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Insurer’s optimal investment strategy under constant elasticity of
variance model
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Abstract Research insurance funds investment based on constant elasticity of variance (CEV) model,

consider a model which the risky asset is modeled by CEV model and the aggregate claims are modeled

by a Brownian motion with drift. As employment of premium is different from ordinary, which means that

the insurer should keep an eye on underwrite risk when he use insurance funds, assume that investment

risk has a linear correlation with underwrite risk. According to stochastic control theory, derive the HJB

equation related with insurance problem. This equation is non-linear partial differential equation, yet it is

difficult to solve it, change primary problem to the dual problem by using Legendre transform. Through

setting the parameter values, the optimal investment strategy for an insurer with CARA or CRRA utility

function is presented and the relevant analysis is given, which provides important practical significance for

an insurer to invest.
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1 ÀÂÁ
1.1 ÃFÄFÅFÆFÇFÈÉSÊSËSÌSÍSÎSÏSÐ

,
ËSÌSÑSÒSÎSÓSÔ

, ÕSÖS×SØ ËSÙSÚSÛSÎSËSÌSÜSÝSÞSßSàSáSâSãSä , åSæSç àSèSéSêëFìFíFîFï
, ð èFé ìFíFñ ÝFÎFò ñFóFô , õFöF÷ äFËFÌ ñ ÝFÎFø ÕFùFú . û�üFý óFþ ËFÌ ñ Ý , ÿ���� ËFÌÍFÎ�������� 
�����	�
�� à���
�� , ��� ËFÌFÍ�� ÷�������	 Î�������� ,

Þ��FÓFÔFËFÌ������
.
ËFÌFÜ

ÝFò ñ ÕFÖ�������	��� ËSÌ �F� Î���! ��" , #�$�%�& ËFÌ �F� Î ó ��'SÌ , (�)�� à��FÓFÔFÍ�*�� . ð+ à�,.-Lâ�/�0 � ËFÌ�1FÍ�2 ��3�4 Ï�5 .ËSÌSÜSÝSÎSò ñ Þ�6 ë à�7SÎ ñ Ý óSþ
, ç�8�9�: â , ; ��<�=Sò ñ ×�
�> ò ñ 'SÌSÎ�6�? , @�A�B�CD ûFE�G Î�HFË�'FÌ . ðFõ�A�I ËFÌ�J�K AFú�L ��M�N�O�PFËFÌ�QFãFÎ�R ��S , � ñ Ý�5�T�U�V�W � Î � þ .��X

, Y�Z\[ ËFÌ�]_^�Ñ�` :
ËFÌ�J�KFÎ ñ Ý óFþ�a�b�c�d

, e /�f�gFâ�h�i , � Ë�j ñ ÝFÎFË�k � k . l Rm�n Z�o�p�q�r�s�t�u�v ÎFò ñ�w�x�y � , ��z�{ ËFÌ�J�K�|�'FÌFâ ñ �FÎFò ñ . }�� �FËFÌFò ñ Î�~��.� ,

�������
: 2010-08-27�������
: ����������������� (09JCYBLJC01800)�������
: ����� (1963–), � , ��� , �� �¡�¢�£ , ¤�¥�¦�§ : ��¨�©��«ª¬��¨�­�® ; ¯�°�± (1985–), ² , ³� �¤�¥�¡ , ¤�¥�¦�§ :��¨�©�� .
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a�b <�=�HFË�'FÌFÎ�½�¾
, ¿�À�Á�} ò ñ ÝFé�Â�'FÌFò ñ 
�Ã 'FÌSò ñ , Ä�Å ñ ÝFÎ�f�gFâ 
F×�
 â . l R ,ËFÌFÜFÝFÎFò ñ�Æ�Ç.È Â�VFËFÌ�É�ÊFÎSà�Ë�Ì A ~��.��Í .

��Î n Ï�5 Z�o�Ï ,
ËFÌ ñ Ý ��Ð 'FÌFò ñ ÃF	

æ � �F	 ~���Ñ�Ò , @Fæ � ��Ó óFô � q È � ç�t m ÔFÎFÏFÐ . $�Y�Z ËFÌFÜFÝ ��Ð 'FÌFò ñ Î �F	 ~�� >
��Ó�Ô ô @�Õ�Õ�Ö � ,

ËFÌ�J�KFÎ�]�×_ØÙ]FÑ_Ø ñ Ý x �S
 óSþ Ø ËFÙSÎ�Ú�` 
F×SØ ØÜÛ�ÝSÎ�Þ�` 
 Q�ß�àÑ�Ò q�@ m Þ�á�â .
ÉSÊ Y�Z�ã�ä ��!SÎSÞ���á�â > ÏSÐ ,

ËSÌSÍSÎ�å�æ p�Á�ç���è�é .
ËSÌ�J�K A ��å�æ� IF÷�ê , ë�t���ì x ��>�í���î * ��ï , @ a�b |FËFÌ�É�Ê Æ�Ç ��Ð�ð�ñ Î�~�� , ��ç���ò�ó Ø í�ô Î�õ�ö

��Ð 'FÌFò ñ . ÷�ø�ù�ú�Á�ç�û W ã�äF��Ó�A�I Î CEV
Ò�ü�ý ñ ËFÌFÜFÝFò ñ Î�~��.� ,

2�TFËFÌ�þFÎ�U
í ò ñ�ÿ�� .

