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1 WQ�dWw`��!-�CT3��T�PCÆ
\W�ÆvpGoldstein[1]{ Levitin-

Polyak[2] C`��x�j�-�C�d�PW�dT�}XC{;D�uP` f \<J{ Lipschitz 9HC�/U��h���\�T
GSr�-�V2|"� Korpelevich
[3] 7it' - ��C�=� f \<JD�%<JD�!T#�%iqZ Armijo ��u�J�&��bH? f Lipschitz 9HCP`��+�"�PW
i�T3qZ_�!-���qZ_�!-��P[
m+7�Ci3�!-�)mkTÆCAu�5TO%CqZ_�!-�)mkq[CxiY#�.K|5��8�3qZ_�!-�r"MF\-��CD�D����8�3qZ_�!-�C"�PW�O%|(<JC��4
WC{;D��
N
W)m R- ;D{;D�
2 7!)T4F[O℄n H wThm8& Hilbert 1�� ‖x‖ =

√

〈x, x〉, ∀x ∈ H , K w H �CTh��* 2010 U 6 z 4 fz?�2011 U 5 z 29 fz?Eeg�



4W ��s�\~n�S2pY^��,�B!�OU 735��y� f, g : D → H , D w H �CTh��	�,Eg4CT3qZ_�!-�

ICP (f, g): ` x∗ ∈ D, s g(x∗) ∈ K, f(x∗) ∈ K∗, 〈f(x∗), g(x∗)〉 = 0.kqZ_�!-�CLZ/W+1�gu D = K = R+

n ℄ g = I, �qZ_�!-� �%#GC`;D�!-�

NCP(f): ` x∗ ∈ K, s f(x∗) ∈ K∗, 〈f(x∗), x∗〉 = 0.�h-�V#�tS"}SM��Hv�[3��+
O%C-�)mkq[CxiY#�*V 1[4] n x ∈ H, PK(x) ∈ K, gu ‖x − PK(x)‖ = min

y∈K
‖x − y‖, �+ PK(x) w x| K kC�d�*V 2[5] n x1, x2 ∈ K, gu6| α > 0, I�

〈f(x2) − f(x1), g(x2) − g(x1)〉 ≥ α‖g(x2) − g(x1)‖
2,�+ f op g \<J�3�p [4] C f (<JCLZ��|LZ 2, .K℄h f op g (<JCLZ�*V 3 n x1, x2 ∈ K, I�

〈f(x1), g(x2) − g(x1)〉 ≥ 0 =⇒ 〈f(x2), g(x2) − g(x1)〉 ≥ 0,�+ f op g (<J�*V 4[5] n x1, x2 ∈ K, gu6| L > 0, I�
‖f(x2) − f(x1)‖ ≤ L‖g(x2) − g(x1)‖,�+ f op g-Lipschitz 9H�P^ 1[4] n x0 ∈ Rn, y0 ∈ K, � y0 = Pk(x0) C.P��wW4<h���q,8


(1) 〈y0 − x0, y〉 ≥ 0, ∀ y ∈ K;

(2) 〈y0 − x0, y0〉 = 0.P^ 2[4] n ∀x,∈ Rn, Pk(x) % x | K kC�d��
‖Pk(x) − y‖2 ≤ ‖x − y‖2 − ‖Pk(x) − x‖2, ∀ y ∈ K.Qp`;D�!-� NCP (f) /W��%"MF-�`��4L℄5 1 w�!-�r"MF-�D�DC#G�H�X= 1[4] (NCP(f)) m� x∗ C.P��wel T : Rn → K, T (x) = Pk(x − λf(x))| H �m"MF x∗ = T (x∗), Z� λ > 0 %eX*��k~�H/�q�_�!-� ICP(f, g).*= 1 (ICP(f, g)) m� x∗ C.P��wmF x∗ ∈ K, I�"MF\- g(x∗) =

Pk(g(x∗) − λf(x∗)), Z� λ > 0 %eX*��i k�dD� 1 �
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(1) 〈Pk(g(x∗) − λf(x∗)) − (g(x∗) − λf(x∗)), y〉 ≥ 0, ∀ y ∈ K;

(2) 〈Pk(g(x∗) − λf(x∗)) − (g(x∗) − λf(x∗)), Pk(g(x∗) − λf(x∗))〉 = 0.

