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1 ZVGYe�~� (AMG) n [1,2]L.R��wr4m<(r4SDlX&Srn� La-

grangian X�
nL.R��wr4SDl��Sm<(rn�dw��2 LagrangianX�
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e= V sec
h M�2 Lagrangian X�
e= V lin

h S~�A(fn�nAf��FSt-S AMGn.R V lin
h 
NSA~�r4�Dr.R�> LagrangianX�
r4SGYe�~�n��{??.R V lin

h 
NSA~�r4S9fyFE�w��oSgb.R���-[
[7] �S\vx0A(fn��mD	+�f��n8D	!$-GYw�~�n�J�O [4–6] �-['w5�+�Sw)~�n�n8{D	.Ri> Lagrangian X�
r4SGYw[�rn�Y�E>��{fn9fy	?�^XI(S�C2���S^�dFz��$im<�H�
2 �UPM7T6J/b�6��-�o {

−∆u = f, in Ω,

u = 0, on ∂Ω,
(1)$� f �Ez�Y� u ∈ H1

0 (Ω) �H.�Y� Ω LD�ve�/0_� ∂Ω L Ω S�S�(S`i~��w�w�FS�2 LagrangianX�
�i> LagrangianX�
m<�o (1), /1X�
e= V lin
h , V sec

h , 
NS�2 LagrangianX�
r4�i> LagrangianX�
r4w��
Alin

h U lin
h = F lin

h , (2)

Asec
h U sec

h = F sec
h . (3)
[�2 Lagrangian X�
r4 (2r4 (2)), $}a\v
NS~�x��NS5�~�x-�D��FSt-S AMG n.Rr4 (2) ^X9fy?��C2(STY�{lfn^p�46�ÆK1 1 V -GYe�~�n [4].

for l = 1, · · · , J − 1

Ul := Ul + Gl(Fl − AlUl), j = 1, · · · , m1;

Fl+1 := (P l
l+1)

T (Fl − AlUl);

end

UJ := (AJ )−1FJ ;

for l = J − 1, · · · , 1

Ul := Ul + P l
l+1Ul+1;

Ul := Ul + Gl(Fl − AlUl), j = 1, · · · , m2;

end$�� F1 := F lin
h , A1 := Alin

h , P l
l+1 Lt�GYyZDr%S+�f��m1, m2 w�L&%�&%Y� Gl ��	\Gf��
[i> LagrangianX�
r4 (2r4 (3)), $}a\vS5	2	(�"�f�A~�S�Ua� n�9nAf��I;fn 1 
[r4 (3) SNS&�, (�� [4,5]).�;� [4] O 'w5�+��t�GYyZDri>X�
e= V sec

h (�e=) M�2X
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e= V lin
h (Ae=) SA(fn�nAf� P l

q, /1.Rr4 (3) Sw)~�n�^p6�K1 2 w)~�n [4].%
 1 (`:n).

(1) �m��f� P l
q (�� [4]);

(2) .nAf� P
q
l := P l

q

T
;

(3) .A(\v AH := P l
qA

sec
h P

q
l ;%
 2 &�& Uh := Uh + G(F sec

h − Asec
h U sec

h ), j = 1, · · · , m3;%
 3 X2.RA~�r4Æ AHeH = P l
q(F

sec
h − Asec

h U sec
h ) O eH ;%
 4 $xÆ U sec

h := U sec
h + P

q
l eH ;%
 5 %�& U sec

h := U sec
h + G(F sec

h − Asec
h U sec

h ), j = 1, · · · , m4;$�� G �\Gf���{FV%
 3 �X2.RA~�r4S9fy� [4,5] n8[S k >fn 1 iW`.R AHeH = P l
q(F

sec
h − Asec

h U sec
h ), Vf�m{D	.Rr4 (3) SGYe�~�n�^p6�ÆK1 3 GYe�~�n [4,5].%
 1 (`:n).

