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1 LJ,G?5�^�6^:
js,
R(t) = u+ ct− S(t) = u+ ct−

N1(t)∑

i=1

Xi −

N2(t)∑

i=1

Yi, t ≥ 0, (1){8 u ≥ 0 �.��!�'
 c �;-~�C�Z�w� {Xi}
∞
i=1 �K;"\�CYa����C� Xi ��3�GZ5�^s,CG i 3�^��%h\�u
 F (x) y<NCPLu
 f(x), f(x) C2���+ f̃(s) =

∫ ∞

0 e−sxf(x) dx. "~� {Yi}
∞
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 G(x) y<NCPLu
 g(x), \�2��� g̃(s) =
∫ ∞

0
e−sxg(x) dx. �
s, {N1(t); t ≥ 0} y {N2(t); t ≥ 0} \����~/ t ~?5�^C�^3
�J℄

N1(t) = sup {n : T1 + T2 + · · · + Tn ≤ t}, Ti ��GZ5�^s,CG i− 1 3lG i 3�^C~��&�{ {Ti}
∞
i=1 �K;"\�C����C�%hl"C\�u
 K1(t)yPLu
 k1(t), "W� N2(t) = sup {n : V1 + V2 + · · ·+ Vn ≤ t}, Vi ��GR5�^s,CG i− 1 3lG i 3�^C~��&�{ {Vi}

∞
i=1 �K;"\�C����C�%hl"C\�u
 K2(t) yPLu
 k2(t), �{ {N1(t); t ≥ 0}, {N2(t); t ≥ 0}, {Xi}

∞
i=1y {Yi}

∞
i=1 �?�K;C�ih}C	oaw��� c > E(X1)/E(T1) + E(Y1)/E(V1).J℄_&~/ T = inf {t ≥ 0 : R(t) < 0} (xN�hC t ≥ 0 h R(t) ≥ 0, v T = ∞)y��_&eH ψ(u) = E (I(T <∞)|R(0) = u), d� I(A) ��
z A C�Ku
�N?5�^�6^:THCT#��[1] �KB {N1(t); t ≥ 0}y {N2(t); t ≥ 0}\�+ Poissons,yo℄ Erlang(2)s,CkI�[2]T#B?5s,\�+ Poissons,yo℄ Erlang(n)s,CkI� [3] "Z��?5�^�6s,\�%o�)+ phase-type\��A�B Gerber-Shiu 
'z<Tu
�N�C�\ - )\W,\�<?5�^�\�)+h7�\�~bu
C8����0u [3] C�0zT#P${9"I~?5�^�6^:THC Gerber-Shiu 
'z<Tu
�u L$��^:TH��{ 0 = d0 < d1 < · · · < dL−1 < dL = ∞, < dl−1 6 R(t) < dl~��Z�wH+ cl, ^2�
js, {R(t); t ≥ 0} .�E+

dR(t) = cldt− dS(t), dl−1 ≤ R(t) < dl. (2)u�0���{GZ5�^~��& Ti, i = 1, 2, · · ·C\�u
 K1(t)`4 PH(ααα,AAA)\��d� ααα = (α1, α2, · · · , αn)⊤, αi ≥ 0 i n∑
i=1

αi = 1, AAA = (aij)
n
i,j=1 � n× n $|�N� aii < 0, < i 6= j ~� aij > 0, y n∑

j=1

aij ≤ 0, i = 1, 2, · · · , n. E aaa = (a1, a2, · · · , an)⊤i aaa = −AAAeeen, eeen �\�)+ 1 C n ,CA�� eee⊤ � eee C��� III ��;-$|�g
Asmussen[4]:

K1(t) = 1 − ααα⊤eAAAteeen, t ≥ 0, k1(t) = ααα⊤eAAAtaaa, t ≥ 0y
k̃1(s) =

∫ ∞

0

e−stk1(t) dt = ααα⊤(sIII −AAA)
−1
aaa. (3)g phase-type \�CJ℄��^~��& Ti, i = 1, 2, · · · Nbi��<N~�L�=