=⇒ | (1) �a y = g(x∗), �
〈Pk(g(x∗) − λf(x∗)) − (g(x∗) − λf(x∗)), g(x∗)〉 ≥ 0.k (2) �


0 =〈Pk(g(x∗) − λf(x∗)) − (g(x∗) − λf(x∗)), Pk(g(x∗) − λf(x∗))〉

=〈Pk(g(x∗) − λf(x∗)) − (g(x∗) − λf(x∗)), Pk(g(x∗) − λf(x∗)) − g(x∗) + g(x∗)〉

=〈Pk(g(x∗) − λf(x∗)) − g(x∗) + λf(x∗), Pk(g(x∗) − λf(x∗)) − g(x∗)〉

+ 〈Pk(g(x∗) − λf(x∗)) − (g(x∗) − λf(x∗)), g(x∗)〉

=‖ Pk(g(x∗) − λf(x∗)) − g(x∗)‖2 + λ〈f(x∗), Pk(g(x∗) − λf(x∗)〉 − λ〈f(x∗), g(x∗)〉

+ 〈Pk(g(x∗) − λf(x∗)) − (g(x∗) − λf(x∗)), g(x∗)〉.o x∗ w ICP(f, g) C��
W
f(x∗) ∈ K∗, 〈f(x∗), g(x∗)〉 = 0, 〈f(x∗), Pk(g(x∗) − λf(x∗)〉 = 0.[3

‖ Pk(g(x∗) − λf(x∗)) − g(x∗)‖2 = 0,�
g(x∗) = Pk(g(x∗) − λf(x∗)).

⇐= nF x∗ ∈ K, I�"MF\- g(x∗) = Pk(g(x∗)−λf(x∗)) ∈ K, a�9h (1),(2)A

(1) 〈λf(x∗)), y〉 ≥ 0, ∀ y ∈ K, � f(x∗) ∈ K∗;

(2) 〈λf(x∗)), g(x∗)〉 = 0, o λ > 0, � 〈f(x∗)), g(x∗)〉 = 0, 
W x∗ ∈ K w ICP(f, g)C��
3 2TY5"LD'IA+-jL x ∈ H , D g(x(λ)) = PK(g(x) − λf(x)), λ ≥ 0 ℄ e(x, λ) = g(x) − g(x(λ)).X= 2 ‖e(x,λ)‖

λ
op�= λ > 0 "� (^� Calamai | [6] �C
N).

[5,7] j1?�3_�!-�C�C6|DL5{��K9
W��
N?K9
W| f op g \<J℄ Lipschitz 9HC��4C{;D�.K7iL5 1 �C"MF\-n~K9mu

g(xk+1) = Pk(g(xk) − λf(xk)).

Noor M A| [8–10] �
N?3
W| f, g i�\<J℄ Lipschitz 9HC��4C{;D�!T#�.K%it' - ��C\Wn~K9mu
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g(xk) = Pk(g(xk) − λf(xk)),

g(xk+1) = Pk(g(xk) − λf(xk)).3
WÆ
=��?�=/�\<JD�%<JD�%?!T#bH Lipschitz D�.K%iO���r�J�&� λ, )�\Wg4
�/ 2#� 0 (/t#) neXjL/
 x0 ∈ K, g(x0) ∈ K, 0 ⇒ k,#� 1 (t'#) i xk "w (ICP) C����v4LmuÆ
 xk:

g(xk) = Pk(g(xk) − λkf(xk)).�6 λk = γlmk { mk ws4u,8C�?`
��

‖f(xk) − f(xk)‖ ≤ u

‖g(xk) − g(xk)‖

λk
= u

‖e(xk, λk)‖

λk
, 0 < u < 1. (1)#� 2 (��#)

g(xk+1) = Pk(g(xk) − λkf(xk)).$` 3 � k + 1 ⇒ k. X�#� 1.b 1 k f C9HD
 ‖e(x,λ)‖
λ

< ∞ C"�D�gu xk "w ICP(f, g) C���6|.a?C λk I� (1), [3�
W 2 mXZ�oi K ⊂ g(D), �J#K9 xk, xk+1 6|="TL$T�*= 2 n K ⊂ g(D), f | K kop g (<J� f, g 9H℄ ICP(f, g) C�	 X∗`1℄I�
lim

‖x‖−→∞
‖g(x)‖ = ∞,�
W 2 )pC/_F� {xk}{xk} I�

lim
k−→∞

‖g(xk) − g(xk)‖ = 0.!T#� {xk} {;� ICP(f, g) CTh�F�i [ ICP(f, g) C�	`1�"℄n x∗ ∈ X∗, �
g(x∗) ∈ K, f(x∗) ∈ K∗, 〈f(x∗), g(x∗)〉 = 0.kp f | K kop g (<J��

〈f(x∗), g(xk) − g(x∗)〉 = 〈f(x∗), g(xk)〉 ≥ 0 =⇒ 〈f(xk), g(xk) − g(x∗)〉 ≥ 0.o
〈f(xk), g(xk+1) − g(x∗)〉 = 〈f(xk), g(xk+1) − g(xk) + g(xk) − g(x∗)〉

=〈f(xk), g(xk+1) − g(xk)〉 + 〈f(xk), g(xk) − g(x∗)〉 ≥ 〈f(xk), g(xk+1) − g(xk)〉.



738 ` f � J J � 34*
W
〈f(xk), g(xk+1) − g(x∗)〉 ≥ 〈f(xk), g(xk+1) − g(xk)〉.okD� 2 �

‖g(xk+1) − g(x∗)‖2 ≤ ‖g(xk) − λkf(xk) − g(x∗)‖2 − ‖g(xk+1) − (g(xk) − λkf(xk))‖2

=‖g(xk) − g(x∗)‖2 − 2λk〈f(xk), g(xk) − g(x∗)〉

− 2λk〈f(xk), g(xk+1) − g(xk)〉 − ‖g(xk+1) − g(xk)‖2

≤‖g(xk) − g(x∗)‖2 − 2λk〈f(xk), g(xk+1) − g(xk)〉 − ‖g(xk+1) − g(xk)‖2

=‖g(xk) − g(x∗)‖2 − ‖g(xk+1) − g(xk)‖2 − ‖g(xk) − g(xk)‖2

+ 2〈g(xk) − g(xk) − λkf(xk), g(xk+1) − g(xk)〉. (2)6|,EkL��T>�kp
g(xk) = Pk(g(xk) − λkf(xk)).kD� 1 �

〈g(xk) − λkf(xk) − g(xk), g(xk+1) − g(xk)〉 ≤ 0.��T>

2〈g(xk) − g(xk) − λkf(xk), g(xk+1) − g(xk)〉

=2〈g(xk) − λkf(xk) − g(xk) + λk(f(xk) − f(xk)), g(xk+1) − g(xk)〉

=2〈g(xk) − λkf(xk) − g(xk), g(xk+1) − g(xk)〉 + 2λk〈(f(xk) − f(xk)), g(xk+1) − g(xk)〉

≤2λk〈(f(xk) − f(xk)), g(xk+1) − g(xk)〉

≤(λk)2‖f(xk) − f(xk)‖2 + ‖g(xk+1) − g(xk)‖2. (3)� (3) 9h (2) �A
‖g(xk+1) − g(x∗)‖2 ≤ ‖g(xk) − g(x∗)‖2 − ‖g(xk) − g(xk)‖2 + (λk)2‖f(xk) − f(xk)‖2.ok (1) A

‖g(xk+1) − g(x∗)‖2 ≤ ‖g(xk) − g(x∗)‖2 − (1 − u2)‖g(xk) − g(xk)‖2. (4)o 0 < u < 1, � ‖g(xk) − g(x∗)‖2 )m{�D�� {g(xk)} m��℄
(1 − u2)

∞
∑

k=0

‖g(xk) − g(xk)‖2 ≤

∞
∑

k=0

{‖g(xk) − g(x∗)‖2 − ‖g(xk+1) − g(x∗)‖2} < +∞.k3�1
lim

k−→∞
‖g(xk) − g(xk)‖ = 0.
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lim

‖x‖−→∞
‖g(x)‖ = ∞.5T {xk} m��n x0 w {xk} CTh'F�4
 x0 w (ICP) CTh��"℄n {xk} CTh�� {xki} {;� x0, k g 9H�
 g(xki) −→ g(x0), �

‖g(xki) − g(x0)‖ ≤ ‖g(xki) − g(xki)‖ + ‖g(xki) − g(x0)‖ −→ 0.i λk ≥ λmin > 0, �k ‖e(x,λ)‖
λ

