that every w € C,, is determined uniquely by the n-tuple ((1)w, (2)w, - - - , (n)w).
Hence we shall identify w with the n-tuple ((1)w, (2)w,---,(n)w) and denote the latter by

[(Dw, (2)w,- -, (n)w] in such a sense. Let w = [a1,a2, - ,a,], W' = t;w = [a},al, - ,a)]
and w"” = wt; = [af,a3, -+ ,a;] be in C,. When i € [n — 1], we have a; = a; for j €

r'n
]\ {i,i + 1},a = a;+1 and aj,; = a;; when i = 0, we have a’ = a; for 1 < j < n and

ay = —a1; when i = n, we have a; = a; for j € [n — 1] and aj, = 2n + 1 — a,. On the other
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hand, when i € [n — 1], we have a} = a; if (a;) ¢ {i,i+1,2n —4,2n +1 -4}, af = a; + 1 if
(aj) € {i,2n — i} and @} = a; — 1if (a;) € {i +1,2n+ 1 —i}; when i = 0, we have a] = a;
if (a;) ¢ {1,2n}, af = a; + 2 if (a;) = 2n and o = a; — 2 if (a;) = 1; when i = n, we have
aj = aj if (a;) ¢ {n,n+ 1}, af = a; + 1 if (a;) =n and a = a; — 1if (a;) =n+1.

The following results provide some information from w = [a1, a2, -+ ,an] € Cp.

Proposition 2.8 Let w = [a1,a9, - ,a,] € én Then

(1) Let 0 < k < n. t € L(w) if and only if ar > ar+1, with the convention that ag = 0
and apy1 =n.

(2) Let {a;),(a;) € {k,k+1,2n —k,2n+ 1 —k} for somei # j in [n]. Then ty € R(w),
0 < k < n, if one of the following conditions holds:

(i) either aj —a; > 2n+1, ori> j and a; > a; if ({(a:), (a;)) € {(k,k+1),(2n — k,2n +
1—k)};

(ii) a; + a; < 04f ({ai),{a;j)) = (k,2n — k);

(i) a; +a; >2n+ 1 if ({ai),(a;)) =2n+1—k,k+1).

Let {a;) € {1,2n}. Then to € R(w) if one of the following conditions holds:

(iv) a; < 0 if (a;) = 2m;

(v) a; >2n+114f (a;) = 1.

Proof The results follow from Shi in [2, Proposition 2.8], by 2.7 and Corollary 2.6.

2.9 For any A = (A, A, -+, \) and p = (1, plo, -+ , pe) in Agpyq, we write A < p if
A4+ A < g1+ +pg for any 1 < k < min{r, ¢}. This defines a partial order on Agp,qq. It
is well known that if z € Ag,, s € L(x) and t € R(x) then 1(sz), ¥ (xt) < ¥(z) (see [4, Lemma
5.5 and Corollary 5.6]). This implies by Corollary 2.6 that if z € C,,, s € £(z) and t € R(z),
then (sx), ¥ (xt) < ().

Let a,a be the a-functions of the weighted Coxeter groups (12[2”,2) (én,Z), respectively
(see 2.3 and 1.6).

Lemma 2.10(see [1, Lemma 16.5]) a(z) = a(z) for any z € C,,.

Lemma 2.11(see [1, Lemma 16.14]) Let z,y € Cy,. Then zy (resp., :Z:Ey) in Cy, if
and only if T~y (resp., x;;y) in Aoy,

By Lemma 2.11, we can just use the notation Ty (resp., :C?%y) for z,y € én without
indicating whether the relation refers to the group /ngn or C~’n

For any A = (A1, A2, -, \r) € Aoy, define p = (pg,po, -+, 1t) € Aapt1 by setting
pij =7 {k>1| X\, >j}, for any j > 1, and call u the dual partition of \.

Lemma 2.12 Let x,y € Agy,.

