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Abstract This paper studies the mode choice problem considering the peak travel chain in a day. The

transportation system comprises a subway parallel to a bottleneck-constrained highway between a residen-

tial area and a working place. Commuters can get their destinations by either auto or transit only; besides

these two modes, they can drive to the bottleneck, park there and then take subway to the destination.

Based on the bottleneck theory, a hierarchical Logit model is used to describe commuters’ mode choice

behaviors, and then mode choice equilibrium equations under elastic demand are constructed. Further-

more, optimal fare and parking fee strategies under four mechanisms are discussed. It is shown that when

transit and park-and-ride place are operated by government and the working area parking lot belongs to

a private enterprise, lower fares and higher parking fees in working area can effectively encourage parking

interchanging, increase public transit trip contribution rate and maximize the system’s total net benefit.

Numerical results also support the current differentiation parking charge policy in Beijing.

Keywords mode choice; price competition; hierarchical Logit model; bottleneck model; trip chain
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, �������	��
���
 , ������������������� . ��� úû �������������� ���� üZý , !�"�#�$�%�&�'���(*),+�-�.�/�&�0���� , 1 ÷ /�&�0�2�3 ôZþZö�4�5 , 6
0�7�8 (park & ride, P&R), 9�/�&�0�����:�;�����<�=�>�6�0 , ?�7�8�#�@�3 ô ��� ú~û ��� , "�A�BDCFEG ú~û ��H ô�I�J ��� [1].K � , L�M�N�O�P���Q ô�R�S ��6�0�$�T�U�V , W�X�Y�Z�[�\�7�8�6�0�] ô�^�_ $�T�U�V�`�a , b�#*C
E G 6�0�] ô $�T�c�d . e�f ò~ó�4~ô�g�h�I�i +�j�f�k�l�m�/�&�0�� I :�;�j�%��DC,E�n�-�.�[�\ , 9�6
0�7�8���� , e�o�+�b�#�� ú ���� ���p ,

I�J A�B�q���� ô~ú~û�r�s�t�u�v�w�x~ô�y�z . {�| , }�~������
� ô $�T�U�V , ����[������������������ ô  �� , ��������U�������������E ù�� 	 ô�������� [2−4].
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�~�~��ç�$�
�è�q����	é ô , Pedersen[2] ê�ë v � ú �~� ô�ì�íïî C í~ù���íZô�ð�_ V�ñ , Wang ò [3]

ê�ë v ����$�T ô�ó�ô�õ � _�ö � , ÷�ø ô ê�ë o�ù�ú�û�+���� ú~û�ü /�&�0 , ý I�þ�ÿ ������������$�T��� ô��������
. Tabuchi[4] ê�ë v�� +���� õ�	�
~ô~ú~û ������ ��� ,

��

Huang ò [5−6]

þ�ÿ�v 0��� ��
���� ù ����: ô�������� , j�f�k�� ø ê�ë v `�� ô � ú�ð�_~ù ����$�T�U�V�o������� ô���� . �
+���� Logit �����F��� õ ��������� K���� [6], Huang[7] ê�ë v� �õ~ü~ý ����� Logit

î�ö�	�
~ô~ú~û �
���� ��� ,  �!�"�ø�;�/�&�0 ù [�\ ��� ô -�.���� . #%$�ò [8] ;�&�' [7]

��(�4�)�v�*�+ � ø ,
� � v

<�=�>�6�0�7�8���� , ,���"�ø ô ��������-�.�-�.�/�� Logit 0�1�2�3���� .4�5
, /�� Logit ����,�6�7�8�9�:�;�<�=�>�?�@�A ,

5�B�C
Logit ����D�E�F�G�?�@�A�9�:�;�<�H�I

��J�K , L 5�B�C Logit ����M�N�O�P�Q�R�S�T�U�/�T�9�:�;�<�V�W�X�I�?�@�Y�A�Z�[ [9]. \�] , ^�_�A�`a�B�b�c�d�e J�f�` a�g�h�i�j A B�k�l�m , n�o�p�` a V�W�A�@�q�Y , r�s�p�` a V�W�A�?�t�q�u , . 5
8�v�w�x�y�z�` a ;�< B�b A�{�|�}�~�U���z�9�:�����A�{�|���� [10]. ����� , ?�t�q�u�A�` a��������
G���A�A�����` a���h p�` a�� ,“ � -

�����
- � ” =�` a����%����l�� = ����� A�J�� [11]. 7 � , ���������  ` a�� A B�C Logit

c�d M�N�O�P ��¡������ G���A�¢�£�8�?�@�Y�A�/�;�<�` a�a G .¤�¥ �%¦ ��.�� ����  ` a�� A�§�¨�`�© ,
¡�j�B�C

