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#��_0�He Lie ( R Burgers-KdV j.��CM\'� 401mfG�<,-P!S�r�^>V<87��7[br:P Burgers-KdV m1�
ut + uux − γuxx + βuxxx = 0. (1)L(
i5�$^*�Z���"F u = u(x − ct) = u(θ) �oPb�o	�*tsm1
−cu+

1

2
u2 − γuθ + βuθθ = k, (2)

k v*s*Z� [6,7] :(�*tsm1P Liouville ^*�i�s�u Burgers-KdV m1P�"Fm1 (2) �5Pb�l_�o






du

dθ
= v (= P (u, v)),

dv

dθ
=
k

β
+
c

β
u+

γ

β
v − 1

2β
u2 (= Q(u, v)),

(3)W�uG�LG�`P'Z�o+���
c2 + 2k =

( 6γ2

25β

)2

, (4)=LAZ$	F
β3[−(c− u)3 + 3v2β] + 37500(c− u)vβ3γ − 3750(c− u)2β2γ2

+ 9000vβ2γ3 + 900(c− u)βγ4 + 216γ6 = 0, (5)`�G Liouville ^*P�:E v = du
dθ

, .8E (5) v(�tsm1�^FLm1 (1) P<G�"F
u(x, t) = c+

6γ2

25β
− 12γ2

25β
(1 + e

γ(ct−x)+d

5β )−2, (6)E<�P.^��℄�uJ� [8] N:PU Lie +Pmf�℄6Lm$i5�vm1=O$�gP Lie +�.8G^*P�k��:^
�C: Lie +mfQ^*�i5:
[9,7] Z=�VAZ$	FP=L�� Liouville ^*�P.^��℄%3D�E/;>.^PuJ�� [8] ��|6m1PkF��Am�C:7o Lie +mf+ [10–12] Pmf#6u:U Burgers-KdV �"Fm1szZoPM<*s�
2 �x��} Lie��	3DI;b�*tsm1^*�PPUP Lie +mf [13,14].!S^sz�t q, ρ P)e>D'Z ε P Lie �"

 Lε =

{

q∗ = ϕ(q, ρ, ε), q∗|ε=0 = q,

ρ∗ = ψ(q, ρ, ε), ρ∗|ε=0 = ρ,
(7)



402 2 6 V � � � 34W�`� ϕ � ψ G��ÆZ�G'Z ε ��B�:E^O-

q∗ = q + εξ(q, ρ) +O(ε2),

ρ∗ = ρ+ εη(q, ρ) +O(ε2),
(8)�`�

ξ(q, ρ) =
∂ϕ(q, ρ, ε)

∂ε

∣

∣

∣

ε=0
, η(q, ρ) =

∂ψ(q, ρ, ε)

∂ε

∣

∣

∣

ε=0
,;8^LJvD'Z Lie +P~ �A-^j

Λ = ξ(q, ρ)
∂

∂q
+ η(q, ρ)

∂

∂ρ
. (9)

Lie +i���XKuv~ �^j�}�T^u(R'Vv Lie +�L Lie �" (7)��|VÆZ ρ(q) �-ÆZ ρ∗(q∗), aP{�HZ&$
A�5P�"�l1�(�b�HZ ρ1 = ρ′ = dρ
dq
, ρ2 = ρ′′ = dρ1

dq
T$�1�	��"

ρ∗1 = ρ1 + εη1(q, ρ, ρ1) +O(ε2),

ρ∗2 = ρ2 + εη2(q, ρ, ρ1, ρ2) +O(ε2),�`
η1 = ηq + (ηρ − ξq)ρ1 − ξρρ

2
1, (10)

η2 = ηqq + (2ηqρ − ξqq)ρ1 + (ηρρ − 2ξqρ)ρ2
1 − ξρρρ

3
1 − (2ξq − ηρ + 3ξρρ1)ρ2. (11);~ �^j

Λ(2) = ξ(q, ρ)
∂

∂q
+ η(q, ρ)