{Ii
t}t≥0 �64�
�C~��d� {Ii

t}t≥0 h n hÆ~
� {E1, E2, · · · , En} yZh4�� {E0}."~��{GR5�^~��& Vi, i = 1, 2, · · ·C\�u
 K2(t)`4 PH(βββ,BBB)\��d� βββ = (β1, β2, · · · , βm)⊤, βi ≥ 0 i m∑
i=1

βi = 1, BBB = (bij)
m
i,j=1 � m×m $|�N� bii < 0, < i 6= j ~� bij > 0 y m∑

j=1

bij ≤ 0, i = 1, 2, · · · , n. E bbb = (b1, b2, · · · , bm)⊤ i
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bbb = −BBBeeem, 1Oh�
K2(t) = 1 − βββ⊤eBBBteeem, t ≥ 0, k2(t) = βββ⊤eBBBtbbb, t ≥ 0y

k̃2(s) =

∫ ∞

0

e−stk2(t) dt = βββ⊤(sIII −BBB)
−1
bbb. (4)?bE�GR5�^~��& Vi, i = 1, 2, · · · Nbi��<N~�L�= {J i

t}t≥0 �64�
�C~��d� {J i
t}t≥0 h m hÆ~
� {F1, F2, · · · , Fm} yZh4�� {F0}.m�ZhR,C Markov s, {(I(t), J(t)); t ≥ 0}:

I(t) = {I1
t }, 0 ≤ t < T1, I(t) = {I2

t−T1
}, T1 ≤ t < T1 + T2, · · · ,

J(t) = {J1
t }, 0 ≤ t < V1, J(t) = {J2

t−V1
}, V1 ≤ t < V1 + V2, · · · .^2�{(I(t), J(t)); t ≥ 0}C
�0�+ {

(E1, F1)(E2, F1), · · · , (En, F1), (E1, F2), (E2, F2),

· · · , (En, F2), · · · , (E1, Fm), (E2, Fm), · · · , (En, Fm)
}
, .�\�+ γγγ = βββ ⊗ααα, ⊗ ��?$|C Kronecker *��{ wk(x1, x2), x1, x2 ≥ 0, k = 1, 2 +?h.Y�"CYau
� δ ≥ 0, gG k 5�^_f_&C Gerber-Shiu z<Tu
��+

m(k)(u) = E
[
e−δTwk

(
R(T−), |R(T )|

)
I(T <∞, J = k)|R(0) = u

]
, u ≥ 0,d� R(T−) ��_&hÆ~
j� |R(T )| +_&~-��N k = 1, 2, i = 1, 2, · · · , n, j = 1, 2, · · · ,m, u ≥ 0,

m
(k)
ij (u) = E

[
e−δTwk

(
R(T−), |R(T )|

)
I(T <∞, J = k) | R(0) = u, (I(0), J(0)) = (Ei, Fj)

]
,��.�
j+ R(0) = u, f�
�+ (Ei, Fj), gG k �^_f_&C Gerber-Shiu u
�^2�1Oh

m(k)(u) = γγγ⊤mmm(k)(u), k = 1, 2,d�
mmm(k)(u) =

(
m

(k)
11 (u),m

(k)
21 (u), · · · ,m

(k)
n1 (u),m

(k)
12 (u),m

(k)
22 (u), · · · ,m

(k)
n2 (u), · · · ,

m
(k)
1m(u),m

(k)
2m(u), · · · ,m(k)

nm(u)
)⊤
.

