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Pricing equity warrants in a bifractional Brownian motion
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Abstract: In order to reflect the long memory property of the financial assets, this paper uses the geometric

bifractional Brownian motion to capture the underlying asset of equity warrants. Moreover, a partial differen-

tial equation formulation for valuing equity warrants based on Wick integration is proposed. Using the final

condition and the method of variable substitution, we obtain the solution for this partial differential equation–

the pricing formula for equity warrants. Furthermore, the influence of long memory parameters is analyzed

and the problem of estimating the parameters of this proposed model is considered. Finally, an empirical study

is presented. The pricing results of different models illustrate that the financial asset has the property of long

memory.
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¹,���63T��±c�{¤L§.�xù«g�q5Ú�ÏPÁ5�{ü��{Ò´æ^©êÙK

$Ä[7−10].

�´©z[11]�Ñ©êÙK$ÄØ´��,Ïd°;��Å©ÛnØØU��u©êÙK$Ä,��

�ò©êÙK$ÄA^u7K�¸¬�)@|Å¬[12,13] .©z[13]?�Ú�Ñ¦+©z[14]¥æ^WickÈ

©�±�Ø©êÙK$Ä�)�@|Å¬,�3WickÈ©eDÚ�gK]üÑØÎÜ²LÆnØ.l,¯

õÆöæ^
?��©êÙK$Ä5�x7K]�d�Cz�1��ª,X·Ü©êÙK$Ä±9V©

ªÙK$Ä�[15,16].du,V©ªÙK$Ä´�«'©êÙK$Ä��2��pdL§,§Ø=äkg�q

5Ú�PÁ5�©êÙK$Ääk�5�,�3�½��^�e´����,Ïd�òÙA^u7K.©

z[17]�Ñ
V©ªÙK$Ä��ÅÈ©,¿�ÑV©êÙK$Ä�±^5�x7K]���ÅÅÄ5.

�
�x7K]���ÏPÁ5,Ó��
�Ø©êÙK$Ä½|¥�7K@|,�©æ^V©ªÙK

$Ä�x���yI�]�d�Cz�1��ª,|^WickÈ©Ú �©�§,í�ÑV©ªÙK$Äe

���y�½d�.1,&?
�PÁëêé½d�.�K�±9�PÁëê��O¯K,��(Ü·I�

y½|y¢�¹,�Ñ
A^¢~©Û.

2 VVV©©©ªªªÙÙÙKKK$$$ÄÄÄeeeîîîªªªÏÏÏ���½½½ddd���...

7KXÚ´��gdÝ4��E,XÚ,�´öÚÝ]öé�¦?1���,Ø
|^Ä�&EÚE

â©Û�	,�ÉÝÅ1��K�.b�k��3CÏ���ã�mS��þÞ��¦,Ó��´ö�âÄ

��K©Û�úi�¦ò¬eO,�¦�<�/@�T��¦3�5AUS¬þÞ,lT�´ö¬	ï

�õ��¦.w,,�´ö��,��¦òÑÈÃ¥¤k��¦,�¦�ù«1�¬��áÏSd��É~

Ly,ùÒE¤
7K�mS���PÁ5.�©æ^V©ªÙK$Ä5£ãI��¦d�Cz�1��

ª,±Ï�*/�N7K½|�y¢�¹.

2.1 VVV©©©ªªªÙÙÙKKK$$$ÄÄÄ���½½½ÂÂÂ���555���

½½½ÂÂÂ 1 ¥%pdL§BH,K =
(
BH,K

t , t > 0
)
¡�V©ªÙK$Ä,e÷vþ��",�����

RH,K(t, s) = E
[
BH,K

t BH,K
s

]
=

1

2K

((
t2H + s2H

)K − |t − s|2HK
)

, s, t > 0, (1)

Ù¥H ∈ (0, 1), K ∈ (0, 2).

AO�,�K = 1�,V©ªÙK$ÄÒòz¤©êÙK$Ä.�K = 1,H = 1/2�,V©ªÙK$Ä

Òòz¤IOÙK$Ä.

d½Â�V©ªÙK$Ääke¡�5�.