(1) x L<R y if and only if Y(y) < ¥(x). In particular, ~Y if and only if ¥ (z) = ¥(y)
(see [5, Theorem 6], [4, Theorem 17.4] and [6, Theorem B)).

(2) a(z) = Xt:(z — D), where (g1, pro, -+ , pe) is the dual partition of ¥(x) (see [7, Sub-
section 6.27]). -

2.13 A non-empty subset E of a Coxeter group W = (W, S) is said left-connected, (resp.,

right-connected) if for any x,y € F, there exists a sequence zo = x,21,--- ,2, = y in E such



¥ 1M eI Coxeter B C, 177 M (%) 97

that z;_yz; ' € S (vesp., x; 'w;—y € S) for every i € [r]. E is said two-sided-connected if for
any x,y € E, there exists a sequence xg = z,x1,--- ,2, = y in E such that either xi_lel or
x;'z;q isin S for every i € [r].

Let F C E'in W. Call F a left-connected component of E, if F' is a maximal left-connected
subset of E. One can define a right-connected component and a two-sided-connected component
of E similarly.

For any A\ € Ay, y1, define E) := Cpn N PpTLN).

Lemma 2.14 Let XA € Agpy1.

(1) Any left-connected (resp., right-connected, two-sided-connected) set of =1(\) is con-
tained in some left (resp., right, two-sided) cell of Aoy,

(2) Any left-connected (resp., right-connected, two-sided-connected) set of E is contained
in some left (resp., right, two-sided) cell of Ch.

(3) The set Ey is either empty or a union of some two-sided cells of én

Proof The results follow from Shi in [8, Corollary 2.18].

Corollary 2.15 Let z,y € Ao, satisfy x,y € YN for some X\ € Agpy1.

(1) If €(y) = €(z) + L(yz~Y), then z,y are in the same left-connected component of ¥=1()\)

and hence x ~ .
L

(2) If £(y) = U(x)+L(x " y), then x,y are in the same right-connected component of ~1(\)

and hence x ~ .
R

Let z,y € Cy, satisfy x,y € ¥~1(\) for some X € Agpyy.

(3) If U(y) = £(x) + L(yz™1), then x,y are in the same left-connected component of Ex and
hence x Y-

(4) If €(y) = l(z) + £(z~ty), then x,y are in the same right-connected component of Ey
and hence x 2y

Proof The results follow from Shi in [2, Corollary 2.19].

3 Partial order <, on [2n+1] determined by element w

In this section, we introduce two technical tools following Shi in [2, Section 3]. One is a
transformation on an element in 3.3, which is a crucial step in proving the left-connectedness
of a left cell and in finding a representative set for the left cells of én in the set Ex, A € Agpy1.
The other is the generalized tabloids in 3.5, by which we can check whether two elements of én
are in the same left cell.

3.1 i,j € [2n] are said 2n-dual, if i + j = 2n + 1; in this case, we denote j = i (hence
i=j also). Recall the partial order <, on [2n + 1] defined in 2.2 for any w € ggn and én can
be regarded as a subset of A, (see 2.1). Fix w € Ay,. i # j in [2n + 1] are said w-comparable
if either ¢ <., j or j <4 i, and w-uncomparable if otherwise. When w € én, i € [2n] is said
w-wild if i and i are w-comparable and w-tame if otherwise. i € [2n] is said a w-wild head
(resp., a w-tame head), if i is w-wild (resp., w-tame) with (i)w < (i)w.

It is easily seen that ¢ < j in [2n + 1] are w-uncomparable if and only if (i)w < (jw <
()w+2n+ 1.
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Lemma 3.2 Fiz w € én

(i) For any j # k in [2n], j <w k if and only if k <., j.

Now suppose that j # k in [2n] are w-wild heads and i € [2n] is a w-tame head.
ii) 7 < k if and only if §, k are w-comparable.

iii) If 4,k are w-uncomparable then so are j, k (resp., j, k).

iv) i and k are w-comparable if and only if i <., k.

