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Optimal investment strategies for defaultable bond
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Abstract The problem of a representative investor how to optimally allocate her wealth among the fol-

lowing securities: A defaultable bond, a stock and a bank account was researched. Modeled the defaultable

bond price through the reduced-form model and solved the dynamics of its price. Using martingale ap-

proach, obtained a closed-form solution to this optimal problem. From the solution it is clear that for a

jump-risk premium greater than one, namely the market pricing the jump risk in the defaultable bond,

the investor optimally invests a positive amount in the defaultable bond. On the other hand, the investor

optimally invests nothing in the defaultable bond.

Keywords defaultable bond; reduced-form model; jump risk; optimal investment; martingale approach

1 »½¼¾a¿aÀ
, ÁaÂaÃaÄaÅaÆaÇaÈaÉaÊaËaÌaÍaÎaÏaÐ , Ñ À ÑaÒaÉaÓaÔaÕaÖa×aØaÌaÙ ÀaÚaÛÝÜßÞ ÉaàaÅaáaâ , ãä ÙaåaÇaÈaæaçaèaéaêaÉaÌaÍ . ëaì 2009

¿aí
, ã ä ÙaåaÉaÇaÈaîaï_ðdñaØ 3 òaó . ã ä ÙaåaôaõaöaÄaÙ p÷aøaùaúaûaü ÉaýaÄaþaã ä ÙaåaÿaÅ���� , �����������aÙ p ��	�
��aà������aàaÙ p
��� Ù p
��� Ù�� . �� ã ä Ùyå��yÊyô û Äyþyã ä�������� , �����������yÉ� �!�"�# , $�%�&�'yÄyÙ�(*)+(�,�-�. , /yÿyÅ�"

#�'�0 ù (1)32aô�(�,�-�4 . �aÿaÅ�5�61738�9aã ä Ùaå�: û�; ÍaÿyÅ�<aÉ�"�#�$�%�=�> , ?���@�A�BaÿaÅ
"�# , C�.aÿaÅ�<aÉaÓaÔ�D�E . ã ä Ùaå�F�G�H�Iaç�JaÒaÿaÅ�<aÉ�K�L .M = , N � ã ä ÙaåaÉa�a	�O�PaÕ�Q�R173����S�T�U , V�W�X�Y�Z�[�\aã ä Ùaå�]�^aÿaÅ�	�_aÉ�O�P , `
X�W�aaÄ ü�b <�,�caáaâ�? ø è���d�e�f�
aÉ�O�P . Ä1g b <�,�caáaâ1h3iaÍ�j�O�P .

Korn Î Kraft[1]
p

Kraft Î Steffensen[2] &�k�O�Paèaã ä ÙaåaÉ�]�^aÿaÅaáaâ , l�m�n ä Merton[3] É�o
��paï�q�,aã ä Ùaå�? ø ��S ,

û�r 
aÎ�s�t ����u�v�w�x , ×aØ�y Ú HJB za� , æaçaè�]�^aÿaÅ�	�_ . o
��paï�q�������{�|�} , ~aã ä ÙaåaÉ���S������ ��� S��_ð+�aÉ������ , �����aÿaÅ�<��������aÊaç ���
S�� , �aæaï�q17dÉ���a�����V�� ä ����a ú ? ø���� . ��� , ��c������aæaçaÉaÿaÅ�	�_�|��a� ä 
 .� ,�o���paï�q�,aã ä Ùaå���SaÉyÊ�� ,

b <�m�j���� Jarrow Î Turnbull[4] É���!�paï�q������ , O
Paã ä "�#�,�]�^aÅ���5�6aÉ���� . Walder[5] O�PaèaÁ���E�&�� , ÿaÅ�<�����,aÄaÙaÎaã ä Ùaå�? ø ]�^��
� �¢¡¤£

: 2010-08-08¥ ¦ §¢¨
: © ª¢«¤¬ ­ ® ¯ ° (71273169); ± ² ³ ´ µ ­ ¶ · ¸ ¹¢º (12YS154)» ¼ ½ ¾
: ¿ À Á , Â Ã ¶ Ä Å , Á Æ , E-mail: bsb@lixin.edu.cn; Ç ² È , ´ É , Á Æ Ê Ë Ì .
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×
, E ä Malliavin Ø�AaÎ�Ù�Ú�Û�Üaï�Ý , y Ú�Þ ÿaÅ�<aÉ�]�^aÿaÅ�	�_ . Hou Î Jin[6]

p
Hou[7] A�ß�O�Paèà ��E�&aÎaÁ���E�&�á�â�� , ÿaÅ�<�����,�0 ùqpäãaø ��åyÎaã ä Ùaå�? ø ]�^�� × , �a×aØaÁ�� u�v É�zæ y Þ è�]�^aÿaÅ�	�_aÉ Ú�çaÚ .� èyï�qyÉ���è , � Walder[5]

p
Hou Î Jin[6]

û \ Hou[7] Éyï�q*7 , é�ê�ëyÿyÅ�<yÿyÅ � ��{yã ä Ùå�5�6 , ì�í�{�5�6�î�� Jarrow, Lando Î Yu[8] C Þ É “ ï�ð�A�B�
 (conditional diversification)” ê�ë .

