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Abstract: It is significant that how to improve the property of quantum entanglement dynamics evolution
by controlling the happening of entanglement sudden death. Initially entangled atoms interact with Jaynes-
Cummings (J-C) model and nonlinear Jaynes-Cummings (N-J-C) model respectively. Using the method of
concurrence the effect of nonlinearity and coupling of atom-field in N-J-C model and the effect of detuning
were researched. It shows that entanglement sudden death appears in J-C model, however the meaningful
result is that entanglement sudden death vanishes in N-J-C model by using the effect of nonlinearity and
detuning in a certain condition. In addition, the atoms entanglement degree can reach to the original values.
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1 Introduction

Quantum entanglement has emerged as a key resource for all kinds of quantum progresses and has
attracted more and more attention in recent years. The unavoidable coupling of a quantum system with
its surrounding environment destroys the entanglement in the system. The effect of decoherence becomes
critically detrimental in cases when the system’s entanglement terminates abruptly, a phenomenon called finite-
time disentanglement or entanglement sudden death. So far, many methods have been proposed to protect

entanglement from decoherence. Several models are discussed in order to research the interaction between
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field and atoms. Interaction of a single mode of electromagnetic field with a two-level atom is the simplest

problem introduced by Jaynes and Cummings!l. Buck-Sukumar model is very interesting as it can be written

as a combination of generators of SU(1,1) algebral>~4l. Kerr-nonlinearity model has an effective Hamiltonian

for a system in which the electromagnetic field mode is excited in a Kerr medium{®~71721], Dicke-Tavis-

8,9,15,20] ' Nonlinear

nl[10,11]

Cummings model researches the interaction between field and a group of two-level atoms
Jaynes-Cummings model offers enormous possibilities to tailor the form of atom-field interactio

In our work, the objective is to study the dynamics of entangled qubits, to prolong the time of entangle-
ment of qubits, and to prevent the happening of entanglement sudden death. The interaction of a two-level
atom with a single mode of electromagnetic field has already been discussed by Jaynes and Cummings, which
called Jaynes-Cummings (J-C)modell'. Subsequently another nonlinear Jaynes-Cummings (N-J-C)model was
presented to discuss the interaction of qubits and fields. We’ll investigate the evolution of two entangled atoms
in the two different models and look for the difference between the two models.

The paper is organized as follows. In Sec. II, we investigate the dynamics of entangled atoms in J-C
model and calculate the concurrence of entangled atoms in N-J-C model in Sec. IIT and compare the difference

between them. A physical implementation of those models and discussion of the results are given in Sec.IV.

2 The dynamics of entangled atoms in J-C model

A model for the interaction of a single mode of electromagnetic field with a two-level atom is the sim-
plest problem introduced by Jaynes-Cummings. In this section we analysis one of the entangled two atoms

interacting with a single mode field of cavity. Initially state of the two-atom is produced in a Bell type state
|2(0))aB = (al0,1) + 8[1,0)) 48, (1)

in which |a|? +|8|*> = 1, the field in the cavity is in a number state |n}, the state of total system can be written

as
|9(0))aB = (a|0,1) + B[1,0)) a8 ® |n), (2)

and the Hamiltonian is given as
2
1 z + + — 1
H:H0+H1:§Zwmi+wa a+g(oia+o,am), (3)
i=1
w1,ws are the essential transition frequencies of atoms and w is the frequency of light field, g is coupling
constant of atom and light field. ¢%,0%, 0™ is spin operator of atom that 6% = |e){e|—|g)(g|,0T = |e){g],0™ =
|g){el|- |e), |g) is excited state and base state of atom.

At time ¢ in the interaction picture, the state of system is depicted as

|®(t)) = Ci(t)|ea,er,n — 1) + Ca(t)|ea, g8, n) + C5(t)|ga, en,n) + Ca(t)|ga, g8, n + 1). (4)
b(t
Using the Schrddinger equation of system i% = H;|&(t)), we can get the concurrence of X-type statel!?:3]
C(paB) = 2max{0, |u| — vVzw, |v| — /yz}. (5)
The letters z,y, 2z, w,u, v are the elements of density matrix. It represent as
z 0 0 v
0 v wuw O
PAB =
0 wu* 0
v* 0 w
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3 The dynamics of entangled atoms in N-J-C model

The nonlinearity Jaynes-Cummings (N-J-C) model is depicted as follows. By including the motion of

atom in the external field, the coupling is made position dependent. This offers enormous possibilities to tailor

the form of atom-field interaction!®14l. The general form for the Hamiltonian is
1
Hyp, =wata+ W00 + xa*?a® + g(f(aTa)a™ + adjoint), (6)

here f(a™a) is an operator-valued function of the number operator a*a and m is an integer. When f(a*a) =
I, the Hamiltonian models the interaction between a field in a Kerr medium and a two-level atom. The
quadratic term a*2a? accounts for the Kerr effect. Choosing f(ata) = /1 + kata, where 0 < k < 1, then the

Hamiltonian can be written as
Hs = K*K + %az MK o+ Koy). (7)

The suffix “ S ” indicates that the Hamiltonian describes the interaction of a single-mode of a cavity field
with a two-level atom. The operator K = v/1 + kataa and Kt = a*v/1 + kata are deformed annihilation
and creation operator respectively. x = kw, g = Aw and v = wp/w. When = 1, the atom and cavity field are
in resonance. Conveniently we set w = 1.