Logit 0�1�2�3 c�d�ª�« ` a ��A�9�:�;�<�R�� a
G , I�`�© � , ¬�­�J C f , J�® B�¯�°�±���²�³�´ , µ�]�J�® B�¯�¶�°�±�·�¸ ; I�¹�º�» , ¬�­�¼ C f , ½%¾¿�À�Á�Â 5�B�Ã�°�±�Ä�Å���²�Æ�Ç�È�É�¸�Ê�´ �ËA � , L 5�Ì�¸�Ä�Å�Æ�Í�Î�É�¸ v�Ï�G�?�@ °�±�Ð . Ñ�Ò ,¡�j�Ó Y�Ô�Õ�Ö�A�×�¾ B�C Logit

c�d A�` a ;�<�0�1�2�3�Ø�< . Ù�J�Ú , ��Û�Ü�Ý�1�Þ —— u�_�ß�à�á��â
,
��²�ã�ä�å�æ���â

+
�%ç�è�Ì�¸�é ½%��ê�ë�ì�í ,

��²�ã�ä ½%��ê�ë�í +
Ì�¸�é�î�ï�ã�ä�å�æ���â

,��ð S�� ã�ä�ñ�ò�ó�ô Ö�A ��õ A ��²�ö � Æ�Ì�¸ à�÷�ø�ù ,
��ð ?�ú�A�` a�B�b , û�z�Þ�ü�P ï A�à�÷��

� , ý�þ�9�:�u�_�A�6�ÿ�£�8�J�ü�A ï���� ����� .

2 ��������	�
���
�������� Logit �������������������
2.1 ������ ��!

1 7�" , #�$ è H
Æ�����è

W ½%J�%�&(' ã�)�*�+ , ` a ��,�-���.�.�#�$ è H `�©�/ ����è
W ��0 , 1 � Ö�0��(23#�$ è H. &(' ã�)�4�� 8�J�»�¹�º B, 5�6�7 ¡ 8 Ì�¸�é P2

Æ���²�Ä�Å�8�9
TS,����è

W » � 8�J Ì�¸�é P1. :�6�#�$ è H ;�8�S���` a � : J���=�< Å�=���² , ��. Å���²�³�´����è
, 1 � Ö�0�> =���² 2%� ; µ�J���` a ��?�@�A�B ¸ , ½%¾ ã�) ¹�º�A�X�I , v�8�S�Ý�` a ;�<�C�D�E °�± ,

¬�� � Í�Î�·�¸ U���=���.�Ò ·�¸�F ¹�º�» ,
4 > Ì�¸�Ä�Å���²�Ê�´�����è , 1 � Ö�0�>�Ò Å���²�Ê ¹�º�» ,G�·�¸ 2%� .

Home to work

Work to home

H

P1

W

P2

B

TS

H
1 IKJKLKMKNKO

-2 -1

-22 -21

H
2 PKQ Logit RKSKTKUKV

G�;�W�X�Y ,
¤�¥�Z @�[�\�A�]�Ø [12]

¥ � ��^�A�_�` → Æ ← B�Ã X�"���Ö�0�A�` a . £�a�_�` Æ��b � Ö : c N1 d N21

Æ
N22

B�Ã G °�±���²�³�´ ` a d Ì�¸�Ä�Å�Æ�Í�Î�É�¸ A ¯ b , N2 G�?�@�A�B ¸ A ¯b
, N G�e�` a�¯ b , L d l

B�Ã G�f�#�$ è�Ê ¹�º Æ ¹�º Ê�����è A�g�h , ~s d ←s B�Ã G���Ö�0 4��%ã�) ¹�º
A�: a w�i , ~T d ←T G���Ö�0 4��%Ì�¸�Ä�Å�j W , v1 d v2

B�Ã G ��²�Æ A�B ¸ A�k ��a�l�m ¨ , F1 d F2

B�Ã G��² ë�í Æ�É�¸ A(n%ü h ¤ , c1 G
��² ë�í�A�o�p h ¤ , x X�"�[ ����è A�g�h , p1(x) G�[ Å�= g�h x 8�@

A ��²�ö � , p2(x) G�[�g�h x 8�@�A Ì�¸ à�÷ , û�;�:�6 Ì�¸ ÷�=�J�f���0�` a A�÷�@ , [ Ì�¸�j W�q�¨�r
@ . q(n, x) G�[ Å�¸�¯ b n

Æ�Å�= g�h x 8�@�A ��²�¸�s(t3u�v�w b , π1 d π2

B�Ã G ��²�³�´�Æ�Ä�Å ` a
��x�y�A l�m�u�v�h ¤ , α1 d α2

B�Ã G ��²�³�´�Æ�É�¸ ` a ��A l�m�j W h ¤ , ~β2 d ←β2

B�Ã G É�¸ ����0��Ê�Æ Ö�0���z�A l�m�j W�{�| h ¤ , ~γ2 d ←γ2

B�Ã G É�¸ ����0�} Ê Ö�0 ��~ A l�m�j W�{�| h ¤ . ����¹�ºc�d
[13] A���ü�Y���Õ , ~γ2 ≥ α2 ≥ ~β2

Æ ←

β2 ≥ α2 ≥
←

γ2 ��� h�j .
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2.2 ��¡�¢�£ Logit ¤�¥�¦�§�¨�©�ª�«�¬­3® Ø [8] :�6�7�8�` a ��I�J�f�` a��3¯�° A�k�±�@�¬³² ��´ à�µ�Ø�=�?�¶�A , ·�¢ Z @�¸ Ð < Logitc�d�ª�« ` a ;�<�A °�±�a G , û�[�¹���8 Á g . J�º�»�¼�Ö , w�½ É�¸ A�` a ��I�J�-�` a �3¯¾° A¾k�±
@ â ¾ ��²�³�´ A�` a � .