∂

∂ρ
+ η1(q, ρ, ρ1)

∂

∂ρ1
+ η2(q, ρ, ρ1, ρ2) (12)A-P�> 4 z�t q, ρ, ρ1 � ρ2 P Lie �"+,v Lie + (9) Pb<dO+�^>xwa11
 Lie �"+< n zZoP'Z εi (i = 1, 2, · · · , n), N�z'Z εi, =L~ �A-C

Λi = ξi(q, ρ)
∂

∂q
+ ηi(q, ρ)

∂

∂ρ
, i = 1, 2, · · · , n.a�PA-C V1, V2, · · · , Vn ^ Lie 
�I^Gt�P�,

[Vi, Vj ] =

n
∑

k=1

Ck
i,jVk, i, j = 1, 2, · · · , n, (13)�`*Z Ck

i,j , i, j, k = 1, 2, · · · , n ,vB�*Z����oi^,�
Ck

i,j = −Ck
j,i, ∀ i, j, k = 1, 2, · · · , n+ Jacobi QE

n
∑

k=1

(Ck
i,jC

m
k,l) + Ck

l,iC
m
k,j + Ck

j,lC
m
k,i = 0, ∀ i, j, k = 1, 2, · · · , n,
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Lie W�u^.,|VP(p*Z Ck
i,j , i, j, k = 1, 2, · · · , n, 1
a��o+:QE�Æ�T=L+Sp*ZvB�*ZP n 'Z Lie +�^|VPb�*tsm1
ρ2 = F (q, ρ, ρ1). (14)1
P|VP Lie �" (7) Pr:�m1P�E$��T,m1 (14) =Ov Lie +�ST�G>%#

Λ(2)
[

ρ2 − F (q, ρ, ρ1)
]∣

∣

ρ2=F (q,ρ,ρ1)
= 0. (15)^|VPm1 (14), (15)EqmG(z�>yXÆZ ξ(q, ρ), η(q, ρ)+�t q, ρ� ρ1 P'VPÆZ�;>%# (15)E^m1 (14) P`<PFX-o��t q, ρ � ρ1 ^+Y-G��ZoP�vC (15)E^S
Zo�t�-o�yXÆZ ξ(q, ρ), η(q, ρ)T���o(�vQE�;S
QE}�T^�VSszyXÆZP=Li5��E�tsm1PPUi�W�u1
|VPb�*tsm1=O(zs'Z Lie + (aPszA-C Λ1� Λ2 X�o (13)E), vm1T^:*sf#F [13,14]. 6S(mfI:J Burgers-KdV�"FPm1 (2), }�^LJ+�Vi
�� 1 ^.�'Zm1 (2) X=OA-Cv

Λ1 =
∂

∂q
(16)PD'Z Lie +�`G�LGLi5 (4) �oB�m1 (2) =O(zs'Z Lie +�: ^m1 (2), ^5Pm1 (1) `P�tv q = θ, ρ = u, ρ1 = du

dθ
, ρ2 = d2u

dθ2 , ÆZ FPVg�Ev
F (q, ρ, ρ1) =

k

β
+
c

β
ρ− 1

2β
ρ2 +

γ

β
ρ1.^5PQE (15) v

− ξρρρ
3
1 +

(

ηρρ − 2ξqρ − 2γ

β
ξρ

)

ρ2
1 +

[

(2ηqρ − ξqq) − 3ξρ

(k

β
+
c

β
ρ− 1

2β
ρ2

)

− γ

β
ξq

]

ρ1

+
{

ηqq + (ηρ − 2ξq)
(k

β
+
c

β
ρ− 1

2β
ρ2

)

+ η
( 1

β
ρ− c

β

)