2 Gerber-ShiuNF%,<!/) -C)'�#6 1 < dl−1 ≤ u < dl, l = 1, 2, · · · , L ~� mmm(k)(u), k = 1, 2 \�N�6QC�\
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clmmm
(1)′(u) − δmmm(1)(u) + IIIm×m ⊗AAAmmm(1)(u)

+BBB ⊗ IIIn×nmmm
(1)(u) + IIIm×m ⊗ (aaaααα⊤)

∫ u

0

mmm(1)(u− x)f(x) dx

+ (bbbβββ⊤) ⊗ IIIn×n

∫ u

0

mmm(1)(u − x)g(x) dx+ (eeem ⊗ aaa)ω1(u) = 0 (5)y
clmmm

(2)′(u) − δmmm(2)(u) + IIIm×m ⊗AAAmmm(2)(u)

+BBB ⊗ IIIn×nmmm
(2)(u) + IIIm×m ⊗ (aaaααα⊤)

∫ u

0

mmm(2)(u− x)f(x) dx

+ (bbbβββ⊤) ⊗ IIIn×n

∫ u

0

mmm(2)(u− x)g(x) dx+ (bbb⊗ eeen)ω2(u) = 0, (6)d� IIIn×n �� n× n ;-$|�
ω1(u) =

∫ ∞

u

w1(u, x− u)f(x) dx, ω2(u) =

∫ ∞

u

w2(u, x− u)g(x) dx,

0 ���h\�+ 0 C n×m ,CA��℄ 9f [3] �?�C%=WU�< dl−1 ≤ u < dl, l = 1, 2, · · · , L ~�u	BC~�m� [0, dt] X,G
js,
��_d�\��^�__f_&�1Oh
m

(1)
ij (u) =e−δdt

{
(1 + aiidt)(1 + bjjdt)m

(1)
ij (u+ cldt)

+ (1 + bjjdt)
n∑

k=1,k 6=i

(aikdt)m
(1)
kj (u + cldt)

+ (1 + aiidt)

m∑

h=1,h 6=j

(bjhdt)m
(1)
ih (u+ cldt)

+ (1 + bjjdt)(aidt)
[ n∑

s=1

αs

∫ u+cldt

0

m
(1)
sj (u+ cldt− x)f(x) dx

+

∫ ∞

u+cldt

w1(u + cldt, x− u− cldt)f(x) dx
]

+ (1 + aiidt)(bjdt)

m∑

r=1

βr

∫ u+cldt

0

m
(1)
ir (u+ cldt− x)g(x) dx

}
+ o(dt).

(7)9f Taylor w��� m
(1)
ij (u + cldt) = m

(1)
ij (u) + cldtm

(1)
ij

′

(u) + o(dt) :wz��"~E
dt→ 0, !s�;��}.A

δm
(1)
ij (u) =clm

(1)
ij

′

(u) +

n∑

k=1

aikm
(1)
kj (u) +

m∑

h=1

bjhm
(1)
ih (u)
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+ ai

( n∑

s=1

αs

∫ u

0

m
(1)
sj (u− x)f(x) dx+

∫ ∞

u

w1(u, x− u)f(x) dx
)

+ bj

m∑

r=1

βr

∫ u

0

m
(1)
ir (u− x)g(x) dx. (8)E ω1(u) =

∫ ∞

u
w1(u, x − u)f(x) dx, �z�E)$|I��.A (5). !s"WC%=s,.~R (6) );�~��T 1 u (5)�E m = 1, G(0) = 1,1OA� [5]�C (3.6),2~�MX,G mmm(2)(u).T 2 x?5s,\�+ Poisson s,l Erlang(2) s,�� ααα = (1), AAA = (−λ),

βββ⊤ = (1, 0), BBB =
(

−λ1 λ1

0 −λ2

)
, 2~� mmm(k)(u) = (m

(k)
11 (u),m

(k)
12 (u))⊤, k = 1, 2, < dl−1 ≤

u < dl, l = 1, 2, · · · , L ~�g (5) y (6) \�h
clmmm

(1)′(u) − δmmm(1)(u) +

(
λ 0

0 λ

)
mmm(1)(u) +

(
−λ1 λ1

0 −λ2

)
mmm(1)(u)

+

(
λ 0

0 λ

) ∫ u

0

mmm(1)(u− x)f(x) dx+

(
0 0

λ2 0

) ∫ u

0

mmm(1)(u− x)g(x) dx+

(
λ

λ

)
ω1(u) = 0,

clmmm
(2)′(u) − δmmm(2)(u) +

(
λ 0

0 λ

)
mmm(2)(u) +

(
−λ1 λ1

0 −λ2

)
mmm(2)(u)

+

(
λ 0

0 λ

) ∫ u

0

mmm(2)(u− x)f(x) dx+

(
0 0

λ2 0

) ∫ u

0

mmm(2)(u− x)g(x) dx+

(
0

λ2

)
ω2(u) = 0.