1.2 �����������V�'FÌ ñ �
( ����	 ) 
��Fæ���
���ô Î���� S ,

m�n���� óFþ É�������Ñ�]�����Ñ�]�|SËFÌSò ñ
Æ�Ç�� t ~�� . Browne[1]

þ ��
 Î�������� ó �FÒ��FËFÌ�J�KFÎ ���FÖ� ,
U�!�~�� t CARA

� þ�"�# U
Ô ô�� ��$���%�&�U�' ô l)(�*�+�,�-�.�/�0�1�2�3 . Hipp 4 Taskar[2] 5�6�7 Poisson 8�9�8 ��: ��;� ,<�=�> , '�?�$�@�%�&�ACB (�+�D�E�F�+�,�-�.�/�0�1 . Hipp 4 Plum[3] 5�G�H + Cramér-Lundberg 8�9I�J D�E : ��;� , K�L�M�D�E�N�O�P�.�/�Q�R�E�/ @ , SUTWV�X�Y�8�9�* ,

> , '�?�Z�@�%�&�A[B (�+�,
-�.�/�0�1�+�\�X�] , ^�_�`�a�b�c�d�e�a�b�f ,

<�= ,�-�.�/�0�1�+�g�]�h�i . j�k , Liu 4 Yang[4] l Y
8�9�m�n�V�o�m , p�q�r�R�E�/ @ ,

<�=�s�t _�`�a�b�* > ,�u ?�v \ %�&�A[B (�+�D�E�F�+�,�-�.�/�0�1
+�e�w�x�y . Hipp 4 Schmidli[5] d�z , {�y�D�E�F�|�}�D�~ ( ����/�O ) ����u , ^�_�`�;���c 6�7 Poisson

;���f , � < Z�@���& , ' +�.�/�Q�R�E�/ @ +�,�-�0�1�c�����e . Yang 4 Zhang[6] � B (���e���� ? , L
M�_�`�;���c���� - ����;�� , 5 HJB ��������V���D�E�F������ 5 ,�u ? +�.�/�0�1 . Wang[7] � 5 s�t
��� ������� = _�`�;���c�����+�����+�������;�� , ��Q�� 5 ��e�c�d�e���e�+���  , Wang d�z�,�-�.
/�0�1�¡�_�`�;���r�¢ , £�¤�c s�¥�¦ + . Wang 4 Xia § [8] 5�¨ ��� <�= V�¡�_�`�;���©�¢�+�,�-�.�/�0
1 , K�ª < � g�]�h�« .¬�­ ����©���®�¯ t ��  , °�±�²�³�L�M�R�E�/ @�´�µ�¶�·�¸�¹ b�º�»�¼�8�9 .

¸�¹ b�º�»�¼�8�9�L�M
R�E�/ @�´�µ +�½�¼ &�A ��e , ¾�¿ � s�À�Á�Â�Ã�Ä�Å�¦�Æ�Ç�È p�É�½�Ê�+ s l�Ë ] . ����Ì�Í�] (CEV) 8
9�c ¸�¹ b�º�»�¼�+���®CÎ)Ï���Ð ,

¡ ¸�¹ b�º�»�¼�8�9�ÑÓÒ , CEV 8�9�L�M�½�¼ & Í�] A ��e , Ô�Õ�V�R�E�/ @�´�µ +�f�Ö�×�Ø�] , Ù�Ú
7 O�Û Ç�È + ¦�Æ�Ü ª . CEV 8�9�,�ÝÓ� Cox 4 Ross[9] Þ z . j�k , CEV 8�9�ß ��à�á 5 Q���â�ã ´Óä .

Cox[10] X�L�M�(�+�/ @�´�µ�¶�· CEV 8�9�+�å�æ�*�����V���â�ã ´ 2�3 ; Davydov 4 Linetsky[11] l�ç�è
��â�4Óé�����â�ê�ë�V CEV 8�9 , ì�q�í���î ´ 4�ï���D�w ; ð�ñ�§ [12] � 5�ò�ó�ô A�õ�´�¶�· CEV 8�9
+ ¸�¹�ö�÷ ��â�m�n�V�ã ´ ; ø�ù�ú�§ [13] ����V CEV 8�9�*�©�û�ü�ý�þ�+���â�ã ´ ,

<�= ��â ´�µ +�e
w�x�y . ¿�ÿ , ��� Á�������� ��¢�� CEV 8�9�X�	�
�N�O�������� ä + á 5 . 
�ê���§ [14] ��l CEV 8
9 , X���ª�d�e�� 5 ��e�,�u ? +�����* , ����V�������4�����k���®�����+�,�-�.�/���0 ; Gao[15] X�Ô�Õ
DC ��O 7 t * , ����V�X�������4�����k���®���� > CARA 4 CRRA � 5 ��e ACB (�+�,�-�.�/�0�1 .

Gu 4 Yang[16] §�����V CEV 8�9�*���D�E�+�,�-�.�/�0�1 . � B � , CEV 8�9�����©� �!�ß�p�q�D�E�N
O�+�.�/ ä . þ�"�#�$�X�(�+�/ @�¶�· CEV 8�9�+�å�æ�*�����D�E�F�+�,�-�.�/�0�1 , ¤ � Ù�%�© ¦�Æ�&'

.

2 CEV (*)*+*,*-/./021/3/425/6/7
L�M Ç�È ¬ P�©���8�/ @ : r�R�E�/ @ 4�R�E�/ @ .

s�9 ����] , M�����f I�A 0, :�r�R�E�/ @�´�µ�A
Bt, ;���{�*���� :

dBt = r0Btdt (1)

� ä , r0 h�i�r�R�E ��< .