5� 1 V©ªÙK$Ä´HK−g�q�.

5� 2 V©ªÙK$Ä´ δ�HöderëY�,�÷v δ 6 HK.

5� 3 ,b� 2HK = 1, 1 < K < 2�H ∈ (0, 1),KV©ªÙK$ÄBH,K´����.

2.2 ���...bbb���

�½VÇ�m (Ω,Ft, P )9½Â3TVÇ�mþ�V©ªÙK$ÄBH,K =
(
BH,K

t ; t > 0
)
,Ù¥Ft =

σ{BH,K
s ; s 6 t}.d©z[2,3,5]����y�I�]��úi]�d�,?�Úé�y½|�Xeb�:

1)½|´Ã�Þ,=�´¤^�",Ã[Â,Ø�3@|Å¬,�Ãºx|Ç r�~ê;

2)�yu1úivk	Å,=�yu1úi�7K]=d�¦Ú�y�¤2;

3)vké�´Þ������,Ãñ���,vkÞ���!Ã6Ä5Ú�m��;

1�©�ïÄg´,�±A^�ïÄ��¥%.pdL§(Xg©ê Brown$Ä!·Ü©êÙK$Ä)��y½d¯K.
2�úik	Å(X"E¦Å )�, æ^�©�ïÄg´Ú�{�±���A�½d�..
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4)���yI�]�d�CzL§ VtÑlAÛV©ªÙK$Ä

dVt = µVtdt + σVtdBH,K
t , 0 6 t 6 T, V0 = V, (2)

Ù¥µL«I�]��ÂÃÇ, σL«I�]��ÅÄÇ, BH,K
t L«V©ªÙK$Ä.

2.3 ½½½ddd���...���êêênnnííí���

duV©ªÙK$Ä´��pdL§,e¡Ú\'updL§�Wick-Itôúª,Ùy²L§�ë�©
z[18].

ÚÚÚnnn 1 [18] �-Yt´���k.�¥%.pdCþ,¼ê f(t, y) : [0,+∞] × R 7→ R´ëY�,Ù 

�
∂f

∂t
,
∂f

∂y
,
∂2f

∂y2
þ�3�÷v�ê.O�^�,=é ∀ t ∈ [0, T ],∀x ∈ Rk

∣∣∣∣
∂kf(t, y)

∂yk

∣∣∣∣ 6 CT exp(cT y2) , k = 0, 1, 2, (3)

KWick-Itôúª�È©/ª�

f(T, YT ) = f(0, Y0) +
w T

0

∂f

∂t
(t, Yt)dt +

w T

0

∂f

∂y
(t, Yt)♦dYt +

1

2

w T

0

∂2f

∂y2
(t, Yt)dYt , (4)

Ù¥CT , cT þ��u"�~ê,�÷v cT <
1

4

(
sup

t∈[0,T ]

(
E
[
Y 2

t

])−1

)
,♦L«WickÈ©.

Ó�Wick-Itôúª��©/ª�

df(t, Yt) =
∂f

∂t
(t, Yt)dt +

∂f

∂y
(t, Yt)♦dYt +

1

2

∂2f

∂y2
(t, Yt)dYt . (5)

-W (t, Vt)L« t����1d��X,�ÏF�T ����yd�,Ke¡½n�Ñ
?¿�� t ∈
[0, T )���y�d�.

½½½nnn 1 �úiPkN°u13	��¦ÚM°@��y,¿�z°@��y�¦Ù±kö3�Ï
FT ±z�X���1d��úi	ï k°�¦, t��úiz��¦�d�� St,ÙÅÄÇ� σS.úi]
�d�VtCzL§÷vª(2),K t ∈ [0, T )�����y�d��±L«�

W (t, Vt) =
1

N + Mk

(
kVtΦ(d1) − NXe−r(T−t)Φ(d2)

)
, (6)

Ù¥ d1 =
ln(kVt/(NX)) + r(T − t) +

σ2

2
(T 2HK − t2HK)

σ
√

T 2HK − t2HK
,d2 = d1 − σ

√
T 2HK − t2HK ,Φ(·)�IO��

©Ù¼ê.