Jarrow ��ñ1ò3óaÇaÈ��aã ä ÙaåaÉ�a x�ô ¾���õ�ö , ì�÷aÙaå�ø�ùaÉ� �!�(�ú�û���ü , ÇaÈaÊ�ý�,�þ�ÿ�"�#
? ø���� . Jarrow ����í���þ�ÿ�"�#���SaÉ�H�?�����
���� � “ ï�ð�A�B�
 ”. ��{�î�� “ï�ð�A�B�
 ” ê�ëÉaã ä Ùaå�5�6��aÊ�	�
�X�þ�ÿ�"�# ( þ�ÿ�"�#_ð���5�6�A�B�
 ), ��� , Walder[5]

p
Hou Î Jin[6]

û \ Hou[7]

Éaï�q���� õ æ���� þ�ÿ�"�#�,aã ä Ùaå�]�^aÿaÅ�	�_aÉ���� .����� , ��{�î�� “ ï�ð�A�B�
 ” ê�ëyÉyã ä Ùyå�5�6��yÊ���� , � � í�{�5�6���Q����yÉyÙyå�a x��
Q ô ¾���õ�ö . Elton � [9]

û \ Driessen[10] Éa��ñ�O�P����1ò3þ�ÿ�"�#���S���������� � ã ä ñaåyÇaÈ .

��c , ���a�173þ�ÿ�"�#aôaÿaÅ�<aÿaÅ � ã ä Ùaå�ü õ æ���� É�"�# .� è�����O�PaÉaáaâ�����6���� , A ç þ�ÿ�"�#�,�]�^aÿaÅ�	�_aÉ���� , Æ�Y�������!�paï�qaÉ������ ,

O�PaÿaÅ�<�� × � ��{aã ä Ùaå p 0 ù Î ãaø ��åaÉ�]�^aÿaÅaáaâ . � � ÿaÅ�5�617dÉaã ä ÙaåaÊ�	aô���{Ò� �paÉ�5�6 , ��c , “ ï�ð�A�B�
 ” É�ê�ëaÊ�!���� , c�üaÿaÅ�5�6aÉ�"�# À�" � ã ä ÙaåyÉ�þ�ÿ�"�# û \
0 ù $�%aÉ�#�$�"�# . ��þ�ÿ�"�#�%�9aìaÿaÅ�5�6�� ��� è�þ�ÿ�"�#���S�&aã ä Ùaå�]�^aÿaÅ�	�_�ø�ùaÉ N' ôyÆ�Y�& û ��Y�ZyÉ����yÊ�'yÎyÕ�Q�(�) . O�P�o�*��*ò : +�X�óyã ä Ùyå�,�þ�ÿ�-�.�/�0�1�2 1, 3�45�6�7�8 -�.�9�-�.�:�;�< , =�>�?�@�A�B�9�C�D�E�F ; G�C�D 7�8 -�.�/�0�H�2 1, 3�4 5�6�7�8 -�.�I�9
-�.�:�;�< , =�>�? 6 C�D�E�F�,�J�K�B�9�L�M .

2 NPOPQPRPSPT
2.1 U�V�W�XY�Z�[�\ 4 5�]�^�_�`�a�bdce`�f�g ,�h�i�j�k�4 5 ,

[�\ >�l�m�n�o�p�q�r�s�t . u�4 5�v , w�9�=
>�?�x ] 0�y�z�{�? , 3�| _ =�>�?�,�=�>�}�~���������� [�\ >�l�,�0�y .

Y�Z�� u ^�_ h���,��������
(Ω, G, Q). Q

]���� ��� P ,�H�0���������� ( -�.���r�������� ). W Q(t)
]���� u�������� v ,�����������

, F = (Ft)t≥0

]��
W Q(t) ����,���� , ������ �¡�¢ . £ τ L�������� v , ^�_�¤�¥�¦�§ ��¨ , ©ª C�D�E�F�,�«�¬�<�� .
Y�Z

G(τ = 0) = 0, Q(τ > 0) > 0.
����^�_�­ p�q�®�¯ H , H(t) = 1{τ≤t}, °��

1{τ≤t} L�±�r�²�³ . H = (Ht)t≥0

]��
H(t) ����,���� , ������ �¡�¢ . G = (Gt)t≥0 o�´�µ�¶�1�,����

(enlarged filtration), Gt = Ft ∨ Ht.