:�R�E�/ @�´�µ�A St,
¶�·

CEV 8�9 , ° :
dSt

St

= µdt + kS
γ
t dW

(1)
t (2)

� ä , µ h�i�R�E�/ @ +�����=�> < , {W (1)
t , t ≥ 0}

A ã ' X � <�? Ö (Ω ,F ,P)
¬ +�(�@�b�º�»�¼ , k > 0A ��e , γ c�Í�]�¾�A , B γ ≤ 0.
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: Rt

A�\ D�]�^`_�a�+�R�E�;�� , ;������ :

dRt = αdt + βdW
(2)
t (3)

� ä , β ≥ 0, α h�i \ D�]�^�+ \ D�=�> < , {W (2)
t , t ≥ 0}

A ã ' X � <�? Ö (Ω ,F ,P)
¬ +�b���(�@�b�º

»�¼ . ��Q�D�E�N�O�+�.�/ s�t Q�����+�/�O�» 5 , c�X�Ô�Õ�.�/�=�>�4�R�E�+ t f , � Ü�d�e�f Îhg�k�+\ D�R�E . i�X�D�E�N�O�.�/�+���� ä , j�k�Ô�Õ \ D�¡�.�/�Ö�R�E�+�Ñ�¢�] . M E[W
(1)
t W

(2)
t ] = ρt, ρ h�i

R�E�+�Ñ�¢�] . þ�"�P�l ρ = ±1 m�n���� , °�L�M \ D�R�E�¡�.�/�R�E�c�m�n�o�Ñ�¢ (ρ = 1) p�m�n�q�Ñ
¢ (ρ = −1). ¿�f ρ2 = 1.

¾�¿ , D�E�F�+�r�s�;�� Vt

A

dVt = {Vt[πt(µ − r0) + r0] + α}dt + VtπtkS
γ
t dW

(1)
t + βdW

(2)
t (4)

� ä , πt h�i t f I D�E�F�+�.�/�0�1 , ° � .�/�Q�R�E�/ @ +�/�OÓÒ`t .

D�E�F�+ B (���e A max{πt,0≤t≤T} E[u(VT )], � ä , T h�i�,�u�f I , u(·) h�i�� 5 ��e . v�²�+�w�x
l�c Ü�y�= ��D�E�F�,�u�r�s������ 5 ,�u ? +�,�-�.�/�0�1 π∗.

þ�"�z 5 j�{�|�}�����ª�~ ¬�­ 8�9 , : H(t, s, v) := maxπ E[u(VT )|St = s, Vt = v], (t, s, v) ∈ [0, T ] ×
R+ × R+ B s|t=0 = s0, v|t=0 = v0, ��Y�,�- ? 2�3�+ HJB ��� A

Ht + µsHs + (α + vr0)Hv +
1

2
k2s2+2γHss +

1

2
β2Hvv + βρs1+γHsvk+

sup
π

{
π2

(
1

2
Hvvv2k2s2γ

)
+ π[Hvv(µ − r0) + Hvvβvksγρ + Hsvk2vs1+2γ ]

}
= 0 (5)

� ä , Ht, Hs, Hv, Hss, Hvv , Hsv h�i���e H ¢�Q�f�Ö t, R�E�/ @�´�µ s, ��r�s v +�����4 ò ������e . l

π2

(
1

2
Hvvv2k2s2γ

)
+ π[Hvv(µ − r0) + Hvvβvksγρ + Hsvk2vs1+2γ ]

¢�Q π ª���������e , � < ,�-�.�/�0�1 π∗,

π∗ = −Hv(µ − r0) + Hvvβksγρ + Hsvk
2s1+2γ

Hvvvk2s2γ
(6)

����� é (5)
÷

, G�� � <
Ht+µsHs+(α+vr0)Hv+

1

2
k2s2+2γHss+

1

2
β2Hvv+βρks1+γHsv−

[Hv(µ−r0) + Hvvβksγρ + Hsvk2s1+2γ ]2

2Hvvk2s2γ
=0

(7)

¾�¿ ,
Ü�<�= ,�-�.�/�0�1 π∗, ����ª�~ (7)

÷
. � &�= (7)

÷�A���� ]�����a���� ,
s ü�ª�~ . ¡

Josson 4 Sircar[17] � Gao[15] Ñ�� , l�� ��e H(t, s, v) � Legendre ��� , :
Ĥ(t, s, z) = sup

v>0
{H(t, s, v) − zv|0 < v < ∞}, g(t, s, z) = inf

v>0
{v|H(t, s, v) ≥ zv + Ĥ(t, s, z)}

i�ü�� Ĥ(t, s, z) = H(t, s, g) − zg, l Ĥ(t, s, z) ª���������e , ©
Ht = Ĥt, Hs = Ĥs, Ĥz = −g (8)� ��Q Hv = z, ¾�¿ ,

Hvvgz = 1 ⇒ Hvv = − 1

Ĥzz

, Hsv = − Ĥsz

Ĥzz

, Hss = Ĥss −
Ĥ2

sz

Ĥzz

(9)

� (8), (9)
÷ � é (7)

÷
, � � <

Ĥt + µsĤs + (α + gr0)z +
1

2
k2s2+2γĤss −

z2(µ − r0)
2

2k2s2γ
Ĥzz −

z(µ − r0)βρ

ksγ
− Ĥszsz(µ − γ0) = 0 (10)

� &�= Ĥz = −g, l ¬ ÷ ����¢�Q t ª�� , ©
gt +r0sgs−(α+gr0)+

1

2
k2s2+2γgss +

z2(µ − r0)
2

2k2s2γ
gzz +

[
(µ − r0)

2

k2s2γ
− r0

]
zgz−gszsz(µ−r0)+

(µ − r0)βρ

ksγ
= 0

(11)

£�,�-�.�/�0�1�� > h�i A
π∗ =

gsk
2s1+2γ − gzz(µ − r0) − βρksγ

vk2s2γ
(12)

� ä , ρ2 = 1. i ��l (7) +�ª�~�� ? ý l���l�� 2�3 (11) +�ª�~ .
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3 ¡*¢*£*¤*¥*¦2+/,/-2./0/123/4/526/7
3.1 CRRA §�¨�©�ª�«�¬�­�®�¯�°�±�²�³�´�µ
M�D�E�F�+�� 5 ��e u(·)

A�¶ � 5 ��e , ° u(v) = vp

p
, p < 1, p 6= 0, ü�� g(T, s, z) = (u′)−1(z), i��· ��� A

g(T, s, z) = z
1

p−1 (13)

� &�= (11)
÷Óä`¸ © s2γ+2, s−2γ , i�x���¹ � � , M (11)

÷ +�~ A
g(t, s, z) = z

1
p−1 f(t, y) + h(t, y), y = s−2γ (14)

� (14)
÷ � q (11)

÷
, G�� � < ,

z
1

p−1

{
ft−2γr0yfy−r0f + k2γ(2γ + 1)fy + 2k2γ2yfyy +

(2 − p)(µ − r0)
2yf

2(p − 1)2k2
+

1

p − 1

[
(µ − r0)

2y

k2
−r0

]
f

+
2γ(µ− r0)yfy

p − 1

}
+

{
ht + [k2γ(2γ + 1) − 2γr0y]hy + 2k2γ2yhyy − r0h +

(µ − r0)βρ

k

√
y − α

}
= 0.