Ó�½d�.(6)¥�ëê σÚV �±ÏLe¡��5�§|¦�




NSt = Vt −
M

N + Mk

(
kVtΦ(d1) − NXe−r(T−t)Φ(d2)

)

σS =
Vtσ

St

N + kM − kMΦ(d1)

N(N + kM)
.

(7)

y² dª(2)�

Vt = V0 exp

(
µt + σBH,K

t − 1

2
σ2t2HK

)
.

dWick-Itôúª(4)�

W (t, Vt) = W (0, V0) +
w t

0

∂W

∂u
(u, Vu)du + µ

w t

0

∂W

∂V
(u, Vu)Vudu+

σ
w t

0

∂W

∂V
(u, Vu)Vu♦dBH,K

u +
σ2

2

w t

0
2HK

∂2W

∂V 2
(u, Vu)V 2

u u2HK−1du . (8)
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æ^∆éÀE|�EÃºxÝ]|ÜΠ÷v

Πt = W (t, Vt) − ∆tVt .

,��¡,�â©z[12]�Ñ�WickgK]^�,Kk

W (t, Vt) = W (0, V0) + r
w t

0
Πudu + µ

w t

0
∆uVudu + σ

w t

0
∆uVu♦dBH,K

u . (9)

�
éÀºx,-∆ =
∂W

∂V
,Ó�é'ª(8)Ú(9)�

∂W

∂t
+ HKσ2V 2t2HK−1 ∂2W

∂V 2
+ rV

∂W

∂V
− rW = 0 . (10)

�âªà^�W |T =
1

N + Mk
(kVT − NX)+¿(Üª(10),´�¦)�yd��du¦)e¡ �

©�§¯K 



∂W

∂t
+ HKσ2V 2t2HK−1 ∂2W

∂V 2
+ rV

∂W

∂V
− rW = 0

W |T =
1

N + Mk
(kVT − NX)+.

- σ̂2 = HKσ2V 2t2HK−1,�ÅÄÇ?�,Kþª�±=��



∂W

∂t
+ σ̂2 ∂2W

∂V 2
+ rV

∂W

∂V
− rW = 0

W |T =
1

N + Mk
(kVT − NX)+.

(11)

|^Cþ��Eâ¿(Ü>.^�,ò�§(11)=z�~Xê�Ô.�§� Cauchȳ K¿)�=��

÷v�§(11)�)=�ª(6).

Ó�db�^� 2)�úi]�od�=d�¦Ú�y�¤,=

Vt = NSt + MWt. (12)

,��¡,d�¦ÅÄÇÚúi]�d�ÅÄÇ��p'X(�ë�©z[2,3])´�

σS =
Vtσ

St

(
1

N
− Mk

N + Mk
Φ(d1)

)
. (13)

ldª(6),ª(12)±9ª(13)�ª(7)¤á. y..

3 ���PPPÁÁÁëëëêêêééé���yyyddd������KKK���999ëëëêêê���OOO

'�½dúª(6)ÚUhkov�y½d�.[3],�±wÑúª(6)�N
I�]���PÁëêé���y

�K�.du7K]���PÁ5,¦�Ù3�ã�mS�U¬±YpÞ½eO,�PÁëêHÚK��N


7K]��ù«g�q5Ú�ÏPÁ5,?�Ú*	½dúª(6),�±wÑ�PÁXêHÚKé½d�

.�K�´���,e¡©Û�PÁ�êé���yd��K�.

íííØØØ 1 ���y�d��X�PÁëêHÚK�O�O\.

y² Äk?ØH�Czé���yd��K�.�âª(6)¿éH¦ ��

∂W (t, Vt)

∂H
=

1

N + kM

(
kVtΦ(d1)

∂d1

∂H
− NXe−r(T−t)Φ(d2)

∂d2

∂H

)

=
kVtΦ(d1)

N + kM

∂
(
σ
√

T 2HK − t2HK
)

∂H
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=
kVtΦ(d1)

N + kM

σ(T 2HK ln T − t2HK ln t)√
T 2HK − t2HK

> 0 ,

Ù¥Φ(·)L«IO��©Ù��Ý¼ê.

l,���y�d��XH�O�O\.Ó�duHÚK�é¡5,Kdª(6)éK¦ ����

��y�d��XK�O�O\,l(Ø¤á. y..