3 3:3>�.��CVC�\3�\ - )\W, (5) y (6) C��!, [6] CWU�u (5) y (6)����� dl−1 ≤ u < dl X�+ u ≥ dl−1. { mmm
(k)
l (u), k = 1, 2, l = 1, · · · , L \�+6CW,C��

clmmm
(1)′

l (u) − δmmm
(1)
l (u) + IIIm×m ⊗AAAmmm

(1)
l (u) +BBB ⊗ IIIn×nmmm

(1)
l (u)

+ IIIm×m ⊗ (aaaααα⊤)
[ ∫ u−dl−1

0

mmm
(1)
l (u− x)f(x) dx+

∫ u

u−dl−1

mmm(1)(u− x)f(x) dx
]

+ (bbbβββ⊤) ⊗ IIIn×n

[ ∫ u−dl−1

0

mmm
(1)
l (u − x)g(x) dx+

∫ u

u−dl−1

mmm(1)(u− x)g(x) dx
]

+ (eeem ⊗ aaa)ω1(u) = 0, u ≥ dl−1 (9)

clmmm
(2)′

l (u) − δmmm
(2)
l (u) + IIIm×m ⊗AAAmmm

(2)
l (u) +BBB ⊗ IIIn×nmmm

(2)
l (u)

+ IIIm×m ⊗ (aaaααα⊤)
[ ∫ u−dl−1

0

mmm
(2)
l (u− x)f(x) dx+

∫ u

u−dl−1

mmm(2)(u− x)f(x) dx
]

+ (bbbβββ⊤) ⊗ IIIn×n

[ ∫ u−dl−1

0

mmm
(2)
l (u − x)g(x) dx+

∫ u

u−dl−1

mmm(2)(u− x)g(x) dx
]

+ (bbb⊗ eeen)ω2(u) = 0, u ≥ dl−1. (10)



826 ` d 
 O O 
 36'g)\W,7K�.�
mmm(k)(u) =mmm

(k)
l (u) +

mn∑

j=1

k
(k)
lj VVV

(k)
lj (u), dl−1 ≤ u < dl, k = 1, 2, (11)d� k

(k)
lj +'5
� VVV

(k)
lj (u), j = 1, 2, · · · ,mn, �6Q?bCe3W,C mn h>KK;C��

clVVV
(k)′

l (u) − δVVV
(k)
l (u) + IIIm×m ⊗AAAVVV

(k)
l (u)

+BBB ⊗ IIIn×nVVV
(k)
l (u) + IIIm×m ⊗ (aaaααα⊤)

∫ u−dl−1

0

VVV
(k)
l (u− x)f(x) dx

+ (bbbβββ⊤) ⊗ IIIn×n

∫ u−dl−1

0

VVV
(k)
l (u − x)g(x) dx = 0, u ≥ dl−1, k = 1, 2. (12)8r�< l = L ~� mmm(k)(u) = mmm

(k)
L (u), u ≥ dL−1, k = 1, 2, 2~uz�� k

(k)
Lj = 0, j =

1, · · · ,mn.1O	7,G k = 1 ~CkI�E z = u−dl−1 y ΦΦΦ
(1)
l (z) ≡mmm

(1)
l (u) =mmm

(1)
l (z+dl−1),g (9),

clΦΦΦ
(1)′

l (z) − δΦΦΦ
(1)
l (z) + IIIm×m ⊗AAAΦΦΦ

(1)
l (z)

+BBB ⊗ IIIn×nΦΦΦ
(1)
l (z) + IIIm×m ⊗ (aaaααα⊤)