2.2 ·�¸�¹�º�»�¼�½�¾�¿�ÀY�Z�^�_ © ª r�=�>�?�,�=�>�Á�L : M�Â�C�D�E�F cÄÃ�Å�Æ�Ç�È���É H�Ê�Ë�>�l . Ì�Í�Î 6�Ï Ê�Ë�>�l
0�y�, ��Ð ®�¯�Ñ È�Ò�Ó .Z�^�_ M�Â�C�D�E�F�,�Ô�Õ×ÖØL T1,

Å Í�0�Ù�L 1, «�¬�<���L τ . G τ ∈ (T1,∞) < , E�F���Ú���«�¬ ,

=�>�?�2�Ô�Õ×ÖØÛ�Ü�E�F�, Å Í�0�Ù . G τ ∈ (0, T1) < , E�F�«�¬ , E�F�,�4 5 0�Ù�Î���L�M , Ý�=�>�?�m�nÞ�ß E�F�«�¬�à�,�4 5 0�Ù�Û�Ü�á�â�=�> [11].
��ã m�n�ä�Ô , ��� Q Ì�M�Â�C�D�E�F�,�0�y�L :

p (t, T1) = 1{τ>t} × e−(r+hQι)(T1−t) + 1{τ≤t} (1 − ι) e−(r+hQι)(T1−τ)er(t−τ) (1)

°�� , r L ` -�.�å�Õ g � , hQ L�®�¯ τ ,�-�.���r�«�¬�æ�� , ι L�«�¬�ç�è�� ,
Y�Z�é�ê�ë L� �³ .ì�í

1 £ hQ
] -�.���r�«�¬�æ�� , î ¤�¥�¦�§ ®�¯ MQ (t) = H (t)−

∫ t

0
(1 − H (u−)) hQdu

]�^�_ u
��� Q Ì�,�� , °�� H (u−) = lims↑uH (u) = 1{τ≤u}.6

(1) ï g D�ð�ñ ��ò , � g D ��� 1 ,�ó�ô , m�n�ä�Ô���� Q Ì�M�Â�C�D�E�F�0�y�, ��Ð ®�¯ :

dp (t, T1) = p (t, T1)
(

rdt − (1 − H (t)) ιdMQ (t)
)

(2)Y�Z u���� Q Ì Ã�Å�Æ�Ç�È���É ,�0�y�â�õ�����ö�Ì ��Ð ®�¯ :

dS (t) = S (t)
(

rdt + σdW Q (t)
)

(3)

dB (t) = rB (t) dt (4)

2.3 ÷�ø�¼�½�¾�¿�ÀY�Z =�>�?�,�ù�ú�û�ü�L x, =�>�Õ�ý�L [0, T ],
Y�Z

T < T1. =�>�~�þ�L π (t) = (πS (t) , πp (t))
′
, t ∈
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[0, T ], °�� πS (t)
Æ

πp (t) â�õ ª ±�=�>�?�u�Õ�ý [0, T ] =�>�2 Ã�Å�Æ C�D�E�F�, [�� w�����û�ü�,���� ,

1 − πS (t) − πp (t) L�=�>�2 Ç�È���É , [�� w�����û�ü�,���� . � \ >�,�=�>�~�þ�Ì , û�ü�, ��Ð ®�¯�m�n� µ :

dX (t) = πS (t) dS (t) + πp (t) dp (t, T1) + (1 − πS (t) − πp (t)) dB (t) (5)

Î (2)
c

(3)
c

(4) ©�� (5) î�ä�Ô :

dX (t) = X (t−)
(

rdt + πSσdW Q (t) − (1 − H (t)) πpιdMQ (t)
)

(6)

m�n�Ú�������,�û�ü ��Ð ®�¯ ]�^�_ ��®�¯ :

d

(

X (t)

B (t−)

)

=
X (t)

B (t−)

(

πSσdW Q (t) − (1 − H (t)) πpιdMQ (t)
)

(7)

��ã m� : EQ
(

X(t)
B(t−)

)

= X(0)
B(0) = x. °�� , EQ L�-�.���r���� Q Ì�,�Õ�! .� 2�=�>�? ] u ��� ��� P Ì�Ñ È >�l�"�#�}�~ , J�1�$�°�%�D , & ã�'�( Î���������)�-�.���r����

��� Q *�$�L ��� ������� P . u `�f�g 4 5�Y�Z Ì ,
�

Girsanov
��ò

1 m� � u ^�_ Radon-Nikoyn +��
��®�¯ Z(t) = dQ

dP
, ,�ä

EP

(

Z (t)
X (t)

B (t−)

)

= EQ

(

X (t)

B (t−)

)

= x (8)

°�� , EP L ��� ��� P Ì�,�Õ�! , Z(t) î�-�����ö�Ì�¡�¢ :

EP (Z (T ∗)) = 1, .�< Z (t) = ZW (t) ZH (t) ,

ZW (t) = exp
(

−
∫ t

0
λdW (u) − 1

2

∫ t

0
λ2du

)

,

ZH (t) = exp
(

∫ t

0
ln µdH (u) −

∫ t

0
hP (µ − 1) (1 − H (u)) du

)

,

°�� , λ L Ã�Å -�.�,�4 5 0�y , µ = hP

hQ , µ L 7�8 -�.�,�4 5 0�y , hP L ��� ��� P Ì�,�«�¬�æ�� ; W (t) =

W Q(t)−
∫ t

0
λdu

]���� ��� P Ì�,�� ����� , M (t) = MQ (t)− hP
∫ t

0
(µ − 1) (1 − H (u)) du

]���� ��� P

Ì�,�� .