¾ ¬�­ ��� l�º & z ³�ý�ë , i�©
ft−2γr0yfy−r0f+k2γ(2γ+1)fy+2k2γ2yfyy+

(2−p)(µ−r0)
2yf

2(p − 1)2k2
+

1

p− 1

[
(µ−r0)

2y

k2
−r0

]
f+

2γ(µ−r0)yfy

p − 1
= 0

(15)

ht + [k2γ(2γ + 1) − 2γr0y]hy + 2k2γ2yhyy − r0h +
(µ − r0)βρ

k

√
y − α = 0 (16)

� ä (t, y) ∈ [0, T ]× R+, y|t=0 = s
−2γ
0 , BÓ�`� · ��� (13) � , f(T, y) = 1, h(T, y) = 0.

l Q � ]�����a���� (15), M�����+�~ A
f(t, y) = A(t)eB(t)y (17)

� f(T, y) = 1 � A(T ) = 1, B(T ) = 0.
� (17)

÷ � q (15)
÷

, § ÷ ��� t�» A(t)eB(t)y , � � < ,[
At

A(t)
+k2γ(2γ +1)B(t)− r0

p − 1
−r0

]
+y

{
Bt +

[
2γ(µ − r0)

p − 1
−2γr0

]
B(t)+2k2γ2B2(t)+

(µ − r0)
2p

2(p − 1)2k2

}
= 0.

¬�­ ��� l�º & y ³�ý�ë , i�©
At

A(t)
+ k2γ(2γ + 1)B(t) − r0

p − 1
− r0 = 0 (18)

Bt +

[
2γ(µ − r0)

p − 1
− 2γr0

]
B(t) + 2k2γ2B2(t) +

(µ − r0)
2p

2(p − 1)2k2
= 0 (19)

¢�Q���� (18),(19) +�ª�~ , ¼�½�¾ . ª <

B(t) = k−2I(t) (20)

A(t) = e[λ1γ(2γ+1)+
r0p

1−p
](T−t)

{
λ2 − λ1

λ2 − λ1e2γ2(λ1−λ2)(T−t)

} 2γ+1
2γ

(21)

� ä I(t) = λ1−λ1e2γ2(λ1−λ2)(T−t)

1−
λ1
λ2

e2γ2(λ1−λ2)(T−t)
, λ1,2 =

(µ−pr0)±
√

(1−p)(µ2−r2
0p)

2γ(1−p) .
A�¿ Q�k�_�À�Á , :

K(t) = 1 − 2γ(1− p)I(t)

µ − r0
, K1(t) = 1 +

2(1 − p)I(t)

µ − r0
, d(t) = −α

[
1 − e−r0(T−t)

r0

]
.

þ�"�P�l β = 0 p γ = −1 +�å�æ�m�n���� .Â�Ã
1 L�M�D�E�F�+�� 5 ��e A CRRA, Ä�r�R�E�/ @�´�µÆÅ R�E�/ @�´�µÆÅ _�`�;�� , a�Ç ¶�·

(1),(2),(3)
÷

, ��D�E�F������ 5 ,�u�+�,�-�.�/�0�1 A :

1) ^ β = 0 f ,

π∗ =
µ − r0

(1 − p)k2s2γ

(
1 − d(t)

v

)
K(t) (22)

2) ^ γ = −1 f , CEV 8�9 A�È l ����8�9 , ,�-�.�/�0�1
π∗ =

µ − r0

(1 − p)k2s−2

(
1 − d(t)

v

)
K1(t) −

[2I(t)s3 + (µ−r0

1−p
− k2)s](µ − r0)β(t − T ) + βρk2s

vk3
(23)
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É�Ê
1) ^ β = 0 f , (16)

÷ � A
ht + [k2γ(2γ + 1) − 2γr0y]hy + 2k2γ2yhyy − r0h − α = 0 (24)

M ¬�­ ����+�~ A
h(t, y) = m(t) (25)

����� q (24),
<

mt−r0m(t)−α = 0. �`� · ��� h(T, y) = m(T ) = 0, ü < m(t) = −α[ 1−e−r0(T−t)

r0
] =

d(t).

¾�¿ , � (12)
÷

, ����D�E�F�+�,�-�.�/�0�1 :

π∗ =
gsk

2s1+2γ − gzz(µ − r0)

vk2s2γ
=

k2s1+2γ(−2γs−2γ−1fyz
1

p−1 ) − z(µ − r0)
f

(p−1)z z
1

p−1

vk2s2γ

=
−2γk2B(t)(g(t, s, z) − m(t)) + µ−r0

1−p
(g(t, s, z) − m(t))

vk2s2γ

=
µ − r0

(1 − p)k2s2γ

(
1 − m(t)

v

) (
1 − 2γ(1 − p)I(t)

µ − r0

)
=

µ − r0

(1 − p)k2s2γ

(
1 − d(t)

v

)
K(t).

� &�= ¬�­ ,�-�.�/�0�1�¡ Gao[15]
ä

, X CRRA � 5 ��e�* , ��������O�,�-�.�/�0�1�Ë�� .