(
(
(
(v) 4,i,7 is a w-chain if and only if j is w-comparable with both i and i.
(vi) {4, k, 7, k} is a w-chain if and only if j,k are w-comparable.

(vil) If (j)w > 2n+1, then j < 2n+1 <y, J; or else, j,J are w-uncomparable with 2n+ 1.
(viii) 4,7 are w-uncomparable with 2n + 1.

Proof The results (i)—(vi) follow by [2, Lemma 3.2] and (vii)—(viii) can be checked

directly.
3.3 Let
tuy, i (k) € [n],
fo=tns 10 I (R) € 2]\ )],
1, it (k) = 2n + 1,
and
tij =tipj1tipj_atipati (3.3.1)

for any i, j,k € Z with j > 0. Suppose = € C,, and i € Z satisfy (i)z —2n — 1 > (j)z for any
i < j <14+ a with some a € [2n]. Let #’ = t; ox. Then £(2’) = l(x) — £(t; o) and Y (z) = P (a').
Moreover, if (i)x —2n —1 > (j)z for any i < j <i+ 2n+ 1, let 2’/ = ¢; 9p412, then

(m)x —2n —1, if (m) = (i),
(m)z” = ¢ (m)z+2n+1, if(m)=2n+1-1),

(m)x, otherwise,

for any m € Z, where z” satisfies £(z") = ¢(z) — 2n — 1 and ¥(z) = ¥ (z”).

Fix w € C,,. Suppose that Fy = {i1,i2, - ,is} and Ea = {j1,j2, - ,jp} are two subsets
of [2n] satisfying that

(i1 <ia< - <igand j;1 <jo<---<jpwitha>0,b>0and a+b=n;

(ii) the elements of E; U Ey are pairwise not 2n-dual;

(iil) (k)w < (k)w for any k € Ey U Ey;

(iv) ()w— (j)w > 1(2n+1) for any ¢ € F7 and j € E; U {2n + 1}, where [ is nonnegative
integer.

By repeatedly left-multiplying the elements ¢; ;, 4, j € Z, to w, we can obtain some w’ € CN'n
such that there are some 1 < k1 < ko < --- < kp < 2b satisfying that

(1) L(w') = £(w) — £(ww'™);

(2) if b > 0, then [2b] = (k1 ko, ks 26+ 1 — k1,26 4+ 1 — ko, -+ ,2b+ 1 — &y} and the
map ¢ : {ji,j2,  , Jos J1sJ2s 5 Jo} — [20] given by ¢(jm) = ki and ¢(j,,) = 2b +1 — ki
for m € [b] is an order-preserving bijection.
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(3) (p)w' = (ip)w—1U'(2n+1) and (a + ky)w’' = (jg)w for any p € [a] and ¢ € [b], where I/
is some integer > [;

(4) @' < (e)w' for any c € [a] U {a+ kn, | m € [b]};

(5) if b > 0, then 0 < min{(c)w’ — (a + kp)w' | c € [a],m € [b]} < 2n + 1.

We see by Lemma 3.2 that ¢(w') = ¢(w), where A = ¢(w') = ¢(w), and by Corollary
2.15 that w,w’ are in the same left-connected component of E.

Example 3.4 Let z = [19,11,20] € Cs. Then E; = {1,3} and E, = {2} satisfy
the conditions (i)—(iv) in 3.3 with n = 3 and (a,b,l) = (2,1,1). Let y = to5t342x. Then
y = [12,13,11] € Cs. Hence y satisfies the conditions (1)~(5) in 3.3 and 1(z) = 1(y) = 52.