∫ z

0

ΦΦΦ
(1)
l (z − x)f(x) dx

+ (bbbβββ⊤) ⊗ IIIn×n

∫ z

0

ΦΦΦ
(1)
l (z − x)g(x) dx+ ΓΓΓ

(1)
l (z) = 0, z ≥ 0, (13)d�

ΓΓΓ
(1)
l (z) =IIIm×m ⊗ (aaaααα⊤)

∫ dl−1

0

mmm(1)(x)f(z + dl−1 − x) dx

+ (bbbβββ⊤) ⊗ IIIn×n

∫ dl−1

0

mmm(1)(x)g(z + dl−1 − x) dx

+ (eeem ⊗ aaa)ω1(z + dl−1). (14)J℄2a2���� Φ̃ΦΦ
(1)

l (s) =
∫ ∞

0
e−sxΦΦΦ

(1)
l (x) dx, Γ̃ΓΓ

(1)

l (s) =
∫ ∞

0
e−sxΓΓΓ

(1)
l (x) dx. N

(13) �?�"~n2����h
[
(cls− δ)IIImn×mn + IIIm×m ⊗AAA+BBB ⊗ IIIn×n + IIIm×m ⊗ (aaaααα⊤)f̃(s)

+ (bbbβββ⊤) ⊗ IIIn×ng̃(s)
]
Φ̃ΦΦ

(1)

l (s) = clΦΦΦ
(1)
l (0) − Γ̃ΓΓ

(1)

l (s), (15){8 ΦΦΦ
(1)
l (0) = mmm

(1)
l (dl−1).6Q�E LLLl(s) = (cls−δ)IIImn×mn +IIIm×m⊗AAA+BBB⊗IIIn×n +IIIm×m⊗ (aaaααα⊤)f̃(s)+(bbbβββ⊤)⊗

IIIn×ng̃(s), LLLl
∗(s) �� LLLl(s), l = 1, 2, · · · , L C��$|�^2�g (15), h

Φ̃ΦΦ
(1)

l (s) =
LLLl

∗(s)

det [LLLl(s)]

(
clΦΦΦ

(1)
l (0) − Γ̃ΓΓ

(1)

l (s)
)
. (16)
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(2)
l (z) ≡mmm

(2)
l (u) = mmm

(2)
l (z + dl−1), g"WC%=�h

Φ̃ΦΦ
(2)

l (s) =
LLLl

∗(s)

det [LLLl(s)]
(clΦΦΦ

(2)
l (0) − Γ̃ΓΓ

(2)

l (s)), (17)d� ΦΦΦ
(2)
l (0) = mmm

(2)
l (dl−1) y
ΓΓΓ

(2)
l (z) =IIIm×m ⊗ (aaaααα⊤)

∫ dl−1

0

mmm(2)(x)f(z + dl−1 − x) dx

+ (bbbβββ⊤) ⊗ IIIn×n

∫ dl−1

0

mmm(2)(x)g(z + dl−1 − x) dx

+ (bbb⊗ eeen)ω2(z + dl−1). (18)g [3], NZhiJC l, < δ > 0 ~�%oC LundbergW, det[LLLl(s)] = 0 gvh mnh� 8iDCj�\���+ ρl1, ρl2, · · · , ρl,mn, +�;f���0�1O�{{Dj��?D�6Q_w$| LLL(s) C%\���N��?DC
 r1, r2, · · · , !sR�CW�J℄
(� [7]):

LLL[r1, s] =
LLL(s) −LLL(r1)

s− r1
, LLL[r1, r2, s] =

LLL[r1, s] −LLL[r1, r2]

s− r2
, · · · .^+N�hC ℜ(s) > 0, $| Φ̃ΦΦ

(k)

l (s), k = 1, 2 �Co��h=C��\ ρl1, ρl2, · · ·,

ρl,mn Y� (16), (17) �\�Cj�^2�g (16), N i = 1, 2, · · · ,mn, h
LLLl

∗(ρli)clΦΦΦ
(1)
l (0) = LLLl

∗(ρli)Γ̃ΓΓ
(1)

l (ρli).< l = 1 ~� ΦΦΦ
(1)′
1 (0) = mmm

(1)′
1 (0), ΦΦΦ

(1)
1 (0) = mmm

(1)
1 (0), Γ̃ΓΓ

(1)