¦ ��F�G Z @ C f Logit
c�d�¿�â�Î ¨���M�w ª�« 7�8�` a ��A�` a�a G ,

Ì�¸
Ä�Å v ��À�B I�Á�� ¸ U�� ��² ` a ;�<�Ö , Â�����R���Ã�Ä�Ù a�À�B , ¬�` a ��Ñ�Ò °�± =�Å�?�@�A�B ¸
` a , Æ °�± A�B ¸�� > G ����= Í�Î�É�¸�Ç =�¹�º�» Ä�Å���² , R���È Î���! 2 7�" .

Ñ�Ò Z @�J�º�±�@ w b�É ª�«�Ê ` a ;�<�A�±�@ ,
� Ö :

V1 = U1 − C1 + ξ1 (1)

V21 = U2 + U21 − C21 + ξ2 + ξ21 (2)

V22 = U2 + U22 − C22 + ξ2 + ξ22 (3)

5 � , U1, U2

B�Ã X�" ��²�³�´�Æ ?�@�A�B ¸ A�` a ��J�-�` a A�k¾±�@ ,
� ² ��´ à�µ�Ø , U21, U22

B�Ã
X�" É�¸ ��z Ä�Å U Í�Î�É�¸ A ¿�À ; C1, C21

Æ
C22

B�Ã X�" ��²�³�´ d Ì�¸�Ä�Å�Æ�Í�Î�É�¸ A³²Ë` a�h¤
; 0�1 Ð ξ1, ξ2 X�" °�± =�Å�?�@�A�B ¸ ` a A�x�Ë�| Á , ξ21, ξ22 X�"�A�B ¸ ` a ��I�¹�º�»�=�Å °�±�ÇÈ�·�¸�Ê�´ ��A � A�x�Ë�| Á , Ì�E�2�= i�j ¶ B�b ¢�2���G�Í�A Gumbel o�Î . Ï�Ð�2�3�Ñ�Ò j�Ê ` a ;
<�A ¯ b G [9]:

Ni = N
exp (−θ (Ci − Ui))

∑

j=1,2

exp (−θ (Ci − Ui))
, i = 1, 2 (4)

N2i = N2
exp (−ω (C2i − U2i))

∑

j=1,2

exp (−ω (C2j − U2j))
, i = 1, 2 (5)

5 � , C2 G
É�¸ A�Ó�Ô³²�` a�h ¤ ,

� Ö�< :

C2 = −
1

ω
ln





∑

j=1,2

exp (−ω(C2j − U2j))



 (6)

��� C f�Õ � A�h�Ö °�±�a G ï�� , I�< (4)–(6)
�

, ����×�Ø θ > 0 d ω > 0, ¢ θ ≤ ω. ` a ��z�` a
±�@�A�x�Ë�| Á 0�Ù θ U ω A�Ú â�5�Û A , X�"�Ü�Ý('%¾ °�±�h ¤ ��Þ A�` a ;�< . : � , OD z�V�W�A�Ô
Õ�0�Ù(ß3à�á�â�ø�ù�A�o�ã 5 o�ã ,

5 ¤�¥ � ß3à�A�á�â�ø�ù�ä�½ OD z�V�W�A�Ó�Ô³²�` a�h ¤�É R�ü , ¬
×�Ø w b <

N = D−1(C) (7)

5 � , C G OD z�V�W�A�Ó�Ô³²�` a�h ¤ , ½%Ö�<�å�`

C = −
1

θ
ln





∑

j=1,2

exp (−θ (Cj − Uj))



 (8)

����` a�æ Ô�Õ w b B(N), ×�Ø dB(N)/dN < 0, ¬�ç���` a à�á�è Û . 2�3�Ò j , ����é�X�Y�` a �
±�@ ï�� [14], v ¡�j Ö�ê�Ø�< :

(ln N1 + 1)/θ + C1 − U1 = (ln N2 + 1)/θ + C2 − U2 = (ln N + 1)/θ + B(N) (9)

(ln N21 + 1)/ω + C21 − U2 − U21 = (ln N22 + 1)/ω + C22 − U2 − U22 = (ln N2 + 1)/ω + C2 − U2 (10)

5 � , N21 + N22 = N2, N1 + N2 = N . (ln N + 1)/θ + B(N) G�7�8�` a ��A�Ó�Ô�ç���à�á , 5�D Ð�B�Ã =�?
ú�` a ;�<�A�Ó�Ô�ç�� h ¤ . v ��ë(ì , < (9)–(10) A�Q ×�Ø < (4)

Æ
(5). Æ j , < (9)–(10) z�ã�G�J�º�¸í

Logit
c�d A�2�3�Ø�< [7]. Ö�ê�ÿ�î�ï�Ý�` a ;�<�A�` a�h ¤ .