− γ

β
ηq

}

= 0. (17)~� c, γ %�[�G ξ(q, ρ) = 1, η(q, ρ) = 0, (17) E�,-o�8BPA-CTG (16).�L�Q$m> (16) PA-C�L (17) E`�;>yXÆZ ξ(q, ρ) � η(q, ρ) $)e> ρ1, .8 ρi
1 (i = 0, 1, 2, 3) P�Z�vw�S$^L�
ξρρ = 0, (18)

ηρρ − 2ξqρ − 2γ

β
ξρ = 0, (19)

(2ηqρ − ξqq) − 3ξρ

(k

β
+
c

β
ρ− 1

2β
ρ2

)

− γ

β
ξq = 0, (20)

ηqq + (ηρ − 2ξq)
( k

β
+
c

β
ρ− 1

2β
ρ2

)

+ η
( 1

β
ρ− c

β

)

− γ

β
ηq = 0. (21)
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ξ = a(q)ρ+ b(q), η =

(

a′(q) +
γ

β
a(q)

)

ρ2 + e(q)ρ+ d(q), (22)�`� a(q), b(q), e(q), d(q) GBVÆZ�6:EA2 (20), vC`L�QE^`<P ρ X-o�T��<
a(q) = 0, ξ = b(q), η = e(q)ρ+ d(q). (23)8B (20) E�3v

2e′(q) − b′′6(q) − γ

β
b′(q) = 0. (24)6 (23) A2 (21) L�

e′′(q)ρ+ d′′(q) + (e(q) − 2b′(q))
( k

β
+
c

β
ρ− 1

2β
ρ2

)

+ (e(q)ρ+ d(q))
( 1

β
ρ− c

β

)

− γ

β
(e′(q)ρ+ d′(q)) = 0. (25);> (25) E` ρ2 �Z��vw�.8�

e(q) = −2b′(q). (26)6�A2 (24) L�
5b′′(q) +

γ

β
b′(q) = 0,;8FL

ξ = b(q) = k1e
−

γ

5β
q + k2, (27)�` k1, k2 G.,*Z�6 (26), (27) A2 (25) Eqm��C ρ P�Zvw�L

d(q) = −12k1γ
3 + 50k1cγβ

125β2
e−

γ
5β

q. (28)>G (25) E3�v
c2 + 2k =

( 6γ2

25β

)2TGViPi5 (4). SB}�LJ






















ξ(q, ρ) = k1e
−

γ

5β
q + k2,

η(q, ρ) =
2(25βρ− 6γ2 − 25βc)k1γ

125β2
e−

γ

5β
q,

η1(q, ρ, ρ1) = −γk1

5β

[2(25βρ− 6γ2 − 25βc)γ

125β2
− 3ρ1

]

e−
γ

5β
q.

(29).8^5PD'Z Lie +PA-CTG
Λ =ξ(q, ρ)

∂

∂q
+ η(q, ρ)

∂

∂ρ

=(k1e
−

γ

5β
q + k2)

∂

∂q
+

2(25βρ− 6γ2 − 25βc)k1γ

125β2
e−

γ

5β
q ∂

∂ρ
. (30)
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z k1 = 0, k2 = 1, A-C (30) T�- (16). 1
z k1 = 1, k2 = 0, (30) T�v
Λ2 = e−

γ

5β
q ∂

∂q
+

2(25βρ− 6γ2 − 25βc)γ

125β2
e−

γ

5β
q ∂

∂ρ
. (31)$�.^ Lie 
�

[Λ1,Λ2] = Λ1Λ2 − Λ2Λ1 = − γ

5β
Λ2. (32).8�Gi5 (4) �oB�m1 (2) =O+ Λ1,Λ2 vA-CPs'Z Lie +�Vi 1 *%W��	}�
�i5 (4) �oBm1PM<*s�

3 �'|v� Lie�� Burgers-KdV�t	�x�{��^xwa13|6(p (n z) D'Z Lie �"+�a�PA-C V1, V2, · · · , Vn ^
Lie 
�I^$t��& (13)E` Ck

i,j , i, j, k = 1, 2, · · · , n $XG*Z�&$�oi^,��&$�o Jacobi QE�SpD'Z Lie +T$��-(z n 'Z Lie +�PUPtsm1 Lie +i�L
�x�m1^*�B(
%#m1=O(z_'Z Lie+`�G^FP��,^|VPtsm1Q6(z`=OP n 'Z Lie +�Q6 n z=OPD'Z Lie +%#%�� [10,11] U^S(|f|6u:tsm1=OPD'Z Lie +p#M<*sPi��mf�!Sl_�o
dxi

dt
= Xi(x), i = 1, 2, · · · , n, (33)�`� x = (x1, x2, · · · , xn) ∈ D, D v Rn(& Cn) PjA� Xi : D → R (& C),

Xi ∈ C∞(D), t ∈ R (& C). ^5P(��ts^jv
X =

n
∑

i=1

Xi(x)
∂

∂xi

. (34)�" 1 ?
V =

n
∑

i=1

Vi(x)
∂

∂xi

(35)v n wa1:P(zD'Z Lie �"+ G P~ �A-C�1
Lv Lie +�"��o (33) P*s$	/�-�oP*s$	�T,l_�o (33) =Ov Lie +� [10] W�u�� 2 �o (33) =O Lie + G P2%i5G=LÆZ A(x), CL
[X,V ] = XV − VX = A(x)X. (36)) V- 1 |6P�o=O Lie +P%#:PUi�`m1=O Lie +P%#%4�.vPUi�%#m1L Lie �"�$��`LV- 1 %# Lie �"��o (33)^��-(z=\((�l�Z (v�Z^+GÆZ) P�o�



406 2 6 V � � � 34W�� 3 ? V G�o (33) =OPD'Z Lie +PA-C� Ω(x) G�o (33) PM<*s�3 V Ω = f(x), N f(x) /G�oPM<*s&*Z��" 2 3
Vi = Vi,1(x)

∂

∂x1
+ Vi,2(x)

∂

∂x2
+ · · · + Vi,n(x)

∂

∂xn

, i = 1, 2, · · · , n (37)G�o (33) `=OP n− 1 zD'Z Lie +PA-C�`��o
det













X1(x) X2(x) · · · Xn(x)

V1,1(x) V1,2(x) · · · V1,n(x)
...

...
...

Vn−1,1(x) Vn−1,2(x) · · · Vn−1,n(x)













6= 0, ∀x ∈ D, (38)T,�o (33) �`=OP n− 1 zD'Z Lie +��Zo�
[10]  W�u�� 4 3�o (33) �`=OP n− 1 zD'Z Lie +A-C��Zo�N<

[Vi, Vj ] =

n−1
∑

k=1

Ck
i,j(x)Vk + C0

i,j(x)X, (39)�` Ck
i,j(x) (i, j, k = 1, 2, · · · , n− 1) G�oPM<*s&*Z�` C0

i,j(x) ^+G.,ÆZ (� [10], d Ck
i,j(x) ,v(z�5
 (module) B�PB��Z).�� 5 3�o (33) �`=OP n− 1 zD'Z Lie +A-C��Zo�N.�D'Z Lie +v�o (33) `=OP2%i5vv+PA-C V X^�F-

V = a(x)X +
n−1
∑

i=1

ai(x)V i,�` ai(x), i = 1, 2, · · · , n− 1 XG�oPM<*s&*Z� a(x) v.(ÆZ�Vi 4 ��3�o (33)=OP n− 1 zD'Z Lie+1
$��- n− 1 'ZP Lie+�S^#�oPM<*si`<k�.v1
B��Z Ck
i,j(x), i, j, k = 1, 2, · · · , n `=L$G*ZP�Nk�.^ Lie 
� (39) T^Z=LJ�oPM<*s�1
B��Z Ck

i,j(x), i, j, k = 1, 2, · · · , n XG*Z (8B (V1, V2, · · · , Vn−1) $(V�A- n− 1 'ZP Lie +�.v (39) E`P C0
i,j(x) y�&Gw), [11] N|6uL8i5�#(zM<*sPmf�,�� 6 0?�o (33) �=OP n− 1 zD'Z Lie +��Zo�`� (39) E`PB��Z Ck

i,j(x), i, j, k = 1, 2, · · · , n XG*Z�1
	��<m1p
n−1
∑

k=1

Ck
i,jbk = 0, i, j = 1, 2, · · · , n− 1 (40)
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











X1(x) X2(x) · · · Xn(x)

V1,1(x) V1,2(x) · · · V1,n(x)
...