3.5 By a composition of 2n + 1, we mean an r-tuple (a1, a9, - ,a,) of positive integers
T ~
ay,as,- - ,a, with some r > 1 such that > a; = 2n+1. Let Ag, 1 be the set of all compositions
i=1

of 2n 4+ 1. Clearly, Agp41 C K2n+1.
A generalized tabloid Y of rank 2n + 1 is, by definition, an r-tuple T = (T1,T5,--- ,T})

with some r € N such that [2n 4 1] is a disjoint union of its non-empty subsets T;,j € [r].

We have &(T) := (|Ty|,|Ts|,- - ,|Tv|) € Agpi1, where |T;| denotes the cardinal of the set T;.
Let ¢1,42,--- ,4, be a permutation of 1,2,---,r such that |T;,| > |Ti,| > -+ > |T;,.|. Then
¢(T) = (T3 |, 1Tl - -+ 5T, ]) € Agnt1. Two generalized tabloids T = (14,15, ,T;) and

T = (11,75, -+ ,T}) of 2n + 1 are said equal, if r = ¢t and T; = T} for any i € [r]. Let Capy1
be the set of all generalized tabloids of rank 2n 4+ 1. Then both & : Copy1 — K2n+1 and
¢ : Copy1 — Aoy are surjective maps.

Let ©Q be the set of all elements w of Avgn such that there is a generalized tabloid T =
(Ty, T, -+ ,T) € Capy1 satisfying:

(i) For any i < j in [r], we have a <, b for any a € T; and b € T;

(ii) For any ¢ € [r], a and b are w-uncomparable for any a # b in T;.

Clearly, T is determined entirely by w € Q, denote T by T'(w). The map T : Q — Cap11
is surjective by [4, Proposition 19.1.2]. By a result of Curtis Greene in [8], we see that the
partition ¢(7'(w)) is the dual of ¥ (w).

The following known result will be crucial in the proof of Lemmas 4.4 and 5.4.

Lemma 3.6(see [4, Lemma 19.4.6]) Suppose that y,w € Ay, are two elements in Q with
E(T(y)) =&(T(w)). Then yyw if and only if T(y) = T'(w).

4 The set E} 2041

Recall that in 2.13 we defined the set E) for any A € Ay, 1. We have E;l = FE). In the
present section, we shall describe all the cells of C, in the set Eyi2n+1k for all k € [2n + 1].
Evidently, Ej2n+1 consists of the identity element of CN'n Hence in the subsequent discussion of
this section, we shall always assume k > 1.

4.1 Assume k =2m+ 1 odd (resp., k =2m even) and l =n —m. Then 2n+1—k = 2I
(resp., 2n +1 —k = 2] + 1). By Lemma 3.2, we see that w € CN'n is in the set Fyqznti-k,
k=2m+1 (resp., k = 2m) if and only if w satisfies the conditions (4.1.1) (i), (ii) (resp., the
conditions (4.1.1) (i), (ii)") below.
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(4.1.1) There exist i1,42, - ,41,J1,J2, " ,Jjm € [2n] which are pairwise not 2n-dual such
that

(i) 41,42, ,4; are all w-tame heads with i1 < is < --- < 4 and (i1)w < (ix)w < -+- <
(i)w; j1,J2, -+, jm are all w-wild heads with j1 <4 j2 <w *** <w Jm;

(i) 2n 41 <4 J1 OT Q1,41 <w J1 (vesp., (ii) 2n+ 1 Ay, j1 and either i1 44 j1 o i1 Aw j1)-
Let Fy (resp., Fy) be the set of all w € C,, satisfying the conditions (4.1.2) (i), (ii), (iii)
(resp., the conditions (4.1.2) (i), (ii) (iii)’).