C"�D�
min{1, λ}‖e(x, 1)‖ ≤ ‖e(x, λ)‖ ≤ max{1, λ}‖e(x, 1)‖.[3

‖e(x0, 1)‖ = lim
ki−→+∞

‖e(xki , 1)‖ ≤ lim
ki−→+∞

‖e(xki , λmin)‖

min{1, λmin}
−→ 0.i λk −→ 0, k ‖e(x,λ)‖

λ
C"�D

WQ&� λki CIa��Q
m.a8C ki,

‖e(x0, 1)‖ = lim
ki−→+∞

‖e(xki , 1)‖ ≤ lim
ki−→+∞

‖e(xki , 1
l
λki )‖

1
l
λki

≤ lim
ki−→+∞

1

u

∥

∥

∥
f(xki) − f

(

xki

(1

l
λki

))∥

∥

∥
−→ 0.�k<�^A�w ICP(f, g) CTh��
��H? 1 n K ⊂ g(D), f | K kop g (<J℄ Lipschitz 9H (2�% L > 0),

f, g 9H℄ ICP (f, g) C�	 X∗ `1� 0 < λ < 1
L

, ℄I�
lim

‖x‖−→∞
‖g(x)‖ = ∞,�
W 1 )pC/_F�{;� ICP(f, g) CTh�F�H? 2 |rL5 2 <���4��m

lim
k−→∞

‖g(xk) − g(xk+1)‖ = 0.i
‖g(xk) − g(xk+1)‖ ≤ ‖g(xk) − g(xk)‖ + ‖g(xk) − g(xk+1)‖

=‖g(xk) − g(xk)‖ + ‖(g(xk) − λkf(xk)) − (g(xk) − λkf(xk))‖

≤‖g(xk) − g(xk)‖ + λk‖f(xk)) − f(xk))‖ ≤ (1 + u)‖g(xk) − g(xk)‖.kL5 2 A

�H�
��*= 3 �n K ⊂ g(D) ℄ (ICP) I�4L��

(a) f op g (<J�℄ ICP(f, g) C�	 X∗ `1�
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(b) f op g-Lipschitz 9H (2�% L > 0), ℄

lim
‖x‖−→∞

‖g(x)‖ = ∞.

(c) &$0(�,8��6|*� τ > 0, δ > 0 sA
dist (g(x), g(X∗)) ≤ τ‖e(x, 1)‖, ∀x ∈ Rn, ‖e(x, 1)‖ ≤ δ,�k
W 2 )pC/_F� g(xk) � R- ;D{;�i �k (1) ��Q
m λk, Nm4u,8

∥

∥

∥
f(xki) − f

(

xki

(1

l
λki

))
∥

∥

∥
≥ u

‖e(xki , 1
l
λki)‖

1
l
λki

.ok�� (b) �
λk ≥

lu

L
:= λ > 0, ∀ k ∈ N.k"Du

‖e(xk, 1)‖ ≤
‖g(xk) − g(xk)‖

min{1, λ}
−→ 0.[3�6|.a8C k0 ∈ N , sA

‖e(xk, 1)‖ ≤ δ, ∀ k ≥ k0.[Tk (c)
1

τ
dist (g(xk), g(X∗)) ≤ ‖e(xk, 1)‖, ∀x ∈ Rn.I� x∗ ∈ X∗, s

‖g(xk) − g(x∗)‖ = dist (g(xk), g(X∗)),�k (5) {ku�
dist (g(xk+1), g(X∗))2 ≤ ‖g(xk+1) − g(x∗)‖2

≤‖g(xk) − g(x∗)‖2 − (1 − u2)‖g(xk) − g(xk)‖2

≤
(

1 −
1 − u2

τ2

)

dist (g(xk), g(X∗))2, ∀ k ≥ k0,� Q- ;D{;�A�k�H�C
N{ (4) �
‖g(xk) − g(xk+1)‖2 ≤ (1 + u)2‖g(xk) − g(xk)‖2

≤
(1 + u)2

1 − u2
dist (g(xk), g(X∗))2, ∀ k ≥ k0.[3�F�C{;�F% R- ;D{;C�
��
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4 9>�+�H?T3xiY#kqC_�!-�C"�PW�"�PW)m5HkCjv�T�
Æ
�<�wdWCCTjv��+|��&�q�%iT4�d�oÆS4�dA�&��| [10] ���1i;D���Æ FT4�dÆ
�3��\WQ/
i��3qZ_�!-���Z
WC|5D
Z<
C{;5H�{;�Pm:O%�Qp"�PWCZÆf!��AwbQ/ip�3qZ_�!-��Qw
A��C-�� % : K N
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Abstract Implicit complementarity problem (ICP) can be applied to many fileds of natu-

ral science. In this article, we study a form of generalized implicit complementarity problem.

The extragradient method is used to solve ICP. The extragradient algorithm is built about

generalized implicit complementarity problem and porve its convergence with pseudomono-

tone function.
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