...
...

Vn−1,1(x) Vn−1,2(x) · · · Vn−1,n(x)

























f1

f2
...

fn













=











0

b1
...

bn−1











(41)F6 (f1(x), f2(x), · · · , fn(x)), `�o (33) P(zM<*s Ω(x) T^k�+�PK~*s (*s�~Q~�) |6
Ω(x) =

∫ x

x0

f1dx1 + f2dx2 + · · · + fndxn. (42)b�*tsm1 (14) ^+�-1�P5�l_�o






















dx1

dt
= 1,

dx2

dt
= x3,

dx3

dt
= F (x1, x2, x3),

(43)�`�t x1, x2, x3 s�^5m1 (14) `P�t q, ρ, ρ1. ^Z=2#�� 7 1
�PUi�m1 (14) =OA-Cv (9) P Lie +�N^5P�o (43)�V- 1 =OA-Cv
V = ξ(x1, x2)

∂

∂x1
+ η(x1, x2)

∂

∂x2
+ η1(x1, x2, x3)

∂

∂x3
(44)P Lie +��`ÆZ η1 ; (10) E|6��	6+:P(
�B
s�:Ji5 (4) �Pm1 (2). b� Burgers-KdV �"Fm1 (4) ^55�l_�ov























dx1

dt
= 1,

dx2

dt
= x3,

dx3

dt
=
k

β
+
c

β
x2 −

1

2β
x2

2 +
γ

β
x3,

(45)�`�t x1, x2, x3 s�^5m1 (2) `P�t θ, u, uθ. ^5�oP�ts^jv
X =

∂

∂x1
+ x3

∂

∂x2
+

( k

β
+
c

β
x2 −

1

2β
x2

2 +
γ

β
x3

) ∂

∂x3
. (46)
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V1 =

∂

∂x1
,

V2 =e−
γ

5β
x1

∂

∂x1
+

2(25βx2 − 6γ2 − 25βc)γ

125β2
e−

γ

5β
x1

∂

∂x2

− γ

5β

[2(25βx2 − 6γ2 − 25βc)γ

125β2
− 3x3

]

e−
γ

5β
x1

∂

∂x3
.$�^6

[V1, V2] = − γ

5β
V2.;8LJ�5PB��Zv

C1
1,2 = −C1

2,1 = 0, C2
1,2 = −C2

2,1 = ± 1√
2
.^5>Vi 6 `m1p (40) PowFv b1 = 1, b2 = 0. K;^5Pm1p (41) FL




































f1 = 1,

f2 =
−5(x2 − 6γ2

25β
− c)(x2 + 6γ2

25β
− c) + 4γx3

6γ[x2
3 − 4γ

5β
x3(x2 − 6γ2

25β
− c) + 1

3β
(x2 − 6γ2

25β
− c)2(x2 + 6γ2

25β
− c)]

,

f3 =
5β[−x3 + 2γ

25β
(x2 − 6γ2

25β
− c)]

3γ[x2
3 − 4γ

5β
x3(x2 − 6γ2

25β
− c) + 1

3β
(x2 − 6γ2

25β
− c)2(x2 + 6γ2

25β
− c)]

.