2.3 ð�ñ�ò�ó�ô�õ�ö�÷�ø�¦�ù�ú�¬(û3ö�÷�ü��
1)
��²�³�´

:�6 ��²¾ý¾j�Ê�´ , >�©¾#�� Ê U � Ê A¾{¾| h ¤ . Ï¾Ð��¾. ��²�³�´ A�` a�h ¤¾þ¾ÿ ) � j W h ¤ d¸�s(t3u�v�h ¤ Æ���²�ö ��û�ï�® B ,
¸ f�V�W�A�Ø�� j W�® B�� µ ) � j W ,

� Ö�< :

~C1 = α1 (L + l) /v1 + π1[q (N1, L) + q (N1 + N21, l)] + p1 (L + l) (11)
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5 � ,
��²�¸�s(t3u�v�w b

q (n, x) = Å�¸�¯ b n
Æ�Å�= g�h x A�Ú w b ,

��²�ö � p (x) = Å�= g�h x A
Ú w b . 1 � ��²�³�´ A�` a�h ¤ ←

C1 = ~C1, Ï�Ð ��²�³�´ A³²�` a�h ¤ G
C1 = ~C1 +

←

C1 (12)

2)
Ì�¸�Ä�Å
�¾. Ä�Å ` a A h ¤¾þ¾ÿ ) � j W h ¤ d ��²�¸¾s t u¾v�h ¤ d É�¸ n ü h ¤ ��ð���²�ö ��û�Ü�® B ,

5 �3) � j W�½ É�¸�j W d ��²�¸(t3j W Æ�Ä�Å�j W�ï�® B���h .

~C21 = α2(L/v2 + l/v1 + ~T ) + π2q (N1 + N21, l) + F2 + p1 (l) (13)

��^ � , 1 � Ä�Å �(2%A h ¤ G
←

C21 = α2(L/v2 + l/v1 +
←

T ) + π2q (N1 + N21, l) + F2 + p1 (l) (14)Ì�¸�Ä�Å ;�<�A³²�` a�h ¤ Ç þ�ÿ ��²�Ä�Å�Ì�¸�é A Ì�¸ ÷ ,
� Ö�< :

C21 = ~C21 +
←

C21 + p2(l) (15)

3)
Í�Î�É�¸
½%¾ ã�) X�I�¹�º , Æ Í�Î�É�¸ ��0�A�` a � b Î�
�È�¹�º�:�È�w¾i j , ` a ��>�v���� � D�I�¹�º�»��� Ø�� ( û�;�<���� 9 ��� , >���� ¸�����ï q�¨ ). f�#�$ è ��`�©�U � `�©�A ¯ v�w�>�ì���U�ì������� ��� Ø�� j W , ��� Ê U � Ê�����è�� {�| h ¤ � � . q�Ó�ù�� É g , N22

m�Í�Î�É�¸ ����.�ì���¶���¸� ` a�h ¤ [6],
þ�ÿ a�l�j W h ¤ , ¹�º�» ��� [�� Ê � Ê {�| ��� P h ¤ ��ð�É�¸ n%ü h ¤ , ¬

~C22 = α2 (L + l) /v2 + ~δN22/~s + F2 (16)

5 � , ~δ = ~β2~γ2/(~β2 + ~γ2). ��^ � , 1 � ` a�h ¤��
←

C22 = α2 (L + l) /v2 +
←

δN22/
←

s + F2 (17)

5 � ,
←

δ =
←

β2
←

γ2/(
←

β2 +
←

γ2).
Í�Î�É�¸�� ²�` a�h ¤ Ç þ�ÿ ����è���Ì�¸ ÷ ,

� Ö :

C22 = ~C22 +
←

C22 + p2(0) (18)

3 �����! !"��$#�%�&$'�(�)$*�+�,$-�.
½%¾ ��²�Æ�����è�Ì�¸�é v � ½%��ê�/�0�1�ì�í , 2�È�3�4�5 °�6�7�8�9�:�;���<�=�>�?�@�ACBED�F�>?�@�A

( G�H D�F�I�J���K�L�M ) N�O�P�Q K�L�R�M�S�T .
;�U�V�W�X�Y�Z�[�9�:�;

, \�] [�R�M�^�_�`�a�YZ
, b�c [�d�e�`�a�f�g , h�i�b�c�j�k�l Bnm�o�p�R�q�r�sut�[uv�w . x�y ,

X�z�{�[�W�|~}
,
D�F�I�J�[

K�L�M N >�?�L�@~��>�?���������o���R�� , ����\�] [�R�M�S�T�� 2�������] w���� b�c���� [ k�l�����
.

3.1 �������������������� t��� �¡�w�[�¢�£
, ¤ ¢�£�;�[�R�M�^�_ h�i�b�c�j�k�l BEm�o�p�R�q�r�s�t 5�P�¥�¦�§�¨�© RM�ª�S�[�t�«

.
;�U�¬�­ b�¤ ¢�£�;�[ \�] R�M�®�¯ . ¤�\�] w�°�±�²�; :

max NSB =

∫ N

0

B(w)dw + N1U1 + N2U2 + N21U21 + N22U22 + [N ln N/θ −N1 ln N1/θ −

N21 ln N21/ω −N22 ln N22/ω −N2 ln N2/η]− {N22[~δN22/~s + 2α2(L + l)/v2 +
←

δN22/
←

s + 2F2] + N1[2α1(L + l)/v1 + 2π1q(N1, L)] + N21[α2(2L/v2 + 2l/v1 +

~T +
←

T ) + 2F2] + 2(π1N1 + π2N21)q(N1 + N21, l) + 2(N1 + N21)c1 + 2F1} (19)³�´ d�µ
Logit ¶�¦ r � (9)–(10) h�i N1 + N21 + N22 = N , N21 + N22 = N2, N1 ≥ 0, N21 ≥ 0, N22 ≥ 0.