1 (s) = (eeem ⊗ aaa)ω̃1(s). ^2�z�.\�E+
LLL1

∗(ρ1i)c1mmm
(1)
1 (0) = LLL1

∗(ρ1i)ω̃1(ρ1i)(eeem ⊗ aaa).9f$|C%\��J℄�h
LLL1

∗[ρ11, ρ12](c1mmm
(1)
1 (0)) =

LLL1
∗(ρ12) −LLL1

∗(ρ11)

ρ12 − ρ11
(c1mmm

(1)
1 (0))

=
LLL1

∗(ρ12)ω̃1(ρ12) −LLL1
∗(ρ11)ω̃1(ρ11)

ρ12 − ρ11
(eeem ⊗ aaa)

=

2∑

i=1

LLL1
∗[ρ11, ρ1i]ω̃1[ρ1i, ρ12](eeem ⊗ aaa).[25%�1Oh

LLL1
∗[ρ11, · · · , ρ1,mn](c1mmm

(1)
1 (0)) =

mn∑

i=1

LLL1
∗[ρ11, · · · , ρ1i]ω̃1[ρ1i, · · · , ρ1,mn](eeem ⊗ aaa).
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LLL1

∗[ρ11, · · · , ρ1,mn](c1mmm
(2)
1 (0)) =

mn∑

i=1

LLL1
∗[ρ11, · · · , ρ1i]ω̃2[ρ1i, · · · , ρ1,mn](bbb⊗ eeen).^2�1Oh6QCJ7#6 2 <.�
j u = 0 ~� mmm

(1)
1 (0) y mmm

(2)
1 (0) .\�g6C����

mmm
(1)
1 (0) =

1

c1
LLL1

∗[ρ11, · · · , ρ1,mn]−1
( mn∑

i=1

LLL1
∗[ρ11, · · · , ρ1i]ω̃1[ρ1i, · · · , ρ1,mn](eeem ⊗ aaa)

)
,

(19)

mmm
(2)
1 (0) =

1

c1
LLL1

∗[ρ11, · · · , ρ1,mn]−1
( mn∑

i=1

LLL1
∗[ρ11, · · · , ρ1i]ω̃2[ρ1i, · · · , ρ1,mn](bbb⊗ eeen)

)
.

(20)9f"WC%=s,�g (16) y (17), .A6QCJ7#6 3 ΦΦΦ
(k)
l (y), k = 1, 2, l = 1, 2, · · · , L C2���.��+
Φ̃ΦΦ

(k)

l (s) =

mn∏
j=1

(s− ρlj)

det[LLLl(s)]

{
LLLl

∗[ρl1, · · · , ρl,mn, s]
(
clΦΦΦ

(k)
l (0) − Γ̃ΓΓ

(k)

l (s)
)

−

mn∑

i=1

LLLl
∗[ρl1, · · · , ρli]Γ̃ΓΓ

(k)

l [ρli, · · · , ρl,mn, s]
}
. (21)6Q�Ke3W, (12) C2���9f���� z = u− dl−1, E ΞΞΞ

(k)
l (z) ≡ VVV

(k)
l (u)

= VVV
(k)
l (z + dl−1), l = 1, 2, · · · , L, W, (12) .E+

clΞΞΞ
(k)′

l (z) − δΞΞΞ
(k)
l (z) + IIIm×m ⊗AAAΞΞΞ

(k)
l (z) +BBB ⊗ IIIn×nΞΞΞ

(k)
l (z)

+ IIIm×m ⊗ (aaaααα⊤)