(4.1.2) There exist i1,42, - ,41,J1,J2, " ,Jjm € [2n] which are pairwise not 2n-dual such
that

(i) 41,d2,- -+ ,4; are all w-tame heads with i1 < is < --- < 4 and (i1)w < (ix)w < -+- <
(i)w; j1,J2, -+, jm are all w-wild heads with j1 <y j2 <w *** <w Jm;

(i) (iryii—1s 5015 Jms Gty -+ 5 1) = (1,2, ,m);

(ili) 3n+1 < (j1)w < 5n+3 and 0 < (Jat1)w — (Jo)w < 2n+1, for any a € [m — 1] (resp.,
(iii) n < (j1)w < (i1)w, 4n+2 < (jo)w < 6n+3 and 0 < (Jatr2)w — (Jat1)w < 2n + 1, for any
a € [m—2]).

By 3.3 and 4.1, it is easily seen that

Lemma 4.2 For any w € Epj20t1-6, k = 2m+1 (resp., k = 2m), there exists some w' €
Fy (resp., w' € Fy) such that w',w are in the same left-connected component of Ejjznt1-x,k =
2m + 1 (resp., k = 2m).

Lemma 4.3 The set Fy (resp., F») in Lemma 4.2 is contained in a right-connected com-
ponent of Eyqznti-r, k =2m+1 (resp., k = 2m).

Proof Let wy =[1,2,---,0,2n—1,2n—1—1,--- ,;n+ 1] with J = {t;41, 142, ,tn}-
Then wy € Epjznt1-x, k = 2m. Let w € F5. We have L(w) = J by Corollary 2.6. Then w = w;y
with £(w) = £(wy) + £(y) for some y € C,,. Hence w,w; are contained in a right-connected
component of Eyzut1-x, k = 2m by Corollary 2.15. This implies that all the elements of F» are
contained in a right-connected component of Fyjznt1-x, k = 2m.

Next we consider w € Fy. Let © = ;- -titot1 -~ -t,, and the set F} = {a™y |y € F1}.
We see that w' € C, is in the set FJ if and only if w’ satisfies the conditions (4.1.2) (i),
(ii) and n < (j)w' < 3n+2, 0 < (Jor1)w' — (Jo)w' < 2n+ 1, for any a € [m — 1]. Then
wy € F{ and 2™w; € Fy. For any w’' € F}, by Corollary 2.6, we have L(w') = J. Then for
any w' € F/, w' = wyy with £(w') = £(wy) + £(y) for some y € C,. We see that w = z™w'
satisfies £(w) = £(z™) + £(w’) for some w' € F{. This implies that w = 2w y satisfies
lw) = L(z™wy) + £(y) for some y € Cp. Hence w,z™w; are contained in a right-connected
component of E;z2nt1-1, k = 2m + 1 by Corollary 2.15. This implies that all the elements of F}
are contained in a right-connected component of E; znt+1-x,k = 2m + 1.

Lemma 4.4 (1) No two elements of Fy (resp., Fz) in Lemma 4.2 are in the same left
cell of Ch.

(2) |Fy| =n!2™/(n —m)! and |Fy| = n!2™"1/(n —m + 1)

Proof In Ay,, we have F; C Q and T(F}) = {(T1, T2, , Toms1) € Cons1 | |T3] =
L, Tomez—i ={j|j€Ti}i€[m],2n+1€ Tpi1} (see 3.5). Then for any z,y € Fy, we see
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that £(T'(z)) = £&(T(y)) and T'(x) # T'(y). So for any x,y € F1, z,y are not in the same left cell
of Avgn by Lemma 3.6. Hence no two elements of F; are in the same left cell of én by Lemma
2.11 and |F1| = |T(Fy)| = n!2™/(n — m)L.