¨ } , 1/η = 1/θ − 1/ω,η > 0. � (19)
}

, · d�¸�¹ ¨�º 7�¸�» N ��¼�` b�c�½ ¼ � 6u[ b�cu¾�¿ [uÀ�Á�ÂÃ d
,
¹�{�Ä

[8]
Y�Z

,
À�Á�Â ¾�¿ Ã d G�H�b�c�� � [ O�Å R�Æ N�Ç�È�¾�¿ , É�Ê�Ë Y�Z ����b�c�½ [�R�Æ

N�Ç�È�¾�¿ ��Z , Ì�¤ ¸�[�`�Í � Y�Î�Ï \�Ð [ b�c d�e ; ��H�Ñ }�[�¸�� b�c�¾�¿�Ò 9 Ã d�[�Ó�ÔuÕ�Ö�×
b�c�Ø z Ò 9 Ã d�[�Ó�Ô�Õ , Ù�H�Ñ � ��¸���m�o�[ j�Ú�Û�Ø z . Ü�Ý ,

@�A�Þ�ß�m�o~à Ã [�á�â�ã�D
,
Y�ä

Æ�m�o�p�R�q
.å�æ

1 ¥�ç�è m�o�p�R�q \�Ù w ,
>�? ��é [�@�A ( G�H�ê�ë )

r�ß
2[π1N1q

′(N1, L)+(π1N1+π2N21)q
′

(N1+N21, l)+c1]; ìîíîï DîFî>î?î[ bîcî½ �îð�ñîR�M ¿ ( G�H�êîë ) ¥ 2[(π1N1+π2N21)q
′(N1+N21, l)+c1];O�P�Q K�L�ò�[�K�L�M���ñ�R (~δ/~s +

←

δ /
←

s)N22.
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ç���� ,
��=�>�?�@�A�������>�?�[�L��~à�[���� Ý Ã Â�¹u>�?�[���v Ø zu» N ; ì�í�ï D�F�>�?�[��=�R�M���������>�?�L��~à�[���� Ý Ã Â N >�?�[���v Ø z�» N ; O�P�Q K�L�ò�[�K�L�M�r�ß ê�ë�����ì�í[���� Ý Ã Â�» N ,

²��� �!�"�#�$�%�&�'�$�% b�c , Ì�O�P�Q ñ�R�[�K�L�M�r�ß ~δN22/~s
& ←

δN22/
←

s , ( T) '�$�%�&�#�$�%�* ����ì�í [���� Ý Ã Â , O�P�Q [�K�L�R�M�^�_�ð�+�, .

3.2 -�.�/�0�1�2������ , 3�4�5�6�7�8�9�:²�� O�P�Q K�L�ò���;�ª ¿ > , <�=�¤ K�L�ò�>�`���?~��ª�@�A�� , h m�o�p�R�q \�Ù�¥ � t � :�Á�KL�R�M�^�_
, B�C Á p2(0) = (~δ/~s +

←

δ/
←

s)N22, D�E *�F�²�>�?�[�A���G�H�I ,
<�= N D�F�>�?�@�A�[�R�M�J��>�? ��K�L�M ,

>�? ��K�N�OQPSR�T�U�\�Ù w , V�W ²�; :

max
N1,N21

F = {2N1p1(L + l) + N21[2p1(l) + p2(l)]} − 2(N1 + N21)c1 − 2F1 (20)

³�´ d�µ
Logit ¶�¦ r � (9)–(10) h�i N1 + N21 + N22 = N , N21 + N22 = N2, N1 ≥ 0, N21 ≥ 0, N22 ≥ 0.� t�X l (20) � } Ù�H�Ñ ��¸ ¥ >�? ��K [ j R�Æ , G�H >�?�@�A N K�L�ò�R�Æ ,

����¸ ¥ ¹�Y�Z § ��[�[v�\ Ø z , \�º ��¸ ¥ >�? ��K A���[^]�Á Ø z . _ (9)–(10) � }a` b 2p1(L + l) N 2p1(l) + p2(l)
[�b é

��c Æ (20), d�º�e ∂F/∂N1 = 0 i ∂F/∂N21 = 0,
��f >�? ��K�T�U�\�Ù w�*�[�Á�A�S�T ( G�H�ê�ë ) ¥ :

2p1(L + l) = 2[π1N1q
′(N1, L) + (π1N1 + π2N21)q

′(N1 + N21, l) + c1]

+1/θ + f ′[N1 + N21]g
′

22 −N21/(ηN2)]/(f ′ − g′22)
(21)

2p1(l) + p2(l) = 2[(π1N1 + π2N21)q
′(N1 + N21, l) + c1] + 1/ω

+[(N1 + N21)f
′ −N21/(ηN2)][g22

′ − 1/(ηN2)]/(f
′ − g22

′)
(22)

