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1 
	
20 sÆ 80 Q2$� Cogburn =b$q, ��~�\Ev5;/�/C�^89/�:l';�k [1−4], T\ Alili K [5] \, 9R�~�\; 2 ^���G�`&9�;/|E�t\���E��jN+OJ��~�\;Ev5-�#9lf;, �z?vK [6 − 8] \`&9 p − m 57��~�\Ev5;
MRO�, 9��~�\ Markov n!;
M	=�E/�Ær!�1:=K [9] \`&9Ev~�\Ev5; Poisson��E/	hJ+���[U�K [10] t [11] \, +Ev~�\Ev5;p|/|E����KVb, ;�'j��/�, "A-h�|;/�~�;N^���G�`&9/�~�\N^���G;/|E��2;#U���k (Ω,F , P ) tXA(�� ~X = {Xn, n ≥ 0} t ξ = {(λj , µj)}j≥1 U�t (Ω,F , P )j^WD Z t (0, 1)2 ;��':�K`E ξ ;[)��g {Xn}n≥0 �nUN^���G�ZFe�J
3 n ≥ 0, j ∈ Z,

P
(

Xn+1 = j + 1 | Xn−1 = j − 1, Xn = j, ξ
)

= λj ,�� 2009 P 7 I 28 dw6�2011 P 4 I 19 dw6%W\�
∗ i�d`%*�� (11026088) b`�L�



3S ��Y�.
~�|�ZM℄~�?F9W-yC> 519

P
(

Xn+1 = j − 1 | Xn−1 = j − 1, Xn = j, ξ
)

= 1 − λj ,

P
(

Xn+1 = j − 1 | Xn−1 = j + 1, Xn = j, ξ
)

= µj ,

P
(

Xn+1 = j + 1 | Xn−1 = j + 1, Xn = j, ξ
)

= 1 − µj ,N� {Xn}n≥0 ���~��;3�N^���G�T\ ξ ����~����wk
P (X0 = 0) = 1, P (X1 = 1) = λ0, P (X1 = −1) = 1 − λ0.

2 sv�l�j�n~JG^ k ≥ 0, ; τ0 ≡ 0, τk+1 = inf {n > τk; Xn = k + 1}, σk = τk+1 − τk.

Ωτk
= {τk < ∞}, Fn = σ(X0, X1, · · · , Xn),

Fτk
= {A ⊂ Ωτk

; ∀n ≥ 0, A ∩ {τk ≤ n} ∈ Fn}, Fτk = σ(Xτk+n; n ≥ 0).J
3 j ≤ 0, ; Uj = ♯{k; 0 ≤ k < τ1, xk = j, Xk+1 = j − 1}. Z0 = 1, Zn =

U−n+1, n ≥ 1, N> [5] U�
τ1 = 1 + 2

0
∑

j=−∞

Uj = 1 + 2

+∞
∑

n=1

Zn. (1)Æ} 1 Zn �0n��~�\;UTn!�ZG/2PV;Kp|�










f0(s) =
λ0

1 − (1 − λ0)s
,

fn(s) = 1 − µ−n +
µ−nλ−ns

1 − (1 − λ−n)s
, n ≥ 1.' > [5] 6/ 3.3 &U)6/�2�Æ} 2 (i) ek A0 =

+∞
∑

k=1

µ−k+1

λ−k+1
· · · µ−1

λ−1

1−λ0

λ0
< ∞, NA Eτ0 < ∞, +L τ0 < ∞, a.s.

(ii) gJ
3 n ≥ 0 A An =
+∞
∑

k=1

µn−k+1

λn−k+1
· · · µn−1

λn−1

1−λn

λn
< ∞, NA Eτn < ∞, +L

τn < ∞, a.s. ∀n ≥ 0.' �HX&SJ (i) r� (ii) rAJ�$&8�> (1) r	6/ 1 8
EZn = f ′

0(1)f ′
1(1) · · · f ′

n(1) =
1 − λ0

λ0

µ−1

λ−1
· · ·

µ−n+1

λ−n+1
,

Eτ0 =

+∞
∑

k=1

EZk =

+∞
∑

k=1

µ−k+1

λ−k+1
· · ·

µ−1

λ−1

1 − λ0

λ0
.6/8S�
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3 n ≥ 0 A An =
+∞
∑

k=1

µn−k+1

λn−k+1
· · · µn−1

λn−1

1−λn

λn
< ∞, > τk ;E4�2U τkteD σ- 2| Fn ;�n�ZA Xτk

= k, 0 ≤ k ≤ τk < τk+1 < ∞, lim
k→∞

τk = ∞, a.s.