(1) �m��\v P l
q(���� [4]) ;

(2) .nAf� P
q
l := P l

q

T
;

(3) .A(\v AH := P l
qA

sec
h P

q
l ;%
 2. &�& Uh := Uh + G(F sec

h − Asec
h U sec

h ), j = 1, · · · , m3;%
 3. [S k >fn 1 W`.RA~�r4Æ AHeH = P l
q(F

sec
h − Asec

h U sec
h ) O e∗H ;%
 4. $xÆ U sec

h := U sec
h + P

q
l e∗H ;%
 5. %�& U sec

h := U sec
h + G(F sec

h − Asec
h U sec

h ), j = 1, · · · , m4.Ufn 3 S%
 3 dFa8��{OM��Xa�.SY�R e∗H , ��5�[S k >fn 1, O fn 1 S9f�4dzkX 1)MX J − 1)=S�&\GY`� k(m1 +m2)>�
[�zY�eSX 1 )��& k(m1 + m2) >S9fyID�I;�5�jo9fy	?Sfn�
3 C9-& Lagrangian [R℄2#*(F>HA/

[7] �8�-[\vx0SA(fnS9f&�T[-[(8sJ��SA(fn�I;���9S [7] �SA(fn/1AY0��J76�^GÆ,Y 1[7] � A� nKrv�J = [1, · · · , n],^G�[\v A = [aα,β ]α,β∈J Sx0 G(A):

G(A) =
{
(α, β) ∈ J × J : aα,β 6= 0 ) α 6= β

}
, (4)$�� α ∈ J 0�℄Y� (α, β) ∈ G(A) 0�F α %Y�F β ��YS��k^G 1 S-9=�J76�A(fnÆK1 4[7] -[\vx0SA(fn�
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 1. Q7x0 G(A),  DreAY0 C = [ ];%
 2. ? G(A) �91?��s��S℄Y α:

(1) E α <7MAY0 C ��kx0 G(A) �E α Y����s����
(2) 91�� (α, β) ∈ G(A) SY β, E β Y_�����s����%
 3. �y%
 2, |� G(A) �hXY_�s���t�fn 4,dFOMx0 G(A)�SAY0 C,:AY0 C S\0� F̃ ,2X C∪F̃ = J . E C � F̃ �
a�A6�|�: Ni =
{
j : |aij | 6= 0, i 6= j

} � i YS~Y0�: NC
i = C ∩ Ni � i YShX~Y�AY�1S0 �: N F̃

i = F̃ ∩ Ni � i YhX~Y��Y�1S0 � i ∈ C kAY0 C�S6�:� s = ind (i). :AY0 C �
a�Y� N .-[fn 4, 	�l�+�f�S�m�
[r4 (2), : Alin
h := (aij)n×n, F lin

h :=

[f1, f2, · · · , fn]T , U lin
h := [uh,1, uh,2, · · · , uh,n]T . dO

n∑

j=1

aijuh,j = fi, i = 1, 2, · · · , n, (5)2
aiiuh,i +

∑

j∈Ni

aijuh,j = fi, i = 1, 2, · · · , n. (6)�FS Galerkin rnUr4 (2) �mSA~�r4
NSR uH = [uH,1, uH,2, · · ·,

uH,N ]T EY.8�nE$���~�=^{
NYSW`��2E uH �� U lin
h �AY0 C 
NSR

uh,i :≈ uH,s, s = ind(i), i ∈ C, (7)n
[ ∀ i ∈ F̃ , X
aiiuh,i +

∑

j∈Nc

i

aijuh,j +
∑

t∈N F̃

i

aituh,t = fi, (8)dO
aiiuh,i +

∑

t∈N F̃

i

aituh,t=fi −
∑

j∈Nc

i

aijuH,ind (j), ∀ i ∈ F̃ . (9)I� u ∈ H1
0 (Ω), �℄s72�K%. h �
#C� uh d�6�W`

uh,t :≈ uh,i, ∀ t ∈ N F̃
i , (10)n (9) Hd��

(
aii +

∑

t∈N F̃

i

ait

)
uh,i ≈ fi −

∑

j∈Nc

i

aijuH,ind(j), ∀ i ∈ F̃ . (11)
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h L
0x^S�hF (aii +