∫ z

0

ΞΞΞ
(k)
l (z − x)f(x) dx

+ (bbbβββ⊤) ⊗ IIIn×n

∫ z

0

ΞΞΞ
(k)
l (z − x)g(x) dx = 0, z ≥ 0, k = 1, 2. (22)?�"~n2����A

[
(cls− δ)IIImn×mn + IIIm×m ⊗AAA+BBB ⊗ IIIn×n + IIIm×m ⊗ (aaaααα⊤)f̃(s)

+ (bbbβββ⊤) ⊗ IIIn×ng̃(s)
]
Ξ̃ΞΞ

(k)

l (s) = clΞΞΞ
(k)
l (0), (23)d� Ξ̃ΞΞ

(k)

l (s) =
∫ ∞

0
e−sxΞΞΞ

(k)
l (x) dx. �\

Ξ̃ΞΞ
(k)

l (s) =
LLLl

∗(s)

det[LLLl(s)]
clΞΞΞ

(k)
l (0). (24)^+ VVV

(k)
l (dl−1) = ΞΞΞ

(k)
l (0), Nz�lZ���A

VVV
(k)
l (u) = L−1

{ LLLl
∗(s)

det[LLLl(s)]

(
clVVV

(k)
l (dl−1)

)}
, u ≥ dl−1, k = 1, 2. (25)
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 829NipJC.��� VVV
(k)
l (dl−1), gz�.�� VVV

(k)
l (u).

4 U1<u�1O�� mmm(k)(u), k = 1, 2 Cl��	�	7�g (19), (20) .�� mmm
(k)
1 (0), k = 1, 2, ^+ ΦΦΦ

(k)
1 (0) =mmm

(k)
1 (0), :w (21), .A

Φ̃ΦΦ
(k)

1 (s), ldZ��.A ΦΦΦ
(k)
1 (z), �A mmm

(k)
1 (u).G 2, NipJC.����v VVV
(k)
1 (0) = III, g (25), .A mn h>KK;C�

VVV
(k)
1j (u), j = 1, 2, · · · ,mn. ^+ mmm(k)(u) ni u <N�g (11) ��h

lim
u→0+

(
mmm

(k)
1 (u) +

mn∑

j=1

k
(k)
1j VVV

(k)
1j (u)

)
=mmm

(k)
1 (0), k = 1, 2. (26)!s�W,� (26), .l/ k

(k)
1j , j = 1, · · · ,mn , 4Q�.A mmm(k)(u), 0 ≤ u < d1.G 3, 9f mmm

(k)
l (u) C<NK�� mmm

(k)
1 (d1) = mmm

(k)
2 (d1), g (21) �� Φ̃ΦΦ

(k)

2 (s), 4QA� mmm2(u). !spJC.��� VVV
(k)
2 (d1), g (25), .A mn h>KK;C� VVV

(k)
2j (u), j =

1, 2, · · · ,mn. g (5) y (6),

c1 lim
u→d

−

1

(
mmm

(k)
1 (u) +

n∑

j=1

k
(k)
1j VVV

(k)
1j (u)

)′

=c2 lim
u→d+

1

(
mmm

(k)
2 (u) +

n∑

j=1

k
(k)
2j VVV

(k)
2j (u)

)′

, k = 1, 2. (27)gz��.A k
(k)
2j , j = 1, · · · ,mn, ^2�.A mmm(k)(u), d1 ≤ u < d2.�\�!sR�C���1O.\l/mmm

(k)
l (u), l = 2, · · · , L,�i�< u ≥ dL−1 ~�

mmm
(k)
L (u) = mmm(k)(u), ��2~ kLj = 0, j = 1, · · · ,mn.��E�<?5�^
�\�)+h7�~�!sl2a2�Z��.\A�mmm(k)(u)C8����0NP��\{"IC?5�^�6^:TH�C Gerber-Shiu z<Tu
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Abstract In this paper, we consider two independent classes of risk models under multiple

thresholds in which both of the two inter-claim times have phase-type distributions. We ob-

tain the integro-differential equations with boundary conditions for the expected discounted

penalty function. Last, we discuss the solutions through Laplace transforms.
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