2) ^ γ = −1 f , (16)
÷ � A

ht + [k2 + 2r0y]hy + 2k2yhyy − r0h +
(µ − r0)βρ

k

√
y − α = 0 (26)

M ¬�­ ����+�~ A
h(t, y) = e(t) +

√
yn(t) (27)

� (27) � q (26)
÷

, G�� � <
(et − r0e(t) − α) +

√
y

[
nt +

(µ − r0)βρ

k

]
= 0.

��Q ¬�­ ��� l�º & y ³�ý�ë , i
et − r0e(t) − α = 0 (28)

nt +
(µ − r0)βρ

k
= 0 (29)

�`� · ��� e(T ) = 0, n(T ) = 0, ü <

e(t) = −α

[
1 − e−r0(T−t)

r0

]
= d(t), n(t) = − (µ − r0)βρ

k
(t − T ) (30)

¾�¿ , � (12)
÷

, ����D�E�F�+�,�-�.�/�0�1 :

π∗ =
gsk

2s1+2γ − gzz(µ − r0) − βρksγ

vk2s2γ

=
k2s−1[2sB(t)(g(t, s, z) − h(t, y)) + sy− 1

2 n(t)] − z(µ − r0)
g(t,s,z)−h(t,y)

(p−1)z − βρks−1

vk2s−2

=
k2s−1[2sB(t)(g(t, s, z) − e(t) − sn(t)) + n(t)] − (µ − r0)

g(t,s,z)−e(t)−sn(t)
(p−1) − βρks−1

vk2s−2

=
2k2B(t)(g(t, s, z) − e(t)) + 1

1−p
(g(t, s, z)− e(t))

vk2s−2
−

[2I(t)s3 + (µ−r0

1−p
− k2)s]n(t) + βρks

vk2

=
(µ − r0)s

2

(1 − p)k2
(1 − d(t)

v
)K1(t) −

[2I(t)s3 + (µ−r0

1−p
− k2)s]n(t) + βρks

vk2
.

� n(t) � q , Ì�3�° < S .

� &�= , ^ β = 0 f , Ä γ = 0, � CEV 8�9�� ? ý�Í�Î�+ ¸�¹ b�º�»�¼�8�9 , �`"�Ï [18] � , D�E�F�+
,�-�.�/�0�1 A

π∗ =

(
1 − d(t)

v

)
µ − r0

(1 − p)σ2
(31)

� ä , σ h�i���e�½�¼ < . ¡ (22)
÷ Ò`Ð , ©�{�* � Á :Ñ�Ò

1
l β = 0, D�E�F�+�,�-�.�/�0�1 π∗, ©
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1) ^�D�E�F�+�R�E�Ó�Ô���Õ p < 0 f , CEV 8�9�*�D�E�F�.�/�Q�R�E�/ @ +ÓÒ`t�Ö�Q ¸�¹ b�º�»�¼�8
9�*�D�E�F�+�.�/ÓÒ`t .

2) ^�D�E�F�+�R�E�Ó�Ô���Õ 0 < p < 1 f , CEV 8�9�*�D�E�F�.�/�Q�R�E�/ @ +ÓÒ`t�u�Q ¸�¹ b�º�»
¼�8�9�*�D�E�F�+�.�/UÒ×t , B�Y�.�/UÒ×t�j�f�Ö�+���Ø�£�Ù�Ö , °�j�Ú�f�Ö�+�Û�Ü , D�E�F�Ý�Þ�ß�Ù�à�R
E�/ @ ¬ +�.�/ÓÒ`t .É�Ê

1) ^ p < 0 f , ��Q λ1,2 =
(µ−pr0)±

√
(1−p)(µ2−r2

0p)

2γ(1−p) , �
λ1 − λ2 =

√
(1 − p)(µ2 − r2

0p)

γ(1 − p)
< 0, λ1λ2 =

p(µ − r0p)2

4γ2(1 − p)2
< 0,

i λ1 < 0, B
I ′(t) =

2λ1(λ1 − λ2)(1 − λ1

λ2
)γ2e2γ2(λ1−λ2)(T−t)

(1 − λ1

λ2
e2γ2(λ1−λ2)(T−t))2

,

� I ′(t) > 0, £ I(T ) = 0, ¾�¿ , I(t) ≤ 0, K(t) ≤ 1, iÓ� (22) 4 (31)
÷

, °�� CEV 8�9�*�D�E�F�.�/�Q�R
E�/ @ +ÓÒ`t�Ð�Ö .

2) ^ 0 < p < 1 f ,
t � , � < λ1 − λ2 < 0, λ1λ2 > 0, i λ1 > 0, I ′(t) < 0, � I(T ) = 0, ° <

I(t) > 0, K(t) ≥ 1, ¿�f , CEV 8�9�*�D�E�F�.�/�Q�R�E�/ @ +ÓÒ`t�Ð�u . ¿�ÿ , ��Q
∂π∗

∂t
=

µ − r0

(1 − p)k2s2γ

[
K ′(t)(1 − d(t)

v
) − K(t)

d′(t)

v

]
,

� ä d′(t) = αer0(t−T ) > 0, B K ′(t) = 2γ(p−1)I′(t)
µ−r0

< 0.

i�ü�� ¬ ÷ Ö�Q 0, ¤�l�c�á , D�E�F�.�/�Q�R�E�/ @ +ÓÒ`t�j�f�Ö t +���u�£�Ù�Ö .Ñ�Ò
2
l Q γ = −1 +�å�â , Ô�Õ�V�D�E�F�+ \ D�R�E , ��¢�Q�D�E�F�+�,�-�.�/�0�1 π∗, ©

1) ^�D�E�F�+�R�E�Ó�Ô���Õ p < min{0, 1 − µ−r0

k2 } B ρ = −1 f , Ñ l Q β = 0 +�å�â , Ô�Õ�V \ D�R
E�k , D�E�F�.�/�Q�R�E�/ @ +ÓÒ`t���Ø�V .