íØ 1�`²
7K�mS�äk±È5,=L��Oþ��5�Oþ��'.c[é'½dú

ª(6)ÚUhkov���y½dúª,�±uyæ^½d�.(6)'Uhkov�.õ
ü�ëêHÚK.�?�Ú

*	uy,½d�.(6)��HÚK�¦Èk',ÏdXÛæ^y¢êâ�OHK´ò½d�.(6)A^u

¢��'�Ú½.d5�1�V©ªÙK$Ä´HK−g�q�,Ïd�±æ^àÜ��{5�O�PÁë

ê�.

íííØØØ 2 - Yt, t = 1, 2, . . . , N��¹V©ªÙK$Ä��ÅS�,?�Ú-àÜS� Y (m) (k) =

1

m

km∑

i=(k−1)m+1

Yi,ùpm���ê� k = 1, 2, . . . , [N/m].ò�ÅS�©���Nþ�m� [N/m]�f�

�,K�m¿©��,�PÁëêHK!��NþmÚàÜS����Var
(
Y (m)

)
kXe'X

ln
(
Var

(
Y (m)

))
∼ C + (2HK − 2) ln(m) , (14)

Ù¥ [N/m]L«N/m���, C�~ê.

y² Äk�â���½Â�àÜS� Y (m) (k)����±�¤

Var
(
Y (m)

)
=

1

[N/m]

[N/m]∑

k=1

(
Y (m) (k)

)2 −
(

1

[N/m]

[N/m]∑

k=1

Y (m) (k)

)2

. (15)

,��¡,dV©ªÙK$Ä�½Â 1�àÜS� Y (m) (k)���äkfP~5,��mv
��,k

1

[N/m]

[N/m]∑

k=1

(
Y (m) (k)

)2 −
(

1

[N/m]

[N/m]∑

k=1

Y (m) (k)

)2

∼ Ĉm2HK−2, (16)

Ù¥ Ĉ���~ê.

dª(15)Úª(16)�

Var
(
Y (m)

)
∼ Ĉm2HK−2 . (17)

-C = ln(Ĉ),?�Úéª(17)ü>�éê�ª(14)¤á. y..

íØ2�Ñ
éu,���½m�,ÙéA�àÜS�����PÁëê�'XL�ª.¢Sþ,éu

ØÓ�m�,�âíØ 2�(Ø,�±��ØÓ�àÜS���,l�±æ^���¦{���PÁë

êHK��O�.Ïd,(Ü{¤ÅÄÇ��O�{[19] ,e¡�Ñ½d�.ëê�O�äNÚ½:

Ú½ 1 �âÂ8zU�{¤êâ Yt, t = 1, 2, . . . , N ,O�]�1 t��mm��éêÂÃÇ ui;

Ú½ 2 æ^eª�OÅÄÇ��[19]

σ̂ =

√√√√ 250

N − 1

N∑

i=1

(ui − ū)
2
,

Ù¥ū =
1

N

N∑

i=1

ui;

Ú½ 3 ò�����N�mS�©��Ý�m�|,= (Y1, Y2, . . . , Ym) , (Ym+1, Ym+2, . . . , Y2m), . . . ,

(Y([N/m]−1)m+1, . . . , Y[N/m]m);



1 3Ï �è>�:V©ªÙK$Äe���y�½d 353

Ú½ 4 éuz��Ý�m�©|,|^úª(15)O� Y (m)���;

Ú½ 5 �éØÓ�Ým,EÚ½ 3ÚÚ½ 4;

Ú½ 6 d¤�êâ±� ln
(
Var

(
Y (m)

))
Ú ln(m)�ã/,¿ÏL���¦{£8��ã/��

Ç slope;

Ú½ 7 O� ĤK = slope/2 + 1.