¨ } , f ′ = 1/(θN) + B′(N), g22
′ = 1/(ωN22) + 1/(ηN2) + 2(~δ/~s +

←

δ /
←

s), g�½�¥ ¼�` k�b�c [�Ó�Ô�h � Rq
[7].å�æ

2
>�? ��K�T�U�\�Ù w�*�i�>�? ��é�N D�F ½ [�Á�AuS�Tkj Ú�Û p�R�q \�Ù w�*�l�$ ,

$ b [ Ãd
( G�H�ê�ë )

d�m ¥
∆1 = 1/θ + f ′[(N1 + N21)g22

′ −N21/(ηN2)]/(f
′ − g22

′),

∆21 = 1/ω + [(N1 + N21)f
′ −N21/(ηN2)][g22

′ − 1/(ηN2)]/(f
′ − g22

′).

n
ω = θ

*
, η → ∞, ∆1 = ∆21, B�o w f�p�q Logit V�W *���r�Á�A�S�T�[�$ b Ã du��r , ¶ r�ß 1/θ+

(N1 + N21)/(1/g22
′ − 1/f ′)[8].

3.3 3�4�5�s æ /�0�1�2������ , -�.�6�7�8�9�:t�u � g�v X çucu¤ 9u: . É >u? ��K Guª�@�Au� , h muoupuRuq \uÙu¥ � t , B�w�x�C Áu<u=u>u?u@A ¥ 2p1(L + l) = 2[π1N1q
′(N1, L) + (π1N1 + π2N21)q

′(N1 + N21, l) + c1],
D�F�>�?�@�A ¥ 2p1(l) + p2(l) =

2[(π1N1 + π2N21)q
′(N1 + N21, l) + c1].

��K�L�ò�y�  ��K ��� O�P�Q K�L�ò , N�O�T�U�\�Ù w , B
max
N22

P = N22p2(0) (23)

³�´ d�µ
Logit ¶�¦ r � (9)–(10) h�i N1 + N21 + N22 = N , N21 + N22 = N2, N1 ≥ 0, N21 ≥ 0, N22 ≥ 0.��ß

p2(0)
[�b é���z d�{�| ,

;�U�}�X���~���� ��l Õ���� ����� d�� V�W�� � .

3.4 -�.�/�0���3�4�5�s æ /�0��������X�����r�> Q�O�P�Q K�L�ò N >�? ��K ����G�Þ�Y�Zu[ ��K �u� , � � ��K���� Ô \�Ù w PSR�T�U .
X

C Á O�P�Q K�L�R�M�^�_�[�¢�£�; ,
>�? ��K � ��] w N1, N21 ����� ��f \�] [�<�= N D�F�>�?�@�A , �� >

, C Á�<�= N D�F�>�?�@�A , O�P�Q K�L�ò�� ��] w N22 ������� � \�] [�K�L�M . ����� Ó�[�A����� } é f Nash ¶�¦���� .
°�±�������²�;

:i�>�? ��K���� ,
� t�X l�¥

max
N1,N21

F = {2N1p1(L + l) + N21[2p1(l) + p2(l)]} − 2(N1 + N21)c1 − 2F1 (24)

i�K�L�ò�y�  ��K�D�� ,
� t�X l�¥

max
N22

P = N22p2(0) (25)

³�´ d�µ
Logit ¶�¦ r � (9)–(10) h�i N1 + N21 + N22 = N , N21 + N22 = N2, N1 ≥ 0, N21 ≥ 0, N22 ≥ 0.
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� � 3.2 N 3.3
��[ ï   ��« ,

� �
2p1(L + l) = 2π1N1q

′(N1, L)+2(π1N1 + π2N21)q
′(N1 + N21, l)

+2c1+1/θ + f ′[(N1 + N21)f22
′ −N21/(ηN2)]/(f

′ − f22
′)

(26)

2p1(l) + p2(l) = 2(π1N1 + π2N21)q
′(N1 + N21, l) + 2c1 + 1/ω

+[(N1 + N21)f
′ −N21/(ηN2)][f22

′ − 1/(ηN2)]/(f ′ − f22
′)

(27)

p2(0) = N22(~δ/~s +
←

δ/
←

s) + 1/ω+

N22
[f21

′ − 1/(N2η)][(f ′ − f1
′)/(N2η) + f ′f1

′]− 4π1π2(q
′(N1 + N21, l))

2
[f ′ − 1/(N2η)]

[f ′ − 2π1q′(N1 + N21, l)][f ′ − 2π2q′(N1 + N21, l)]− (f ′ − f1
′)(f ′ − f21

′)

(28)