2) ^�D�E�F�+�R�E�Ó�Ô���Õ 0 < p < 1 f , Ä s2 ≥ k2−
µ−r0
1−p

2I(t) , ��D�E�F�.�/�Q�R�E�/ @ +�/�OÓÒ`t�j�Ú
f�Ö t +���u�£�Þ�ß�Ù�Ö .É�Ê

1) ^ p < min{0, 1− µ−r0

k2 } B ρ = −1 f , x 7 (22), (23)
÷

, °�� < S .

2) ^ 0 < p < 1 f , � � Á 1
ä

2) +�SÓT , ���
d

[
µ − r0

(1 − p)k2s−2

(
1− d(t)

v

)
K1(t)

] /
dt < 0,

£
∂

[
[2I(t)s3 + (µ−r0

1−p
− k2)s](µ − r0)β(t − T ) + βρk2s

vk3

] /
∂t

=
1

vk3

{
2I ′(t)s3(µ − r0)β(t − T ) +

[
2I(t)s3 +

(
µ − r0

1 − p
− k2

)
s

]
(µ − r0)β

}
,

� ä , I ′(t) < 0, s2 ≥ k2−
µ−r0
1−p

2I(t) , i ¬ ÷ ≥ 0, ¾�¿ , ∂π∗

∂t
< 0, °�h�i�j�Ú�f�Ö�+ ��ã , D�E�F�.�/�Q�R�E�/ @

+ÓÒ`t�Þ�ß�Ù�Ö .

3.2 CARA §�¨�©�ª�«�¬�­�®�¯�°�±�²�³�´�µ
M�D�E�F�+�� 5 ��e A d�e�� 5 ��e , ° u(v) = − 1

q
e−qv, q > 0.

w < � Þ +�c , ¤�®�� 5 ��e�+ È l R�E�Ó�Ô���Õ A ��e , c�X�D�E � ä×ä ©�å Ü�Ã�æ , ¤�c�¾ A X�ç
� 5 � ��* , c�c�è�����®�� 5 ��e , � > ��D�~�}�ã�¡�é�ê�����/�O�r�¢ .t�ë

, � · ��� g(T, s, z) = − 1
q

ln z, ì�¿�M (11)
÷ +�~ A

g(t, s, z) = −1

q
b(t)(ln z + m(t, s)) + a(t) (32)

�`� · ��� , ü�� b(T ) = 1, m(T, s) = 0, a(T ) = 0. � (32) � q (11)
÷

, G�� � <
−1

q
ln z(b′(t) − r0b(t)) + (at − α − r0a(t)) − 1

q
b(t)

[
mt + r0sms − r0m +

1

2
k2s2+2γmss +

(µ − r0)
2

2k2s2γ

−r0 +
bt

b(t)
m(t, s) − 1

b(t)

(µ − r0)βρ

ksγ

]
= 0,
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t�ë ©
b′(t) − r0b(t) = 0 (33)

at − α − r0a(t) = 0 (34)

mt + r0sms − r0m +
1

2
k2s2+2γmss +

(µ − r0)
2

2k2s2γ
− r0 +

bt

b(t)
m(t, s) − 1

b(t)

(µ − r0)βρ

ksγ
= 0 (35)

l (33)
÷

, x 7 � · ��� b(T ) = 1,
<

b(t) = er0(t−T ) (36)t�ë
, � (34)

÷
, � · ��� a(T ) = 0,

<

a(t) = −α

[
1 − e−r0(T−t)

r0

]
(37)

� (36) � q (35)
÷

, G�� � <
mt + r0sms +

1

2
k2s2+2γmss +

(µ − r0)
2

2k2s2γ
− r0 − er0(T−t) (µ − r0)βρ

ksγ
= 0 (38)

� &�= ¬ ÷Óä`¸ © s2+2γ , s−2γ , i�x���¹ � � ,

m(t, s) = J(t, y), y = s−2γ .

� ¬ ÷ � é (38)
÷

, G�� � <
Jt + [k2γ(2γ + 1) − 2γr0y]Jy + 2k2γ2yJyy +

(µ − r0)
2

2k2
y − r0 − er0(T−t) (µ − r0)βρ

k

√
y = 0 (39)

A V ¿ Q�k�_�+�À�Á , :
K(t) = 1 +

µ − r0

2r0
(1 − e2γr0(t−T )), K1(t) = 1 +

µ − r0

2r0
(1 − e2r0(T−t)).

þ�"�P�l β = 0 p γ = −1 +�å�æ�m�n���� .Â�Ã
2 L�M�D�E�F�+�� 5 ��e�c CARA, Ä�r�R�E�/ @�´�µíÅ R�E�/ @�´�µíÅ _�`�;�� , a�Ç ¶�· (1),

(2), (3)
÷

, ��D�E�F������ 5 ,�u�+�,�-�.�/�0�1 A :

1) ^ β = 0 f , ,�-�.�/�0�1
π∗ =

b(t)(µ − r0)

qvk2s2γ
K̃(t) (40)

� ä , b(t)
A

(36)
÷

.