3 /1012131415
=�>�?���®�Î�°�û�ü�Ñ È���Ð "�# , n � ��6�2�J�7�û�ü�,�Õ�!�%�D�J�1�$ . £ U(X) L�=�>�?�,�%�D

²�³ , J(X) L ��8 J�K�=�>�~�þ π∗ 9 ,�J�1�$�%�D , î�=�>�?�w�Í�:�,�J�K�$�;�<�L :

J(X) = sup
π

EP (U (X(T ))) s.t. EP

(

Z (t)
X(t)

B(t−)

)

= x (9)

=�> Î g D���?�@ (martingale approach) A�B�C ã ;�< 2, D�B�C ^�E %�D�²�³�F�ï�Ì�,�J�K�=�>�~�þ ,G Y��
CRRA %�D�²�³�n�B�H�I�;�<�,�C�J�C .

3.1 K�L�M�N�O�P�Q�R�SY�Z %�D�²�³ U
]�T y�U�V�W�X�Y�²�³ , î�%�D�²�³�Y�Z�³ U ′

]�T y�U�[�W�p�q�Y , &�\ � u ^�_�T
y�U�[�W�p�q�Y�]�²�³�,�ä : I (U ′ (X)) = X, 0 < X < ∞, U ′ (I (Y )) = Y, 0 < Y < U ′ (0) .���

U Y 6�^ ²�³ : Ũ (Y )
∆
= sup

X∈R

(U (X) − XY ) . î�G X = I(Y ) < , Ũ _�J�1�Ù , 3 :

U (X) − XY ≤ U (I (Y )) − Y I (Y ) (10)

G�W�`�G X = I(Y ) < ,
v ï�L�H�ï .

Î Y (x) a�b�J�K�$�;�<�¬�c�¡�¢�Y�d�y � Öfe�³ , m�n�Î�g�¬�c�¡�¢�Y�J�K�$�;�< (9) *�$�L ` ¬�c
¡�¢�Y�J�K�$�;�< :

EP (U (X (T ))) + Y (x)
(

x − EP (N (T )X (T ))
)

(11)

°�� , N(t) = Z(t)
B(t) .

6
(11)

g D (10) Y�ó�ô�m�ä :

xY (x) + EP (U(X(T )) − Y (x)N(T )X(T )) ≤ xY (x) + EP (U(I(Y (x)N(T ))) − Y (x)N(T )I(Y (x)N(T )))

G�W�`�G
X (T ) = I (Y (x) N (T )) (12)

1. h�i�j�k�l�m Kusuoka[12].

2. n�o�p�q�r�
�h�i�s�t�u�v�w�m Cox x Huang[13] y Duffie[14] .
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L�H�ï .
ã < , X(T ) L�J�K�Y�J�7�û�ü .g D X(T )

c
EP (N (T ) X (T )) Y���r���n���ð�ñ ��ò , m�n�ä�Ô d

(

X(t)
B(t−)

) Y�� ^�_�ª�� ï , Î ã��
(7) ï�Ñ È ��� , 3�m�n�ä�Ô�J�K�Y�=�>�~�þ π∗. ����ó�ô ��� < 1 ��H .���

1 £ x L = > ? ù ú û ü , X(T ) L T <���Y J�7 û ü , G = > ?�Y���� ¬�c � � : EP (N(t)X(t)) =

x, x > 0, î � u�J�K ^�_ =�>�~�þ π∗, ,�ä�=�>�?�Y�J�7�û�ü�%�D�J�1�$ :

π∗
Sσ

X (t)

B (t−)
=

φ1 (t) + η (t) λ

Z (t)
(13)

(1 − H (t)) π∗
pι

X (t)

B (t−)
= −

φ2 (t−) + (1 − µ) η (t)

µZ (t)
(14)

°�� ,

η (t) = EP (N (T ) I (Y (x) N (T )) |Ft ) (15)

dη (t) = φ1 (t) dW (t) + φ2 (t) dM (t) (16)���������
A.� < 1 ��H���=�>�?�>�l�"�#�J�K�$�;�<�Y ^�E C . φ

Æ
η Y�²�³�F�ï������ � . L���ä�Ô φ

Æ
η Y

����²�³�F�ï ,
'�(�6 =�>�?�Y�%�D�²�³�F�ï�Ñ È Ñ ^�  Y Y�Z . u 3.2 ¡ ,

=�> Î Y�Z =�>�?�Y�%�D�²�³
L� �³�¢ 6 -�.�£�¤�¥�³ (CRRA) %�D�²�³ , n�ä�Ô�=�>�?�J�K�=�>�~�þ�Y�C�J�C .