¨ } , f1
′ = 1/(θN1) + 2π1[q

′(N1, L) + q′(N1 + N21, l)], f21
′ = 1/(ωN21) + 1/(ηN2) + 2π2q

′(N1 + N21, l),

f22
′ = 1/(ωN22) + 1/(ηN2) + (~δ/~s +

←

δ/
←

s),
d�m ¥ >�? ��é B K�L�D�F N <�=�¬�L ��­ r b�c���� [�Ó�Ô�h

��Ø z .å�æ
3
��® ��K A���¯�°�*�[�<�= N DuFu>�?u@�A ¶ j�muo�puR�q \uÙ w�*�l�$ ,

$ b [ Ã d ( G�H
ê�ë )

d�m ¥
∆′

1=1/θ + f ′[(N1 + N21)f22
′ −N21/(ηN2)]/(f

′ − f22
′),

∆′

21 = 1/ω + [(N1 + N21)f
′ −N21/(ηN2)][f22

′ − 1/(ηN2)]/(f ′ − f22
′).

n
ω = θ

*
, η → ∞, ∆′

1 = ∆′

21, B�o w f�p�q Logit V�W ; ,
��ruÁuAu9u:u[�$ b Ã du�ur , ¶ ruß

1/θ + (N1 + N21)/(1/f22
′ − 1/f ′).å�æ

4
��® ��K A���¯�°�*�[�<�= N D�F�>�?�@�A ¶ +�ß�>�? ��K�T�U�\�Ù w�[�¢�£ .

n
ω = θ

*
, B

o w f�p�q Logit V�W ; ,
��r�Á�A�9�:�[�A���f���r

, ¶ r�ß (f ′)
2
(N1 + N21)(f22

′ − g22
′)
/

[(f ′ − f22
′)(f ′

−g22
′)].å�æ

5
��® ��K A���¯�°�*�[ O�P�Q K�L�R�M�^�_^j�m�o�p�R�q \�Ù w�*�l�$ ,

$ b [ Ã d ¥
∆22 = 1/ω + N22

[f21
′ − 1/(N2η)][(f ′ − f1

′)/(N2η) + f ′f1
′]− 4π1π2(q

′(N1 + N21, l))
2
[f ′ − 1/(N2η)]

[f ′ − 2π1q′(N1 + N21, l)][f ′ − 2π2q′(N1 + N21, l)]− (f ′ − f1
′)(f ′ − f21

′)
,

n
ω = θ

*
, η →∞, B�o w f�p�q Logit V�W ; ,

$ b [ Ã d�r�ß
1/θ + N22

f ′[f1
′f21

′ − 4π1π2(q
′(N1 + N21, l))

2
]

[f ′ − 2π1q′(N1 + N21, l)][f ′ − 2π2q′(N1 + N21, l)]− (f ′ − f1
′)(f ′ − f21

′)
.

4 ±³²³´³µ
g U�¶�· )�¸ ß�d�µ Logit Ò 9 ¶�¦ [ b�c�����Ê�Ë�V�W , � W�| ) ~�r�9�:�;�[ \�] @�A N�O�P�Q KL�R�M�S�T

.
z���¹ ¿ � � ��� ��º�»�g U�[ V�W d�� . ¼ !�{�Ä [8]

}�[�½�¾
, V�W�¿ Æ ¼�l ²�; : (α1, α2)

=(15, 20) (
q

/À * ), (~β2, ~γ2)=(15, 30)(
q

/À * ), (
←

β2,
←

γ2)=(30, 15)(
q

/À * ), (~s,
←

s)=(4000, 3000)(Á /À * ),

v1=20( ��Â / À * ), v2=30( ��Â / À * ), L=30 ��Â , l=5 ��Â , (~T ,
←

T )=(0.2, 0.15)(À * ), F1=0, F2=10(
q

),

c1=0.5(
q

/ k ), U1=60(
q

), U2=80(
q

), U21 = U22=0, π1=0.85e–5(
q

/
�������

), π2=1.2e–5(
q

/
�������

),

θ = 0.1, ω = 2, Ã�Ä�O X l B (N) = −G ln (N/Nmax), ¨ } , Nmax = 10000, Ò�Å G Æ�Ù , Ä�O i Ø z�[�ÇÂ�v À ,
>�?�L��~àa����X l q(n, x) = (x/v2)(0.05n2 + 0.25n).

¥ ) d���R�M�^�_�¹�È�r b�c���� d�É�Ê�[�[�m , Ë�x !�Ì�X�Y�Z�Í�Î�;�[�<�=�>�?�@�A N ������@�A
(
� Â�¶ s���i�¹ O�P�Q K�L�M�[^j�Õ )

[�v�w�¢�Ï
,
²�Ð

3.
� h�Ñ�è ,

>�? ��K�T�U�\�Ù w (
Í�Î

II)
;�Î

Á�[�<�=�>�?�@�A N ������@�A \ $ , D�h K�L�ò�y�  ��K�T�U�\�Ù w ¥ � t (
Í�Î

III)
[�<�=�>�?�@�A N������@�A \ + ,

��® ��K Á�A�� � (
Í�Î

IV) N m�o�p�R�q \�Ù w (
Í�Î

I)
; ��f [�<�=�>�?�@�A N �����@�A�d�m���Ò���� N � ­ � .