2) ^ γ = −1 f , CEV 8�9 A�È l ����8�9 , ,�-�.�/�0�1
π∗ =

b(t)s2(µ − r0)

qvk2
K̃1(t) −

sβ(µ − r0)(T − t)

qvk
− βρs

vk
(41)É�Ê ^ β = 0 f , (39)

÷ � A
Jt + [k2γ(2γ + 1) − 2γr0y]Jy + 2k2γ2yJyy − (µ − r0)

2

2k2
y − r0 = 0 (42)

M ¬�­ ����+�~ A
J(t, y) = w(t) + z(t)y (43)

� Jt = wt + zty, Jy = z(t), Jyy = 0, ����� q (42)
÷

, G�� � <
[wt + k2γ(2γ + 1)z(t) − r0] + y

[
zt − 2γr0z(t) +

(µ − r0)
2

2k2

]
= 0 (44)

¾ ¬�­ ��� l�º & y ³�ý�ë , ¾�¿
wt + k2γ(2γ + 1)z(t) − r0 = 0, zt − 2γr0z(t) +

(µ − r0)
2

2k2
= 0 (45)

¾�£ , ü <

z(t) =
(µ − r0)

2

2k2

[
1 − e2γr0(t−T )

2γr0

]
(46)

����� q (45)
÷

, § ÷ ����}�a , �`� · ��� w(T ) = 0, ° <

w(t) =

[
(2γ + 1)(µ − r0)

2

4r0
− r0

]
(T − t) − (2γ + 1)(µ − r0)

2

8γr2
0

(1 − e2γr0(t−T )) (47)



2626 �/�/�/�/�/�2�/�/� C
32  

�Ó� (12)
÷

, D�E�F�+�,�-�.�/�0�1 :

π∗ =
gsk

2s1+2γ − gzz(µ − r0)

vk2s2γ
=

−k2

q
b(t)mss

1+2γ + 1
q
b(t)(µ − r0)

vk2s2γ
=

b(t)

qvk2s2γ
[(µ − r0) + 2γk2Jy]

=
b(t)(µ − r0)

qvk2s2γ

[
1 +

2γk2

µ − r0
z(t)

]
=

b(t)(µ − r0)

qvk2s2γ
K(t).

� &�= ¬�­ ,�-�.�/�0�1�¡ Gao[15]
ä

, X CRRA � 5 ��e�* , ��������O�,�-�.�/�0�1�Ë�� .

2) ^ γ = −1 f , (39)
÷ � A

Jt + [k2 + 2r0y]Jy + 2k2yJyy +
(µ − r0)

2

2k2
y − r0 − er0(T−t) (µ − r0)βρ

k

√
y = 0 (48)

M ¬�­ ����+�~ A
J(t, y) = c(t) + i(t)y + x(t)y (49)

��� · ��� A c(T ) = 0, i(T ) = 0, x(T ) = 0, B
Jt = ct +

√
yit + xty, Jy =

1

2
y− 1

2 i(t) + x(t), Jyy = −1

4
y− 3

2 i(t).

����� q (48)
÷

, G�� � < ,

[ct + k2x(t) − r0] +
√

y

(
it + r0i(t) − er0(T−t) (µ − r0)βρ

k

)
+ y

[
xt + 2r0x(t) +

(µ − r0)
2

2k2

]
= 0.

¾ ¬�­ ��� l�º & y ý�ë , i
ct + k2x(t) − r0 = 0 (50)

it + r0i(t) − er0(T−t) (µ − r0)βρ

k
= 0 (51)

xt + 2r0x(t) +
(µ − r0)

2

2k2
= 0 (52)

� (52)
÷ � � · ��� x(T ) = 0,

<

x(t) =
(µ − r0)

2

2k2

[
e2r0(T−t) − 1

2r0

]
(53)

� ¬ ÷ � q (50), § ÷ ����}�a , �`� · ��� c(T ) = 0,
<

c(t) =

[
(µ − r0)

2

4r0
+ r0

]
(t − T ) − (µ − r0)

2

8r2
0

(1 − e2r0(T−t)) (54)

l Q���� (51), M � ~ A i(t) = i(t)er0(T−t), ����� q���� (51),
<

i(t) =
(µ − r0)β

k
(T − t),

i
i(t) = − (µ − r0)βρ

k
(T − t)er0(T−t) (55)

�Ó� (12)
÷

, ����,�-�.�/�0�1 :

π∗ =
gsk

2s−1 − gzz(µ − r0) − βρks−1

vk2s−2
=

−k2s−1

q
b(t)ms + 1

q
b(t)(µ − r0) − βρks−1

vk2s−2

=
−k2s−1

q
b(t)(2sJy) + 1

q
b(t)(µ − r0) − βρks−1

vk2s−2
=

− 2k2

q
b(t)[ 12s−1i(t) + x(t)] + 1

q
b(t)(µ − r0) − βρks−1

vk2s−2

=
b(t)(µ − r0)

qvk2s−2

(
1 − 2k2

(µ − r0)
x(t)

)
− b(t)si(t)

qv
− βρs

vk
=

b(t)s2(µ − r0)

qvk2
K1(t) −

sβ(µ − r0)(T − t)

qvk
− βρs

vk
.

� &�= , ^ β = 0 f , Ä γ = 0, CEV 8�9�� ? ý�Í�Î�+ ¸�¹ b�º�»�¼�8�9 , � Devolder[18] � , D�E�F
+�,�-�.�/�0�1 A

π∗ =
(µ − r0)

qvσ2
er0(t−T ) (56)

� ä , σ h�i���e�½�¼ < . ¡ (40)
÷ Ò`Ð , ©�{�* � Á :Ñ�Ò

3
l Q β = 0 +�å�â , ¢�Q�D�E�F�+�,�-�.�/�0�1 π∗, ©
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1) CEV 8�9�*�D�E�F�.�/�Q�R�E�/ @ +ÓÒ`t�Ö�Q ¸�¹ b�º�»�¼�8�9�*�D�E�F�+�.�/ÓÒ×t .

2) Ä γ < − 1
2 , ��D�E�F�.�/�Q�R�E�/ @ +ÓÒ`t�j�f�Ö�+���Ø�£���Ø , °�j�Ú�f�Ö�+�Û�Ü , D�E�F�Ý�Þ�ß

��Ø�R�E�/ @ ¬ +�.�/ÓÒ`t .É�Ê
1) � (40) 4 (56)

÷
, ��� ,

Ü SÓT�x�Á , P��ÓÒ`Ð K(t) +�u�Ö , g�Ï , K(t) ≤ 1, i�Ì�3 < S .