Our purpose is to study the dynamics of one of two entangled atoms interacting with a single mode of
electromagnetic field. Let one of the entangled two atoms A and B interacting with the N-J-C mode. Initially
state of the two-atom is expressed the same as equation (1). Subsequently we investigate the evolution of the
entanglement of the two atoms.

Using the Schrédinger equation and combining equation (1),(2),(4),(5) and (7), we can get the concurrence
of the atom and field

_ 208 | pv/T+ny/n(1+ kn) \/ t -
C_AE{ ki 1 —cos(At)4/1 cos[2(1+2u)]+
V1+4k*n2 + p(n + 1) — 4kn(y — 1) — 2y + 92 + p(n + 1) cos(At)+
t
\/1+4k2(n—1)2+v+4k(n+'y—n7—1)—27+72+vcos[§(1+25)]}, (8)
where p=202V1+knV1+k+kn, v=2¢°/1+k(n+1)vny/n(l+Ekn),

A= \/41{2112 +4g2(1 +n)V1 + knvV1+ k + kn — 4kn(y — 1) + (y — 1)2,

== \/41{2(11 —1)2+4g2\/1+k(n—1)y/n\/n(1 + kn) + (y—1)2 + 4k(n+~vy—ny— 1) .

4 Theoretical analysis

4.1 Dynamics of entanglement under the condition of resonance

We set v = 1 and provide that the initial state of the atom and field are in maximum entanglement
a=12/2.
1) Vacuum cavity field

The phenomenon of entanglement sudden death appears in J-C model (Fig.1 (a)) but it vanishes in N-J-C
model (Fig.1 (b)) when the cavity field is in vacuum state under the condition of resonance between atom and

field. It is to say that N-J-C model can make entanglement sudden birth in the region of sudden death of J-C
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model (Fig.1 (c)). Furthermore we investigate that the nonlinear coefficient has little effect to the concurrence

under vacuum state.
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Fig.1 The evolution of entanglement in J-C model and  Fig.2 The evolution of entanglement in J-C model and
N-J-C model under number state (a) n = 1,9 = 0.2,
(b) n=5,9=0.2,k=0.01, (c) n=5,g=0.2,k=0.1,

(d) Overlapping of (a), (b), (c)

N-J-C model under vacuum state (a) n =0, g = 0.2,
(b) n=0,9 =0.2,k = 0.01, (c) Overlapping of (a) and (b)

2) Number state of cavity field

When the cavity field is in number state, the phenomenon of entanglement sudden death also appears
and the regions of it increase (Fig.2 (a)) comparing with the condition of vacuum state of J-C model (as it
is shown in Fig.1(a)). Otherwise the phenomenon of entanglement sudden death disappears in the nonlinear
Jaynes-Cummings model (Fig.2(b)). In addition, with the increasing value of n the concurrence is increasing.
We also can see that with the increasing coefficient of the entanglement evolutes in high values (Fig.2 (¢), (d)).
4.2 The evolution of entanglement under the condition of detuning
1) Vacuum state of cavity field

It is the same as shown in Fig.1(b) that when the atom evolutes in vacuum state of cavity with nonlinearity
medium under the condition of resonance of atom and cavity field (Fig.3(a)). The atoms entanglement will
increase when there is detuning between atom and cavity field (Fig.3(b)). With the increasing detuning
parameter the concurrence between atom and field is increasing in N-J-C model (Fig.3(b),(c),(d)). Obviously

the entanglement degree can also reach high value under the condition of high detuning coefficient.
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Fig.3 The evolution of entanglement in N-J-C model Fig.4
number state of cavity under the condition of detuning

(k=0.01,n=3,g=02)

The evolution of entanglement in N-J-C model with
under the condition of detuning
(k=001,n=0,g=02)
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2) Number state of cavity field

When the cavity field is in number state, it’s found that the concurrence of the entanglement changes in
a little region with the increasing detuning parameter, but it can also avoid happening of the entanglement
sudden death under this condition. As it is shown in Fig.4.
4.3 The effect of nonlinearity to the entanglement

Entanglement sudden death can be prevented to happen with nonlinearity of cavity even the atom and
cavity field are in resonance (Fig.5(a)). We can also find that the concurrence of the entanglement changes
rapidly with the increasing nonlinearity parameter when the cavity field is in number state (Fig.5(b), (c)).
With the increasing nonlinearity parameter the entanglement degree of atoms can almost reach the original

value of concurrence (Fig.5(d)).
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Fig.5b The effect of nonlinearity to the entanglement in N-J-C model (n = 3,9 = 0.2,y =1)

5 Summary

Entanglement is an important resource in quantum communication and quantum computation, but the
phenomenon of entanglement sudden death is harmful to them. We investigate the typical entanglement
state of Bell-type state evolution in the usual J-C model and N-J-C model. Entanglement sudden death
appears constantly in J-C model. However the phenomenon can vanish in nonlinear Jaynes-Cummings model.
Furthermore we use a new Hamiltonian to research the dynamics of the entanglement in N-J-C model under
different conditions and find that we can get high entanglement degree under certain conditions. The result
shows that we can use N-J-C model to restore the quantum entanglement and in the following we will research
the damped cavity interacting with the reservoir and study the quantum correlation transfer among the atoms,

cavity and reservoir.
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