3.2 K�L�M CRRA P�Q�R�SY�Z =�>�?�Y�%�D�²�³�L CRRA %�D�²�³ , ����F�ï : U (X) = Xγ

γ
, 0 < γ < 1.

ã < U ′ Y�]�²�³�L :

I (Y ) = Y
1

γ−1 (17)g D (8)
c

(12)
Æ

(17) m�ä :

x = EP (N (T ) I (Y (x) N (T ))) = Y (x)
1

γ−1 EP
(

N(T )
γ

γ−1

)

(18)

)�\�ä�Ô :

Y (x) =





x

EP

(

N(T )
γ

γ−1

)





1

γ−1

(19)

Î (19) g�� (12), � g D (17) m�n�ä�Ô�J�K�Y�J�7�û�ü :

X (T ) = I (Y (x) N (T )) =
x

EP

(

N(T )
γ

γ−1

)N(T )
1

γ−1 (20)

Î (20)
Æ

N(T ) g�� (15), m�ä�Ô CRRA %�D�²�³�Ì�Y η:

η (t) =
x

EP

(

N(T )
γ

γ−1

)EP
(

N(T )
γ

γ−1

∣

∣

∣Ft

)

=
xN(t)

γ
γ−1

EP

(

N(T )
γ

γ−1

)EP

(

(

N (T )

N (t)

)
γ

γ−1

∣

∣

∣

∣

∣

Ft

)

(21)

6
(21)

g D�ð�ñ ��ò m�ä :

dη (t)

η (t−)
=

dN(t)
γ

γ−1

N(t)
γ

γ−1

+
dΣ (t)

Σ (t)
(22)

°�� ,

Σ (t) = EP

(

(

N (T )

N (t)

)
γ

γ−1

∣

∣

∣

∣

∣

Ft

)

(23)

L���ä�Ô�J�K�=�>�~�þ , Ì�Í�¦ ( Y�§�µ ] ä�Ô (22) Y ª�� ï .
��ò

1
Æ���ò

2 ��H�� dN(t)
γ

γ−1

N(t)
γ

γ−1

Æ
dΣ(t)
Σ(t) Y ª�� ï , n ã m�n�� � dη(t)

η(t−) , Î�° Æ (16) Ñ È ����3�m�ä�Ô φ. Î φ g�� � < 1, ¨�m�n�ä�Ô CRRA

%�D�²�³�Ì�=�>�?�Y�J�K�=�>�~�þ .ì�©
1 N(t)

γ
γ−1 Y�ª�«�â�?�¯�-���� :

dN(t)
γ

γ−1

N(t)
γ

γ−1

=
γ

(1 − γ)
(λdW (t)) +

(

µ
γ

γ−1 − 1
)

dH (t) + [·] dt (24)
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���������
B.ì�©

2 G W (t)
Æ

H(t) ¬ ã�­ ��¢�®�¯�°�< , Σ(t) Y�ª�«�â�-���� :

dΣ (t)

Σ (t)
=

(

µ
γ

γ−1

µ
γ

γ−1

(

1 − ehP (T−t)
)

+ e
γ

γ−1
(1−µ)hP +hP (T−t)

− 1

)

dH (t) + [·] dt (25)

���������
C.���

2 CRRA %�D�²�³�Ì , G�C�D�E�F���Ú���«�¬ , 3 : τ > t < , =�>�?�Y�J�K�=�>�~�þ π∗ L :

π∗
S =

1

1 − γ

λ

σ
(26)

π∗
p =

µ − µ
γ

γ−1 −
µ

γ
γ−1

e
γ

γ−1
(1−µ)hP +hP (T−t) + µ

γ
γ−1

(

1 − ehP (T−t)
)

+ 1

ιµ
(27)

��� ��� < 1 � ��ò 1
Æ���ò

2, ¨�m�±�z�ä�Ô � < 2.

m�n�Ú�� Ã�Å Y�J�K�=�>�~�þ � Merton ;�< [15] Y�ó�ô ]�^�² Y .
Ï�] &�L Ã�Å I�9�«�¬�-�. , \�W� C�D�E�F�³�I�9�¢�´�r , &�\�=�>�?�=�> Ã�Å <�� '�(�µ�6�¶ «�¬�-�. . J�K�Y Ã�Å =�>�~�þ�· Æ =�>�?

Y�-�.�£�¤�¥�³ γ
c Ã�Å -�.�0�Ù λ n�� Ã�Å Y�� � � σ 9�´ .

� 2 Y�� r
Æ

λ L� �³ , =�>�?�Y�%�D�²�³
L CRRA %�D�²�³ , J�K�Y Ã�Å =�>�~�þ � =�>�?�=�>�Õ�ý�Y�¸�å ` ´ , 3�w�¹�Y�=�> “ å�º (myopic)” %
- .