2) � (40)
÷

, ^ γ < − 1
2 f , � <

∂π∗

∂t
= K ′(t)

(µ − r0)

qvk2s2γ
er0(t−T ) + r0K(t)

(µ − r0)

qvk2s2γ
er0(t−T ) =

(µ − r0)

qvk2s2γ
er0(t−T )(K ′(t) + r0K(t))

=
(µ − r0)

qvk2s2γ
er0(t−T )

[(
−γ − 1

2

)
(µ − r0)e

2γr0(t−T ) +
µ + r0

2

]
> 0.

¾�¿ , D�E�F�.�/�Q�R�E�/ @ +ÓÒ`t�Ý�j�Ú�f�Ö t +���Ø�£�Þ�î���u .Ñ�Ò
4
l Q γ = −1 +�å�â , j�Ú�f�Ö�+ ��ã , D�E�F�.�/�Q�R�E�/ @ +�/�OÓÒ`t�Þ�ß���u .É�Ê � � Á 3

ä
2) +�SUT , � b(t)s2(µ−r0)

qvk2 K1(t) ¢�Q t +���e�u�Q 0, ∂π∗

∂t
=

d[
b(t)s2(µ−r0)

qvk2 K1(t)]

dt
+

sβ(µ−r0)
qvk

> 0, i�D�E�F�.�/�Q�R�E�/ @ +�/�OÓÒ`t�j�f�Ö t +���Ø�£���Ø .

4 ï*ð*ñ
L�M Ç�È ¬ P�\�X���8�/ @ : R�E�/ @ 4�r�R�E�/ @ . R�E�/ @�´�µ�¶�· CEV 8�9 , D�E�F�+�R�E�;

� ¶�·�ò�ó ã +�b�º�»�¼ , � ��ô Ö�\�X�Ñ�¢�] ,
> ����� 5 ,�u ?�A[B (�ê�ë�D�E�N�O�.�/�+�8�9 . z 5

j�{�|�}�+���� l ¬�­ 8�9�ª�~ . õ�ì�,�-�] � � , ê�ë�D�E�.�/�2�3�+ HJB ��� . z 5 Legendre ��� �� 2�3�� ? ý ��l�� 2�3�ª�~ . ,�k , l ��ã�+ β, γ §�ö�e�+�w , a�Ç <�= V > CRRA 4 CARA � 5 ��eA[B (�+�D�E�F�+�,�-�.�/�0�1 .
t f , ÷ l ,�-�.�/�0�1�m�n�V�ø���+�a�ù , ¤ l D�E�F�» 5 D�E�N�O�.

/�%�©�}�ú�+�d���x 5 .

þ�"���c l CEV 8�9�*�D�E�N�O�+�.�/�2�3�m�n�V���ß Ã í�� , ��©�û�2�3�©�ü�m���ß�~�� , { � ®¶�·
CEV 8�9�+�/ @ +�.�/�§ , ý�k � m���ß�ì�q���� .
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;�<�=�>

(18) ? (19) @�A�B . C =�D�E�F , G
a = −2γ2, b = 2γr0 −

2γ(µ − r0)

p − 1
=

2γ(pr0 − µ)

p − 1
, c = −p(µ − r0)

2

2(1 − p)2
,

H
(19) I�J�K�L�C

Bt = k2aB2(t) + bB(t) +
c

k2
, B(T ) = 0,

M�N�O�P
, Q

t + C =

∫
1

k2aB2(t) + bB(t) + c
k2

dB(t) =
1

ak2(m1 − m2)

∫ (
1

B(t) − m1
− 1

B(t) − m2

)
dB(t),

RTS
, C C�U�V , m1, m2 C =�> ak2x2 + bx + c

k2 = 0 @�W , X m1,2 =
(µ−pr0)±

√
(1−p)(µ2−r2

0p)

2γk2(1−p) .Y

B(t) =
m1 − m2e

ak2(m1−m2)(t+c)

1 − eak2(m1−m2)(t+c)
.

Z
B(T ) = 0 [ eC = m1

m2
e−ak2(m1−m2)T , \T]_^�I , `�a�b�Q ,

B(t) =
m1 − m1e

ak2(m1−m2)(t−T )

1 − m1

m2
eak2(m1−m2)(t−T )

,

C =�D�E�F , G λ1 = k2m1, λ2 = k2m2,

B(t) = k−2 λ1 − λ1e
2γ2(λ1−λ2)(T−t)

1 − λ1

λ2
e2γ2(λ1−λ2)(T−t)

= k−2I(t),

Y
(18) I�J�K�L�C

dA(t)

A(t)
=

r0p

p − 1
t − γ(2γ + 1)I(t),

c ^�I M�N�O�P , Q ∫
dA(t)

A(t)
=

r0p

p − 1
dt − γ(2γ + 1)

∫
I(t)dt,

d
∫

I(t)dt = λ1t +
1

2γ2
ln(λ2 − λ1e

2γ2(λ1−λ2)(T−t)) + C1,

RTS
, C1 e U�V ,

Y

A(t) = exp

{[
r0p

p − 1
− λ1γ(2γ + 1)

]
t

}
[λ2 − λ1e

2γ2(λ1−λ2)(T−t)]
2γ

2γ+1 eC1 .

Z N�f�g�h
, A(T ) = 1, Q

eC1 = exp

{
−

[
r0p

p − 1
− λ1γ(2γ + 1)

]
T

}
(λ2 − λ1)

− 2γ
2γ+1 ,

d�i

A(t) = e[λ1γ(2γ+1)+
r0p

1−p
](T−t)

{
λ2 − λ1

λ2 − λ1e2γ2(λ1−λ2)(T−t)

} 2γ+1
2γ

.