(47).^�5PK~*s (42), }�^+LJ�5l_�oP(zM<*s
Ω = x1 −

5β

6γ
ln

[

x2
3 −

4γ

5β
x3

(

x2 −
6γ2

25β
− c

)

+
1

3β

(

x2 +
6γ2

25β
− c

)(

x2 −
6γ2

25β
− c

)2]

.vM<*s&^+g�-
Ω1 = e

γ

5β
x1

[

x2
3 −

4γ

5β
x3

(

x2 −
6γ2

25β
− c

)

+
1

3β

(

x2 +
6γ2

25β
− c

)(

x2 −
6γ2

25β
− c

)2]− 1
6

. (48)v#6�oPy(Zo> (48) PM<*s�}�}UVi 5�M�o`=OPy( Lie+PA-C
V ∗

2 =Ω1V2 = r(x2, x3)
[ ∂

∂x1
+

2(25βx2 − 6γ2 − 25βc)γ

125β2

∂

∂x2

− γ

5β

(2(25βx2 − 6γ2 − 25βc)γ

125β2
− 3x3

) ∂

∂x3

]

. (49)�`�
r(x2, x3) =

[

x2
3 −

4γ

5β
x3

(

x2 −
6γ2

25β
− c

)

+
1

3β

(

x2 +
6γ2

25β
− c

)(

x2 −
6γ2

25β
− c

)2]− 1
6

.
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∗

2 ��Zo�`�
[V1, V

∗

2 ] = 0..8
C1

1,2 = −C1
2,1 = 0, C2

1,2 = −C2
2,1 = 0./�Vi 6, #6

b1 = 0, b2 = 1,






















f1 = 0,

f2 =
−5

4γ

[(

x2 −
6γ2

25β
− c

)(

x2 −
6γ2

25β
+ c

)

+ 2γx3

]

r5(x2, x3),

f3 =
5β

3γ
x3r

5(x2, x3),�K~*s�LJy(M<*s
Ω2 =

∫ −5

4γ

[(

x2−
6γ2

25β
−c

)(

x2−
6γ2

25β
+c

)

+2γx3

]

r5(x2, x3)dx2 +
5β

3γ
x3r

5(x2, x3)dx3. (50)S(M<*s$G3QÆZ�m:� Burgers-KdV m1~GPN'�"F^+;+�szM<*sLJ

{

Ω1(q, ρ, ρ1) = c1,

Ω2(ρ, ρ1) = c2,�` c1 � c2 G.,*Z�}�f,J�m1~GPN'�"F&^+; Weierstrass rDÆZ�F�?�"
{

u = µU + ν,

T = φ(θ),�`
µ = −e

2γ

5β
θ, ν =

6γ2

25β
+ c, φ(θ) =

5
√

3β

6γ
e

γ

5β
θ,N (2) ^+3�v


d2U

dT 2
= 6U2 + S(T ), (51)�`

S(T ) = − 625β2

24γ4T 4

(

2k + c2 − 36γ4

625β2

)

. (52)��,�G�LG�oi5 (4) B� (52) ^3�v Painlevé m1
d2U

dT 2
= 6U2. (53)
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U = ℘(T + c1, 0, c2),�` c1 � c2 G*Z�� ℘(T, g2, g3) G Weierstrass rDÆZ�

T =

∫ U

∞

(4t3 − g2t− g3)−
1
2 dt..8�^.,|VP'Z γ, β �"℄[ c, }�^+LJ (1) PN'�"F�

u(x, t) = c+
6γ2

25β
− e

2γθ
5β ℘

(5
√

3β

6γ
e

γθ
5β + c1, 0, c2

)

, θ = x− ct, (54)G c2 = 0, ��G<GF (5), G c2 6= 0 ^5F (54) G~GP�L [15–17] &LJu(
g\PB
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The Lie Group Method in the Study of Integrability of the
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Abstract For Burgers-KdV travelling wave equation, which satisfies secons nonlinear or-

der ordinary differntial equation, We will apply the classical Lie group theory to show that

the corresponding travelling wave equation admits a double parameter Lie group if and only

if parameter is satisfied in particular case. Under this condition, based on a method different

to the traditional one, its two independent first integrals are given.
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