In Zgn, let z = (Sp -+ $150S2nS2n—1 " Sn+m)™ and Fj = {zw | w € Fy}. Let w € Fy, keep
the notation in (4.1.2) (i) (ii) (iii)’. We see that (j)zw = (j)w,j € 2n+ 1]\ {j, | a € [m]} and

(Ja)2w = (J,)w—2n—1, for any a € [m]. This implies that ¢(zw) = ¢(w). Then we have zw YW
by Lemma 2.14 (1). We see that Fj C Q. And for v’ € Fi, T(w') = (T1,To, -+ ,Tom), where
Ty = {{Gosr_o)u)}, for any b € [m], Tosr = {Gn)w'), 20+ 1, Gy, (Gia)w') | a € 1),
Te = {{(je—m)w')}, for m + 2 < ¢ < 2m. For any z,y € Fj, we see that {(T'(z)) = &(T(y))
and T'(z) # T(y). So for any z,y € Fj, x,y are not in the same left cell of Ay, by Lemma 3.6.
Hence no two elements of F are in the same left cell of C,, by Lemma 2.11 and |Fy| = |Fy| =
|T(F3)| =nl2m=1/(n —m + 1)

Theorem 4.5 (1) Ejzoi1-1,k = 2m + 1 (resp., k = 2m) is a two-sided cell of C,
containing n!2™/(n — m)! (resp., n12™1/(n — m + 1)!) left cells and each left cell of C, in
Ejq2nt1-1, k =2m 41 (resp., k = 2m) is left-connected.

(2) Ejqzn+1-4 is infinite unless k = 1,2.

Proof By Lemma 2.14, we see that F) is either empty or a union of some two-sided
cells of én for any A € Ag,41. Hence the assertion (1) follows by Lemmas 4.2-4.4. For the
assertion (2), we see that if £ > 2, then the number of the choices for the integer (j,,)w in the
condition (4.1.1) (i) is infinite. On the other hand, we have Fi2.+1 = {1} and Eyj2n-1 = {t,}.
This proves (2).

5 The set E(2n—1,2)

In the present section, we shall describe all the cells of én in the set E,_12) for n > 3.

Lemma 5.1 w € C~'n is in the set E(2,_1 ) if and only if w satisfies the condition below.

(5.1.1) There exist ji,j2, - ,jn € [2n] which are pairwise not 2n-dual such that
J1,J2, + , jn are all w-wild heads with 2n 4+ 1 <, j2 <4 j3 <w -+ <w Jn and there is ji € [2n]
which is w-uncomparable with j; for some k € [n].

Proof Let w € E(3,-1,2). We claim that for any j € [2n], j is w-wild. For otherwise,
there exists some ¢ € [2n] which is w-tame, then by Lemma 3.2 (viil), w € E) with A =
(A1, A2, -+, Ar) and 7 > 3, which is a contradiction. If X, Y are both w-chains with | X| = 2n—1,
Y] =2and 2n+ 1] = X UY, we claim that 2n +1 € X. Otherwise, let Y = {2n + 1,5}
for some j € [2n]. Then j € X, and {j} U X is a w-chain by Lemma 3.2 (i) (vi), which is a
contradiction. Hence the result follows.

Hence by Lemma 3.2, we see that w € C~’n is in the set E(,_1,2) if and only if w satisfies
the condition (5.1.1).

Let @y = (tmy -+ ytn—1tntn_1, - ,t1tg)™ for m € [n] and F = {w € C, [3n+1< (n—
Dw <5n+3, (n—Nw < (n)w < (n—1)w+2n+1, (n)w < (n—2)w < (M)w+2n+1, (i+1)w <
(Hw< (t+1w+2n+1, i€ [n—3]}.
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Lemma 5.2  For any w € E(2,_1,2), there exists some w' € F such that w',w are in the
same left-connected component of E(a,_1,2)-

Proof By Lemma 5.1, we know that w € F(3,_1,2) if and only if w satisfies the condition
(5.1.1). Let w € E(2,_1,2), keep the notation in (5.1.1). Let & is the smallest integer of [n] such
that ji is w-uncomparable with j;. Then jr_1 <, j1 if & > 2.