C�D�E�F�Y�J�K�=�>�~�þ�L 7�8 -�.�/�0�Y�V�²�³ , u�»�B�°�¼���¨�����Y�½�¾�Ì ,
¦�¿�7�8 -�.�/�0

Y�À�1 , =�>�?�Î�B�9�Á�Â�Y�C�D�E�F .
Ï )�±�Ã v ³���Ä ò C ,

7�8�Å .�Æ�1 , Ç�È�4 5�6 «�¬ Å .�Y�:�;
³�¨�Æ�1 , C�D�E�F�Y�Û�É�³�¨�Æ�Ê ,

6 =�>�?�Æ���Ë�Ì�Í , &�\�=�>�?�A�V�À 6 °�Y�B�9 . C�D�E�F�Y�J�K
=�>�~�þ�Î ] «�¬�ç�è���Y�[�²�³ , u�°�¼���¨�����< , C�D�E�F�Y�«�¬�ç�è���Æ�Ê , C�D�E�F�«�¬ 9 =�>
?���Û ÜÏY�=�>�� = ¨�Æ�Ð , &�\�=�>�?�L���¤�. , A�[�Ñ 6 C�D�E�F�Y�B�9 . C�D�E�F�Y�J�K�=�>�~�þ �
=�>�Õ�ý�+�Ò�¢�´ ,

¦�¿ =�>�Õ�ý�Y�V�¸ , Ó�C�D�E�F���Ú���«�¬ , =�>�?�A�À�1 6 E�F�Y�B�9 ,
Ï Ç�È�C�D

E�F�Y�J�K�=�>�~�þ�� G ��9�å�º�%�- .

4 Ô1Õ1Ö1×
L���,�ó�ô�Á�À�±�Ø ,

= ¡�Î�D�³�Ù�â�J�Y�?�ï , A�Ù�Ú�=�>�?�J�K�=�>�~�þ�Y ^�Û r�� .
� 2 Ã�Å Y

J�K�=�>�~�þ � Merton ;�< [15] Y�ó�ô ]�^�² Y ,
Ï�Ü � G�Ý Ó . ��® v ¡�Y�ó�ô�m� , C�D�E�F���Ú���«

¬�<�Y�J�K�=�>�~�þ ]�7�8�Å .�/�0 c «�¬�ç�è�� c «�¬�æ�� cÞÅ .�£�¤�¥�³�n���ß�à�=�>�Õ�ý�Y�²�³ . uã
,
¿�á â�J 7�8�Å .�/�0 Æ «�¬�ç�è�� 6 C�D�E�F�J�K�=�>�~�þ�Y�â�ã .

Y�Z�7�8�Å .�/�0�_ 1–3, «�¬
ç�è���_ 0.1–1, «�¬�æ���L 0.03, =�>�?�L Å .�ä�å�æ ,

Å .�£�¤�¥�³�L 0.5, ß�à�=�>�Õ�ý�L 1 ç , ����è
³�_�Ù � ª 1. é

1 ê�ë�ì�í�î�ï
µ ι hP γ T − t

1–3 0.1–1 0.03 0.5 1

)�ð 1 m�n�±�Ø�Y�Ú�� , G�C�D�E�F 7�8�Å .�/�0�L 1, 3�4 5 ��A 6 C�D�E�F�Y 7�8�Å .�Ñ È :�;�< ,

=�>�Î���A�B�9�ñ�ò�Y�C�D�E�F .
¦�¿ C�D�E�F 7�8�Å .�/�0�Y�À�1 , C�D�E�F�Y�J�K�B�9�Î���ó�V�1 , Á

Ê�Y 7�8�Å .�/�0 , A�Ë�Ì�=�>�? 6 C�D�E�F�Á�Â�Y�B�9 ,
Ï ¦ ( Y�������C�D�E�F�Y�Ê�Û�É 6 =�>�?�Y�Ë

Ì . Ý ] ,
¦�¿�7�8�Å .�/�0�Y�À�1 , =�>�? 6 C�D�E�F�Y�ô�õ�B�9�Î���ó�Ì�ö . ÷ ê Î�m�n�Ú�� , G�E�F�Y

«�¬�ç�è�����Ê�< , =�>�? 6 C�D�E�F�Y�B�9 6�7�8�Å .�/�0�� ]�ø�ù�ú , Ý ] G�«�¬�ç�è�����Ð�< , C�D
E�F�Y�J�K�B�9 6�7�8�Å .�/�0�Y���$�¨���ä���L ù�ú ,

7�8�Å .�/�0 ^�_�ø�û Y�¶�1 , A�1�ü�V�À�=�>�?6 C�D�E�F�Y�B�ý�� á .
Ï m�� ] &�L�G�«�¬�ç�è�����Ê�< , =�>�?�¦ (�þ�ÿ Y ] C�D�E�F�w�����Y�=�> Å

. ; \�G�«�¬�ç�è�����Ð�< , =�>�?�¦ (�þ�ÿ Y ] C�D�E�F�Y�=�>�Û�É .