Ωτk
= Ω, a.s. Fτn

⊂ Fτn+1, ∀n ≥ 1.; l(n) = k, 5 τk < n ≤ τk+1, Yk =
τk+1−1

∑

i=τk

fi(Xi), Nk =
τk+1−1

∑

i=τk

|fi(Xi)|, Y ′
k =

k
∑

i=l(τk)

fi(Xi),T\ fi, i ≥ 0tE4K Zj;&�p|��a�J
3 n ≥ 1,A n
∑

i=0

fi(Xi) =

l(n)−1
∑

k=0

Yk + Y ′
n.Æ} 3 (i) {Yk; k ≥ 0} t (Ω,F , P ) jI2;���7:�

(ii) g EYk A�� ∀ k ≥ 0, N
∫

{l(n)<k}

Yk dP = (EYk)P (l(n) < k).

(iii) J
3o| a, b, {aYk + bσk; k ≥ 0} t {aUk + bσk; k ≥ 0} Ht (Ω,F , P ) j�{I2;���7':�' (i) > Xk ;^WU Yk t^&:K^W;���7�ZJ
3 A ∈ B(R), 0 ≤

r ≤ k A
{Yr ∈ A, τk = n}

=
⋃

r≤m<m′<n

{Yr ∈ A, τr = m, τr+1 = m′, τk = n}

=
⋃

r≤m<m′<n

{

m′−1
∑

j=m

fj(Xj) ∈ A, τr = m, τr+1 = m′, τk = n
}

∈ Fn.�1 Y0, Y1, · · · , Yk−1 t Fτk
t&�;�a37

{σk = µ} = {Xτk+1 6= k + 1, · · · , Xτk+µ−1 6= k + 1, Xτk+µ = k + 1} ∈ Fτk ,>YEv$U
P (Y0 = c0, Y1 = c1, · · · , Yk−1 = ck−1, Yk = ck)

=

∞
∑

µ=1

∞
∑

n=k

P
(

Y0 = c0, Y1 = c1, · · · , Yk−1 = ck−1, τk = n, σk = µ,

τk+µ−1
∑

j=τk

fj(Xj) = ck

)

=

∞
∑

µ=1

∞
∑

n=k

∫

Y0=c0,···,Yk−1=ck−1, τk=n

P
(

σk = µ,

τk+µ−1
∑

j=τk

fj(Xj) = ck|Fτk

)

dP

=
∞
∑

µ=1

∞
∑

n=k

∫

Y0=c0,···,Yk−1=ck−1, τk=n

P
(

σk = µ,

τk+µ−1
∑

j=τk

fj(Xj) = ck|Xτk

)

dP

=

∞
∑

µ=1

∞
∑

n=k

P (Y0 = c0, · · · , Yk−1 = ck−1, τk = n)P
(

σk = µ,

τk+µ−1
∑

j=τk

fj(Xj) = ck

)
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=P (Y0 = c0, Y1 = c1, · · · , Yk−1 = ck−1)P (Yk = ck),>fMOU (i) �2�
(ii) >

{l(n) < m} = {τl(n) < τm} = {n ≤ τm} = {τm < n}c ∈ Fτm&8
∫

l(n)<m

Ym dP =

∫

l(n)<m

E(Ym|Fτm
) dP =

∫

l(n)<m

E(Ym|Xτm
) dP

=

∫

l(n)<m

EYm dP = (EYm)P (l(n) < m).