By repeatedly left-multiplying the elements t;,i € Z, to w, we can obtain some w() €

E(2n71,2) SatiSfying (j7(11)7 ce 7jl(ci)17j£1)vjl(cl)7jl(clf)l7 o ujél ) = (1727 o 7”) if (jk)w > (jl)wu or
G 0D G 0 D)y = (1,2, ) i (G)w > Grw and (75w ® = (i )w

for m € [n]. We see that j,(cljl <w j§1) if k> 2 and jgl) <w j,(ci)l if (jg)w > (jr)w.

If (Mw® < 2n 4 1, then (GO ))z,w® = (G5)w® +2n 4+ 1 for m € [n]. We sece
that z,w™®, w® are in the same left-connected component of E(3n-1,2). Hence without loss of
generality, let (j§1))w(1) > 2n + 1.

Let w® = 2!, w® for some i € N such that (j£21)w(2) > (j§1))w(2). Let w® =
tT+k72,2n+lw(2) for some m € N such that (n—k+3)w® < (n—k+2)w® < (n—k+3)w® +
2n+1. Let w® = n_k+1w(3) if (n—k+3)w(3) > (n—k+1)w(3) and w® = xn_k+1tn_k+2w(3)
if (n—k+3)w® < (n—k+1)uw®.

Fig. 2 displays the matrix forms of w(? for i = 1,2, 3,4, where the symbol 2. stands for
a rectangular submatrix with p rows for some p € [n] each row has a unique non-zero entry 1
Well, the non-zero entries of the matrix are gonging down to the left.

We can see that w(?,i =1,2,3,4 are in the same left-connected component of E@n-1,)-
By repeatedly repeating the above process, we see that there exists some w(™) € CN'n for some
r € 7 with the matrix form displayed in Fig. 3, such that w(® w() are in the same left-
connected component of E, 1 2).

Hence from the Fig. 3, we see that there exists some w’ € F such that w’, w") ,w are in
the same left-connected component of F(y,_1 2y by 3.3.

Lemma 5.3 The set F' is contained in a right-connected component of E(2,_1 2)-

Proof Letw;=[2n,--- ,n+2,n+1] with J = {t1,t2, - ,t,} and F/ = {zptp_1w |w €
F}. Then F' = {w e C, | n < (n)w < 3n+2, (i+1)w < ()w < (i+D)w+2n+1, i€ [n—1]}
and wy € F’. For any w’ € F’, by Corollary 2.6, we have £(w') = J. Then for any w' € F’,
w' = wyy with £(w') = £(wy) + £(y) for some y € Cy,. Let w € F. Then w = t,,_12;, 'wy with
U(w) = E(ty_12; wy) + £(y) for some y € C,,. This implies that ¢, 2, 'w;, w are contained in
a right-connected component of E(3,_; 2) by Corollary 2.15. Hence all the elements of F' are
contained in a right-connected component of E3,_1 2).

Lemma 5.4 (1) |F|=nl2""2

(2) No two elements of F are in the same left cell of Ch.

Proof In Ay,, we have F C Q and T(F) = {(T1,Ts,--- , Ton_1) € Cony1 | |T;| = 1 with
i€n—2), |Th1l=2,T,={2n+1},Top—m ={j | j € T;} with m € [n — 1]} (see 3.5). Then
for any z,y € F, we see that {(T(z)) = £(T(y)) and T(x) # T(y). So for any x,y € F, x,y
are not in the same left cell of Ay, by Lemma 3.6 and |F| = |T(F)| = n!2"~2. Hence no two

elements of F are in the same left cell of C,, by Lemma 2.11.
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Fig. 2 The matrix forms of w® fori=1,2,3,4

Ith column  (2#+1)th column

—t— st row

______ 1——nstr0w

= . : : ¥ : . ——(2ntl)throw

Fig. 3 The matrix form of w™

Theorem 5.5 (1) En_12) 95 a two-sided cell of Cy containing n!2"~2 left cells and
each left cell of én in En_1,2) is left-connected.
(2) E2n—1,2) is infinite.
(P58 114 1)
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