ð 2
Ò�Ó ��«�¬�ç�è�� 6 C�D�E�F�J�K�B�9�Y�â�ã .

¦�¿ «�¬�ç�è���Y�V�À , =�>�?�A�[�Ñ 6 C�D�E�F
Y�B�9 . )�ð 2 ��Î�m�n�Ú�� , u�. ^�_ «�¬�ç�è���Ì ,

¦�¿�7�8�Å .�/�0�Y�V�À , =�>�?�A�V�À 6 C�D�E�F
Y�B�9 .
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5 ���=�>��� � ^�_ © ª r�=�>�?�=�>�2 ^�_ C�D�E�F c Ã�Å n�� Ç�È���É <�Y�J�K�=�>�;�< .
� 2 Y�Z =

>�?�`�=�> ^�_ C�D�E�F , &�\�C�D�E�F�Y 7�8�Å ."!"# � u , ��® 6 °�>�l�"�#�~�þ�Y �" , m�n"$�± 78�Å . 6 J�K�=�>�~�þ�Y�â�ã ,
Ï�]�=�> Y�¦ (�%�&�' . u�(�¬�$�)�æ�Y�*�+�Ì , ,�-�.�/�0�Ñ È���1 , ��2

Z�H�° 1 y�Y ��Ð ?�¯ . ��® Y�Z"3"4"5 Y�%".�²�³"6 CRRA %".�²�³ ,
g .���?�@�ä�Ô��"7"8 3"4 ~�þ

Y�C�J�C . ó�ô ª È :
Ã�Å Y�7�8 3�4 ~�þ � Merton ;�< [15] Y�ó�ô ]�^�² Y ,

Ï�] &�6 Ã�Å ��9�:�«�¬Å�;
. ·�:�<�=�> Å�;�?�1�@�A 1, B�C�D�,�=�>�E ;�F�G E ;�H�I�J ,

3�4�5�K�L�M :�-�.�/�0 , N�O�7�8M :�P�Q�R�=�>�E ;�?�1�S�T�U�V�T�U . W�X�-�.�/�0 S 7�8 3�4�Y�Z�[�\�]"^�_"`�a�S"b�c"d , e�f�g�hS�T�c�d
.
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~��
A ��� 1 �����
�������

Bardhan � Chao[16], ������������������� :

X (t)

B (t)
=

1

Z (t)
EP (N (T )X (T )|Ft) =

η (t)

Z (t)
(A.1)

���
, η (t) = EP (N (T )X (T )|Ft). η (t)

\ ������O�������� . �������� ���¡ 3 ��¢ :

η (t) = x +

∫ t

0

φ1 (u)dW (u) +

∫ t

0

φ2 (u)dM (u) .

£
Girsanov �"¡"�"¤ : Z (t) = ZW (t) ZH (t).

�¥�
, ZW (t) = 1 −

∫ t

0
ZW (u)λdW (u) , ZH(t) = 1 +

∫ t

0 ZH(u−) (µ − 1) dM(u).¦
(A.1) ����§�¨���¡ , ��¢ :

d

(

X (t)

B (t)

)

= d

(

η (t)

Z (t)

)

=
1

Z (t−)
dη (t) −

(

η (t−)

Z2 (t−)

)

dZ (t) +

(

η (t−)

Z3 (t−)

)

dZ (t) dZ (t)

−
1

Z2 (t−)
dη (t) dZ (t) +

η (t)

Z (t)
−

η (t−)

Z (t−)
−

∆η (t)

Z (t−)
+

η (t−)

Z2 (t−)
∆Z (t)(A.2)

dZ (t) = Z (t−) (−λdW (t) + (µ − 1) dM (t)) (A.3)

dZ (t) dZ (t) = −Z2 (t−) λ2dt (A.4)

dη (t) dZ (t) = −Z (t−) φ1λdt (A.5)

η (t)

Z (t)
−

η (t−)

Z (t−)
−

∆η (t)

Z (t−)
+

η (t−)

Z2 (t−)
∆Z (t)

=

(

η (t) − η (t−) + η (t−) − µη (t−)

µZ (t−)

)

dH(t) −

(

φ2 (t−)

Z (t−)
−

η (t) − (µ − 1) η (t−)

Z (t−)

)

dH(t)

=

(

(1 − µ)
φ2 (t−) − (µ − 1) η (t−)

µZ (t−)

)

dH (t) (A.6)

©
(A.3)–(A.6) ª�« (A.2) ��¢ :

d

(

X (t)

B (t)

)

=
φ1 (t) + η (t−) λ

Z (t−)
dW Q (t) +

φ2 (t−) + (µ − 1) η (t−)

µZ (t−)
dMQ (t) (A.7)

©
(A.7) ¬ (7) ­¯®�B���¢�°�±�² 1.