∑

t∈N F̃

i

ait) 6= 0, Æ
uh,i ≈

1

aii +
∑

t∈N F̃

i

ait

(
−

∑

j∈Nc

i

aijuH,ind (j) + fi

)
, ∀ i ∈ F̃ . (12)E (7) H� (12) H� %i

uh,i :≈





uH,s, if i ∈ C, s = ind(i),

1

aii +
∑

t∈N F̃

i

ait

(
−

∑

j∈Nc

i

aijuH,ind(j) + fi

)
, if i ∈ F̃ . (13)FS=T+�U uH � F lin

h OM�)6G� U0
h S�4d:�

U0
h = P h

HuH + ̟h(Alin
h , F lin

h ), (14)$�
P h

H = (pij)n×N =





1, if i ∈ C, j = ind(i),
−aik

aii +
∑

t∈N F̃

i

ait

, if i ∈ F̃ , k ∈ NC
i , j = ind(k),

0, other

(15)

̟h(Alin
h , F lin

h ) = (̟h)n×1 =






0, if i ∈ C,

fi

aii +
∑

t∈N F̃

i

ait

, if i ∈ F̃ . (16)��[�T�:fn 2 S%
 3 �A~�r4 AHeH = P l
q(F

sec
h − Asec

h U sec
h ) �

AHeH = ΦH . (17)t
r4 (17), O =T+��4�	�n86�fnÆK1 5 !$-GYw�~�n�%
 1. (`:n): AM := (P h
H)T AHP h

H , ΦM := (P h
H)T ΦH ;%
 2. X2.Rr4 AMeM = ΦM O e∗M ;%
 3. +�Æ e0

H = P h
He∗M + ̟h(AH , ΦH);%
 4. 6� ||ΦH−AHe0

H
||

||ΦH || < ε1, � e∗H := e0
H , Q8 e∗H , s.�xn�%
 5;%
 5. �� m > e∗H := Gm(e0

H), |� ||ΦH−AHe∗

H
||

||ΦH || < ε1, Q8 e∗H , s.�$� ε1 �Xaf�qA���91 ε1 = 10−6.U=dFa8�fn 5 "5����&�&�I;$fnO��fn 1 	>I�-[ [4] S^��	�Efn 5 ^fn 2 �O �n8.Ri> Lagrangian X�
r4SGYw[�rn�fn�46�Æ
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 1. (`:n)

(1) �m��f� P l
q (�� [4]);

(2) .nAf� P
q
l := P l

q

T
;

(3) .A(\v AH := P l
qA

sec
h P

q
l ;%
 2. &�& Uh := Uh + G(F sec

h − Asec
h U sec

h ), j = 1, · · · , m3;%
 3. Sfn 5 W`.RA~�r4Æ AHeH = P l
q(F

sec
h − Asec

h U sec
h ) O e∗H ;%
 4. $xÆ U sec

h := U sec
h + P

q
l e∗H ;%
 5. %�& U sec

h := U sec
h + G(F sec

h − Asec
h U sec

h ), j = 1, · · · , m4.dFa8�fn 6 ^fn 3 S"u{:L%
 3 �FS"uSGYe�~�n�
4 F`EW�{>y��fnSX&2��86�Y�fq�K= 1 f = π2 sin(πx)(ey −1)(1−y2)−sin(πx)ey(1−y2)+4 sin(πx)eyy+2 sin(πx)(ey−1),0_ Ω : (0, 1) × (0, 1), sR u = sin(πx)(ey − 1)(1 − y2).K= 2 f = 1

(1+x)2 (e(cos(πx)+1) − 1) sin2(πy) + 2
(1+x) sin(πx)πe(cos(πx)+1) sin2(πy) + ln(1 +

x) cos(πx)π2e(cos(πx)+1) sin2(πy)−ln(1+x) sin2(πx)π2e(cos(πx)+1) sin2(πy)−2 ln(1+x)(e(cos(πx)+1)−

1) cos2(πy)π2 + 2 ln(1 + x)(e(cos(πx)+1) − 1) sin2(πy)π2, 0_ Ω : (0, 1) × (0, 1), sR u =

ln(1 + x)(e(cos(πx)+1) − 1) sin2(πy).K= 3[8] f = 2π2 sin(πx) sin(πy), 0_ Ω : (0, 1) × (0, 1), sR u = sin(πx) sin(πy).! 1 dp 1 QW~M�dl 3 dl 6