(iii) J
3 k ≥ 0, >D aYk + bσk =
τk+1−1

∑

i=τk

(af(Xi) + b), 0= (i) ;SJ��H&187 (iii).Æ} 4 5 {Xn}n≥0 R����;5 {Xn}n>0I2Z EXn = 0n�g +∞
∑

n=1
(ln2 n)EX2

n <

+∞, N Sn =
n
∑

k=0

Xk a.s. x3�' SJ�� [12, E/ 2.3.2].Æ} 5 (Kronecker 6/) k xi > 0, ai > 0, �Z ai eD i 3BS�� lim
n→∞

an =

∞,
+∞
∑

n=1
(xn/an) < ∞, N lim

n→∞

1
an

n
∑

k=1

xk = 0.p} 1 (i) sup
n≥0

Eσ3
n = M < ∞, ,K 0 ≤ p < 1/2, p8 fn(·) ≤ np a.s. �2	

(ii) ,K 0 < α < 1 t�| X > 0, p8 Eσ2
n = o(nα), Z |fn(·)| ≤ X a.s. �2�ek�� (i) �O�� (ii) �2NA�:"r;/|E�

lim
n→∞

1

n

n−1
∑

k=0

[

fk(Xk) − Efk(Xk)
]

= 0, a.s.' (i) > sup
n≥0

Eσ3
n = M < ∞ 	 σ ≥ 0, a.s. 8 sup

n≥0
Eσn ≤ sup

n≥0
E1/3σ3

n = M1/3 =

M1 < ∞, sup
n≥0

Eσ2
n ≤ E2/3σ3

n = M2/3 = M2 < ∞.;
Zk = Yk − EYk =

τk+1−1
∑

i=τk

[fi(Xi) − Efi(Xi)],>�� fn(·) ≤ np, a.s. �28
E

(Zk

k

)2

≤
4

k2
E(τp

k+1σk)2 =
4

k2
E(τk + σk)2pσ2

k ≤
4

k2
E(τ2p

k + σ2p
k )σ2

k

=
4

k2
(Eσ2

kEτ2p
k + Eσ2p+2

k ) ≤
4

k2
(M2E

pτ2
k + M3)
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4

k2
[M2E

p(σ0 + · · · + σk−1)
2 + M3] ≤

4

k2

[

M2(kM2
2 +

k(k − 1)

2
M2

1 )p + M3

]

,T\jrAN^�=r=79 (x + y)2p ≤ x2p + y2p, ∀x > 0, y > 0, 0 ≤ p < 1/2. A 3 ^�=r=79 0 ≤ p < 1/2 	 Jensen �=r��1
+∞
∑

n=1

ln2 nE
(Zn

n

)2

≤

+∞
∑

n=1

4 ln2 n

n2

[

M2

(

nM2
2 +

n(n − 1)

2
M2

1

)p

+ M3

]

< +∞.d>6/ 4 U +∞
∑

n=1

Zn

n < +∞ a.s. �2�J>6/ 5 8 lim
n→

1
n

n−1
∑

k=0

Zn = 0 a.s. �2�)

lim

n→∞

1

n

n−1
∑

k=0

[Yk − EYk] = 0, a.s. (2)5)
1

n

∣

∣

∣

n−1
∑

k=0

[fk(Xk) − Efk(Xk)]
∣

∣

∣

≤
1

n

∣

∣

∣

l(n)−1
∑

k=0

(Yk − EYk)
∣

∣

∣
+

1

n

∣

∣

∣

n−1
∑

k=τl(n)

[

fk(Xk) − Efk(Xk)
]

∣

∣

∣

≤
1

n

∣

∣

∣

l(n)−1
∑

k=0

(Yk − EYk)
∣

∣

∣
+

1

n
2np[(n − 1) − τl(n)]

≤
1

n

∣

∣

∣

l(n)−1
∑

k=0

(Yk − EYk)
∣

∣

∣
+

1

n
2np[τl(n)+1 − τl(n)]

≤
1

l(n)

∣

∣

∣

l(n)−1
∑

k=0

(Yk − EYk)
∣

∣

∣
+

2

n1−p
στl(n)

.> Eσl(n) ≤ M1 < ∞, U lim
n→∞

στl(n)

n1−p = 0, a.s. �2�BA l(n) → ∞, a.s. 	r
 (2), Jjr6�_��8
lim

n→∞

1

n

n−1
∑

k=0

[fk(Xk) − Efk(Xk)] = 0.