~��
B ³�´ 1 �����
����µ

ZW (t)
γ

γ−1 = g1 (t) f1 (t) (B.1)

ZH (t)
γ

γ−1 = g2 (t) f2 (t) (B.2)

¶

N (t)
γ

γ−1 =

2
∏

i=1

gi (t)

2
∏

i=1

fi (t) (B.3)

���
,

f1 (t) = exp

(

γ

2(1 − γ)
2

∫ t

0

λ2du

)

(B.4)

f2 (t) = exp

(∫ t

0

(

γ

γ − 1
(1 − µ) − 1 + µ

γ
γ−1

)

hP (1 − H (u)) du

)

(B.5)

3. ·�¸ Protter[17].
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g1 (t) = exp

(

γ

(1 − γ)

∫ t

0

λdW (u) −
γ2

2(1 − γ)
2

∫ t

0

λ2du

)

(B.6)

g2 (t) = exp

(∫ t

0

ln µ
γ

γ−1 dH (u) +

∫ t

0

(

1 − µ
γ

γ−1

)

hP (1 − H (u)) du

)

(B.7)

dg1 (t)

g1 (t)
=

γ

γ − 1
λdW (t) (B.8)

dg2 (t)

g2 (t)
=
(

µ
γ

γ−1 − 1
)

dH (t) (B.9)

£¯A
g1 (t) Å g2 (t) Æ�Ç������ , È�W���¢ :

dN(t)
γ

γ−1

N(t)
γ

γ−1

=

2
∑

i=1

dgi (t)

gi (t)
+ [·] dt (B.10)

���
, [·] �� �¬ dt É�Ê S ��Ë�Ì .

©
(B.8) � (B.9) ª�« (B.10) B���¢�°���¡ 1.

~��
C ³�´ 2 �����
����µ

Σ (t) = EP





(

N (T )

N (t)

)

γ
γ−1

∣

∣

∣

∣

∣

∣

Ft



 = l1 (t, T ) l2 (t, T ) (C.1)

���
,

l1(t, T )=EP

(

(

ZW (T )B (t)

ZW (t) B (T )

)
γ

γ−1

∣

∣

∣

∣

∣

Ft

)

=EP

(

exp
γ

(1 − γ)

(

−

∫ T

t

λdW (u) −
1

2

∫ T

t

λ2du −

∫ T

t

rdu

)∣

∣

∣

∣

∣

Ft

)

(C.2)

l2(t, T )=EP

(

(

ZH (T )

ZH (t)

)
γ

γ−1

∣

∣

∣

∣

∣

Ft

)

=EP

(

exp
γ

γ − 1

(

∫ T

t

ln µdH (u) +

∫ T

t

(1 − µ) hP (1 − H (u)) du

)∣

∣

∣

∣

∣

Ft

)

(C.3)£ §�¨���¡���¤ :
dΣ (t)

Σ (t)
=

dl1 (t, T )

l1 (t, T )
+

dl2 (t, T )

l2 (t, T )
+ [·] dt (C.4)

Ç�Í�¢�° dΣ(t)
Σ(t) , Î�Ï�Ð�Ñ�¤�Ò dl1(t,T )

l1(t,T ) Å dl2(t,T )
l2(t,T ) .

l1 (t, T ) = EP

(

exp
γ

(1 − γ)

(

−λ (W (T ) − W (t)) −
1

2
λ2 (T − t) − r (T − t)

)∣

∣

∣

∣

Ft

)

= exp
γ

(1 − γ)

(

−
1

2
λ2 (T − t) − r (T − t)

)

(C.5)

È�W ,
dl1 (t, T )

l1 (t, T )
= [·] dt (C.6)

���
, [·]
\ � dt Ó�Ê S Ì .

l′2 (t, T ) = EP

(

exp
γ

γ − 1

(

∫ T

t

ln µdH (u) +

∫ T

t

(1 − µ) hP (1 − H (u)) du

)∣

∣

∣

∣

∣

H (t) = 1

)

= µ
γ

γ−1 (C.7)

l2 (t−, T ) = EP

(

exp
γ

γ − 1

(

∫ T

t

ln µdH (u) +

∫ T

t

(1 − µ) hP (1 − H (u)) du

)∣

∣

∣

∣

∣

H (t) = 0

)

= µ
γ

γ−1 (1 − ehP (T−t)) + e
γ

γ−1
(1−µ)hP +hP (T−t) (C.8)

dl2 (t, T ) = (l′2 (t, T ) − l2 (t−, T )) dH (t) (C.9)

È�W ,

dl2 (t, T )

l2 (t−, T )
=

(

l′2 (t, T )

l2 (t−, T )
− 1

)

dH (t) =

(

µ
γ

γ−1

µ
γ

γ−1

(

1 − ehP (T−t)
)

+ e
γ

γ−1
(1−µ)hP +hP (T−t)

− 1

)

dH (t) (C.10)

©
(C.6) � (C.10) ª�« (C.4) B���¢�°���¡ 2.