Mesh S ||Usec

h
− u||a

S∑
i=1

6ki time(s) S ||Usec

h
− u||a

S∑
i=1

m̄i time(s)

32*32 6 2.08310e-003 138 2.437 6 2.08310e-003 0 1.241

64*64 6 5.20995e-004 138 11.74 6 5.20995e-004 0 8.104

128*128 5 4.25380e-005 138 130.1 5 1.30262e-004 0 93.29

256*256 5 3.25665e-005 120 1829 5 3.25665e-005 0 954.1(SD�;G/~��w�FS�2 Lagrangian ;G
�i> Lagrangian ;G
m<F=fq�����f� G 9S�℄9N\Gn�fn 3 %
 3 �FSSfn 1 S)Y J 1 2. fn 1 SA(fn9Sfn 4, +�f�9S��n8S+�\v (2H (15)),&%��% m1, m2 `1 3. fn 3 ^fn 6 S{\G��qA� ||F sec

h
−Asec

h
Usec

h
||2

||F sec

h
||2

≤ 10−8.

m3, m4 `1 3. �{�[�T�e^ “S” �I[Sfn 3 (*fn 6)S>Y� “Mesh” �Ii> Lagrangian ;G
~���� “‖U sec
h − u‖a” �I��~�)=fn.8SY�R^�osRS�yoY�,� S∑

i=1

6ki �I[S S >fn 3 C%
 3 �FSfn 1 S���%Y� S∑
i=1

mi �I[S S >fn 6 C%
 3 �FSfn 5 S���%Y� “time(s)” �I



868 K P U : : � 36_9fC=����U� 1– � 3 dFa8�kuU9f����fn 3 ^��n8Sfn 6 ^X�uS[S>Y S �9fXa�wq`^XI(S�C2�Jfn 6 ^Xwp9fy	? (%

3 �
5��% S∑

i=1

mi = 0), 9fC=	bSTY�;{�fn 3 �fn 6 `FS{��n8S+�\v P h
H , Y�O�A>y��n8S+�f�SX&2�! 2 dp 2 QW~M�dl 3 dl 6

Mesh S ||Usec

h
− u||a

S∑
i=1

6ki time(s) S ||Usec

h
− u||a

S∑
i=1

mi time(s)

32*32 6 1.43269e-002 144 1.490 6 1.43269e-002 0 1.287

64*64 5 3.59190e-003 114 9.843 5 3.59190e-003 0 8.577

128*128 5 8.98611e-004 114 117.3 5 8.98611e-004 0 107.9

256*256 5 2.24693e-004 114 1682 5 2.24693e-004 0 963.8! 3 dp 3 QW~M�dl 3 dl 6

Mesh S ||Usec

h
− u||a

S∑
i=1

6ki time(s) S ||Usec

h
− u||a

S∑
i=1

m̄i time(s)

32*32 6 6.05365e-003 132 1.312 6 6.05365e-003 0 1.220

64*64 6 1.51473e-003 132 9.922 6 1.51473e-003 0 8.838

128*128 6 3.78766e-004 132 122.6 6 3.78766e-004 0 109.3

256*256 6 9.46966e-005 132 1638 6 9.46966e-005 0 971.4�=hT����9SGYw[�rn (fn 6) dX&.Ri> LagrangianX�
r4� " ; O Q
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Algebraic Two Level Method for a Quadratic Lagrangian

Finite Element Equation

LI Ming
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Abstract A new interpolation operator is proposed by using the coarsening method only

based on the graph of the matrix. Then a new cascadic algebraic two grid method is presented

by using the new interpolation operator. And a new algebraic two level method for the quadratic

Lagrangian finite element equation is given by combining the cascadic algebraic two grid method

and some geometric information of the grids. The numerical experiment results show that the

new methods are more efficient and robust.

Key words quadratic Lagrangian finite element equation; interpolation operator;

cascadic algebraic two grid method; algebraic two level method
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