(ii) ek�� (ii) �2�N E
(

Zk

k

)2
≤ 4

k2 X2Eσ2
k, B Eσ2

n = o(nα) 8
+∞
∑

n=1

ln2 nE
(Zn

n

)2

≤

+∞
∑

n=1

ln2 n
4

n2
X2Eσ2

n < ∞.,}D (i) &S�C�E/ 1 8S�
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3 x > 0, n ∈ N, A P (|Zn| > x) ≤ P (Y > x), N� {Zn, n ≥ 0} �XA/YA�D Y ,
f {Zn} < Y .Æ} 6 k {Nn + σn} < Y, EY < ∞, NJ
3 n ≥ 0, A
E|Yn| + Eσn ≤ ENn + Eσn ≤ EY < ∞, (3)

E max
0≤i≤n

Ni < ∞, (4)

lim
n→∞

1

n + 1
E max

0≤i≤n
Ni = 0, (5)

lim
n→∞

Nl(n)

l(n)
= 0, a.s., (6)

lim
n→∞

1

n

n−1
∑

k=0

(Nk − ENk) = 0, a.s., (7)

lim
n→∞

1

n

[

l(n)−1
∑

k=0

EYk − E

l(n)−1
∑

k=0

Yk

]

= 0, a.s. (8)' SJ�� [10].p} 2 k {Nn + σn} < Y, EY < ∞, NA/|E��2
lim

n→∞

1

n

n−1
∑

k=0

[fk(Xk) − Efk(Xk)] = 0, a.s.' 5�
1

n

∣

∣

∣

n−1
∑

k=0

[

fk(Xk) − Efk(Xk)
]

∣

∣

∣
≤

1

n

∣

∣

∣

l(n)−1
∑

k=0

(Yk − EYk)
∣

∣

∣
+

1

n
|Y ′

n| +
1

n
|EY ′

n|.>6/ 6 U
lim

n→∞

1

n

∣

∣

∣

l(n)−1
∑

k=0

E(Yk − EYk)
∣

∣

∣
= 0, a.s.,

1

n
|EY ′

n| ≤
1

n
E

(

max
0≤n−1

Nk

) n→∞
−→ 0,

1

n
|Y ′

n| ≤
1

n
Nl(n) =

l(n)

n
·
Nl(n)

l(n)

n→∞
−→ 0, a.s.+L�E/;�C�2�p} 3 ek {fn(Xn)} < Y , EY < ∞�Z {σn} < Z, EZ < ∞, ��; {σn, n ≥ 0}I2�U� Eσ0 < ∞, NA/|E��2

lim
n→∞

1

n

n−1
∑

k=0

[

fk(Xk) − Efk(Xk)
]

= 0, a.s.



524 7 ; y ( ( 
 34#' ; |fk(Xk)| ;U�p|� Fk(x), k = 0, 1, > {fn(Xn)} < Y , J
3 ε > 0

P
(

1
∑

k=0

|fk(Xk)| > x
)

=

∫ +∞

0

P (|f1(X1)| > y − x) dF0(y)

≤

∫ +∞

0

P (Y > y − x) dF0(y)

=P (|f0(X0)| + Y > x)

=

∫ +∞

0

P (|f0(X0)| > x − y) dFY (y)

≤

∫ +∞

0

P (Y > x − y) dFY (y)

=P (2Y > x),)
� { 1
2

1
∑

k=0

|fk(Xk)|} < Y . >fMU {

1
n

n−1
∑

k=0

|fk(Xk)|
}

< Y .^ Y ;/^��p8 Y F {σn, n ≥ 0} I2�NJ
3 x > 0 A
P

(

τn+1−1
∑

k=τn

|fk(Xk)| > x
)

=

+∞
∑

m=n

+∞
∑

l=1

P (τn = m)P (σn = l)P
(

m+n−1
∑

k=m

|fk(Xk)| > x
)

≤
+∞
∑

m=n

+∞
∑

l=1

P (τn = m)P (σn = l)P (lY > x)

=P (σnY > x) ≤ P (Y Z > x),-!t {Nn} < Y Z, T\ Y, Z I2��1 {Nn + σn} < Y Z + Z, Z E(Y Z + Z) < ∞. +LE/ 2 ;���2�E/8S� h { � �
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AbstractIn this paper, a strong law of large numbers for function of Order 2 random walk

in random environments are investigated. Moreover, when the process tending to positive

infinity, some sufficient conditions on the law of large number are given.
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