4 AAA^̂̂¢¢¢~~~

�
`²�.�k�5,e¡±·I�y½|l����y�~?1A^ïÄ.¤k�êâþ5guI
�Sêâ¥(http://www.gtarsc.com/),êâÀ���mã� 2005–08–22�2008–05–22.Äkæ^þ!�Ñ�
½d�.ëê�O�{5�Oz��y¤éA�¦ÂÃÇS�,?�Ú¦��|�¦�{¤ÅÄÇÚ�P
Áëê�,¤��Ä�&EXL 1¤«.

L 1l��y�Ä�&E

Table 1 Basic information of eight equity warrants

�y *	þ �Oþ

¶¡ �d �¦êþ �yêþ k�Ï �1d ÅÄÇ HK

�g 4.000 875 600 000 387 700 000 2 4.50 30.50% 0.618

ÄM 4.750 2 200 000 000 60 000 000 1 4.55 31.30% 0.650

�z 22.62 536 400 000 540 000 000 2 18.23 43.90% 0.637

êg 3.480 6 455 300 000 1 265 000 000 2 3.40 36.20% 0.594

I> 7.430 36 538 730 100 427 465 000 2 7.50 60.90% 0.629

Qg 4.21 2 962 985 697 113 097 855 1 3.60 35.77% 0.616

Ég 13.36 5 468 000 000 727 500 000 2 10.20 49.11% 0.622

þð 28.24 6 551 000 000 226 800 000 2 27.43 55.67% 0.665

Ù¦ëê:1�'~ k = 1; �cÃºx|Ç r1 = 2.25%;ücÃºx|Ç r2 = 4.14%.

e¡æ^ØÓ�½d�.O����y�d�,¤�(JXL 2¤«.Ù¥PB-S, PG-S, PU, PB-F±

9PActual©OL«æ^Black-Scholesúª[1], Schulz�[2]�?��., Ukhov½d�.[3]±9�Ä�PÁ�

V©ªÙK$Ä�.¦��y�d�±9�y�ý¢½|d�.
lL¥êâ�±wÑ�«½d�.�½d(JÑ$�
�y�d�,ù´du½d�.vk�Ä�´

¤^,�ÅÅÄÇ,�Åa�,Ý]ö��XÚÝÅ1��Ï�.�´,c[*	L 2�êâ´��âV©ª
ÙK$Ä�.O���yd��½|�yd����C,ù´duT�.�Ä
7K]���PÁ5.

L 2 ØÓ½d�.�½d(J±9½|d�

Table 2. Results by different pricing models vs. actual market prices

�y ½d(J �y ½d(J

¶¡ PB-S PG-S PU PB-F PActual ¶¡ PB-S PG-S PU PB-F PActual

�g 0.718 0.528 0.657 0.801 0.874 ÄM 0.735 0.715 0.734 0.996 1.013

�z 8.244 7.490 7.812 8.691 9.343 êg 0.857 0.716 0.852 1.099 1.133

I> 2.660 2.629 2.659 3.196 3.585 Qg 0.268 0.227 0.259 0.352 0.397

Ég 4.415 4.167 4.284 4.987 5.044 þð 1.761 1.435 1.434 2.406 2.447

5 (((ååå���

�©&?
AÛV©ªÙK$Äe���y�½d¯K,©Û
�PÁëêé½d�.�K�,¿�Ñ


½d�.�ëê�O�{.d	,�,�©�ïÄ
V©ªÙK$Äe���y�½d¯K,��©�ï

Äg´Ú�{�±A^���¥%.pdL§e���y�½d¯K.�ïÄL²,½dúª��pdL

§���k',l`²
�©�{�ÊH·A5.æ^V©ªÙK$Ä�x7K]��d�CzL§3�

½§Ýþ'DÚ�.k¤U?,�´��nØ�.©ªvkøl Black-Scholes�.nØµe,�{z�.
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?1�¯õb��y¢EkÑ\,Ó��.¥�|ÇÚÅÄÇþÑb��~ê,��.¥vk�Ä��Å

a�!Ý]öÝÅ1�Ú�X�Ï�,Ïd�.k�?�ÚU?Ú?�.
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