����[�È�Í�Î�; Ê�Ë >�? �uéuN KuL�DuFu[ kul�Óujuk�l [kj�Õu²�Ð 4
¼

Ô
,
Í�Î

III
B

I
B

IV N II ç�è [�>�? ��é�N K�L�D�F�[ k�l jaÊ�Õ�Ö�×�+ .
� ¹�Ð

3
[�R�M�¢�Ï���Ø�¯�[

.Ð
3 N 4

}
,
jÚÙ�Í�Î

II N IV
;u[ � � ,

Í�Î
II
;u>u? ��Ku¥ )�Û T ,

ÎuÁu[u@uAu^u_ \ $ ,
Í�Î

IV
;���® ��K � � A���¯�°�°�Ü Ä�O ,

<�=�>�?�@�A N D�F�@�A��^jaÍ�Î II ¶ `�¼�;�× , Ý ��>�? ��é [
b�c jaÊ�Þ�ß�Y�v , D K�L�D�F^jaÊ Æ���à�Ù . E *�>�? ��K X�;�ò�¯�°�;�×�+�@�A�[�ª�S�á�l�Î�Ï f�â ®L b�c�½ , ã p [ k�Ê�Ë X ì�í�ï K�L�D�F .

jaÙ�Í�Î
I N III

[ � � ,
Í�Î

III ç�è K�L�ò�y�  ��K�T�U�\
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Ù , O�P�Q K�L�ò�[�@�A�ð�ä�$ ,
<�=�>�?�@�A N D�F�@�A���i�×�+ , E *�>�? ��é [ b�c jaÊ Æ�å Ù À , DKuLuDuFkjÚÊu`�Ù Ù ä�$ . �kæ ×�+uDuFu@uA N ä�$ OuPuQ KuLuM � ��r�ç�è ¶ ?u` ¾ >�é�ê â ®uL buc

½ X ì�í�ï�Ê�Ë K�L�D�F ,
��ë _  �| ��º�» ) t�u�; v X�è c [�f�m�w�K�L�R�M�ªuS .
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_ Ð 5
}a� h���b , ��¿ >�? ( G�H���é�N D�F )

[ k�l��� ¹�Ð 4
}�K�L�D�F�[^jaÊ �� ��Z , !�"Í�Î

III
B

I
B

IV N II
Õ�Ö�×�+

.
;�U�d���Y�Z�Í�Î�;�[ j�Ä�O�N m�oup�Ruq .

�^j�ß�Í�Î
II,
Í�Î

IV # ÆA���¯�° º , j�Ä�O ¸ z�Y�v , Ý ��? Æ�$���¿ >�?�[ k�l . Ü�Ý ,
Í�Î

IV ç�è [ j�Ä�O�N���¿ >�?�[ k�l
� Y i Í�Î III.

Í�Î
I ç�è [ j�Ä�O�\�Ù ,

Í�Î
III ¨ Ö , Ý ��Í�Î III

; ��¿ >�?�[ k�l�%�&�&�'�� Í�Î I,

D�� �^j�ß�Í�Î I,
Í�Î

III ç�è [�m�o�p�R�q ��( ` æ*) ×�+ .
� b æ*+�,�-�.�/�0�1 ò~��ª�@���� ,

¹ ¿+�2�3�4�ª�5�6 #�b�c�½ , D�7�8�9�0�1 ò~� ��K ��� , ç�: $ 0�1�; 4�ª�5 , <�= ?�> ¾ é�ê 0�1�.�/ ,
ä

$ � ã�? :�@ É�Ê , ��� ? ¸ z ç�è�A�B�C�D�E�F�Ù , G Ð 6, H�I�J��^æ n g 4�K�m�L 0�1�D�;�M 5�N�O�P>�Q�Ê�4
.

5 RTS
U�V�W�X�Y�Z�[�\ ? :�] 4�? :�^�_ , `�a�@�b Logit c�d�e�f ? :�g�h�i�j�k�l�m�n —— +�,�o�p ,

0�1�.�/�-�q�_�r�1�s�t 4�u�5 :�v . w�a�@�b Logit c�d�x�y ? :�m�n�z�{�|�}�~�n , ��������j���� —

— A�B�C�D�E�F�� , ��������w���F�� + �������������*M������ , ���������*M������ + ������� P �
��w���F�� , ��������������������x�y�F� �����¡�¢�£�����¤�¥�¦�§ . ¨�©�ª¬« , h��������¬�­M������
+ ������� P ����w���®���y�����x�y�����¡�¢�£�����¤�¥�M�¦ , ¯�° Q�±�² ����³�´ , µ [ ��k�¶�·�¸�¹
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, È�É U�Ê�Ë�Ì�Í�Î ¤�Ï�®�� .Ð N�Ñ�Ò�Ó�Ô y N ,
U�V l�^�  L ¶�·�¸�Õ�Ö�t�× Ò�Ø ®� �¤�¥�Ù�Ú , Û�Ü���`�a�Ý�I�j�Þ P m�n , ß

o�×�  L ¤�¥ . à�á , Ü�� W�X�Y�Z�[�\�â y�l�·�¯�ã�ä�å�y�æ�ç [15] èêé�ë ����³�´�ì�í�y�æ�ç [16] è k�lî�ï�ð ¶�·�·�v�y�ñ�ò [17], ó�Ü���H�I�J W�X ����¥�¤�ô�y�õ�¸�ö�÷�ø [18] ~ , ù�ú N�û�ü x�I�J�ý�þ�ÿ��
y���� .
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