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1 urg�:$(XM�an(��
min f(x)

s.t. gj(x) ≤ 0, j = 1, 2, · · · , m,
(1.1)'! f(x), gj(x) : Rn → R1 (j = 1, 2, · · · , m)Q_�{NkÆ�f�Levenberg�MarguartYD�?��an(��U�t{qn�os�vqnbq��UX~G���*U
ÆG�_�ZOJfS�$T�r"�rqJfS���#��an(U�t{tn��O�an(��!�IQ�vqnQO�Tmj
 [1−7]. Æe�an(���JfS��?�(	Uq:qn�os SQP qnbq7.GX~Un[�dB�f#`q�� 2010 " 4 � 24 8WN�2010 " 12 � 20 8WNH���
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 [8−16], I SQP qnw�9>��� 1��t{tn� SQP tn�`1xK^.kwUh1�Y[�Dz�x.G(XM�an(��U_�kD�t{qn�qn��kD�B�,k�Vu6℄�(e% �BSD�w�I QP ,��C9Ukwt4Vk �kDt4�:��B(�1�\SDxK^.kw�2C$_D_I[�(I\$=/P QP,����SMU�B$����qnU3^X~G�7.GX~G�f�G[g�qnQq:U�{� ‖ · ‖ Q Euclidean rf�
2 lTx -SQP CY%e;_;9��

∇f(x)����f f(x) U~�∇gj(x) ��a�f gj(x) U~�∆k ��t{Y�Bk �e8�`_��θ̂kj
�Vud,�dk

0 , d̃k, d̂k y��$Ft4�kDt4�8�t4�λ� Lagrange:,�̥ = {x|gj(x) ≤ 0}�kD0�Ω = {j|gj(x
∗)+∇gj(x

∗)T d∗0 = 0},

Ωk = {j|gj(x
k) + ∇gj(x

k)T dk
0 = 0} �./�a0� e = (1, · · · , 1), rk G:$F�w|n$F�U���G<AnVz -SQP eE)% 1: =J(� x0 ∈ ̥ �7a=J[� ε > 0, 0 < η1 ≤ η2 < 1, 0 < θ1 < 1 <

θ2, i = 1, M Q_�3f� ν ∈
(
0, 1

2

)
, τ ∈ (2, 3), θ̂0 ∈ (0, 1), α0 ∈ (0, 1), ϑ ∈ (0, 1),

B0 = I �K���	 m(0) = 0, k := 1;)% 2: 8q QP ,��QO$Ft4 dk
0 ,

min ∇f(xk)T d +
1

2
dT Bkd

s.t. gj(x
k) + ∇gj(x

k)T d ≤ 0, j = 1, 2, · · · , m,

‖d‖ ≤ ∆k.

(2.1)	 (dk
0 , λk

0) � KKT [e�:� ‖dk
0‖ = 0, ��< ‖dk

0‖ 6= 0 ≤ ∆k, 		 dk
1 = dk

0 , (;)%
4, z	S;)% 3;)% 3: ��8q:$Ut;2QO8q2�kD$Ft4 dk

1 ,





Bkd + ∇gj(x
k)λ = −∇f(xk),

θ̂kj
∇gj(x

k)T d + λjgj(x
k) = ∇gj(x

k)T dk
0 − ‖dk

0‖
δ, j = 1, 2, · · · , m,

‖d‖ ≤ ∆k.

(2.2)A'P� (d̃k, λ̃k
1), 	 dk

1 = (1 − ρk)dk
0 + ρkd̃k, '! ρk `b:$�

ρk =





1, :� ∇f(xk)T d̃k ≤ ϑ∇f(xk)T dk
0 ,

(1 − ϑ)∇f(xk)T dk
0

∇f(xk)T (dk
0 − d̃k)

, z	 ∇f(xk)T d̃k > ϑ∇f(xk)T dk
0 .:� ‖dk

1‖ ≤ ∆k, 	(;)% 4, z	S;)% 5.



4& s #�d}C�&VK�_l&RvJ℄iB>ry -SQP nk 657)% 4: �t{Uzkw�8q|n$F� Aredk �G:$F� Predk, $`QzJZUz)�
Aredk = f(xk + dk

1) − f(xk)�
Predk = ∇f(xk)T dk

1 +
1

2
dkT
1 Bkdk

1 ,��
rk =

Aredk

Predk

.:� rk > η1 � gj(x
k + dk

1) ≤ 0 9z�	Uz)�JZ�	 xk+1 = xk + dk
1 � d̂k = 0() 7; z	(;)% 5.)% 5: ��/P Q̃P QO�L8�t4 d̂k,

min ∇f(xk)T d +
1

2
dT Bkd

s.t. gj(x
k + dk

1) + ∇gj(x
k)T d = −‖dk

1‖
τ , j = 1, 2, · · ·, m,

‖d‖ ≤ ∆k.

(2.3):� Q̃P �P,� ‖d̂k‖ > ‖dk
1‖, 		 d̂k = 0, (;)% 6.)% 6: xK^.kw�8q)5 αk, αk [s {

1, 1
2 , 1

4 · · ·
}
,





f(xk + αdk
1 + α2d̂k) ≤ max

1≤j≤m(k)
f[k−j](x

k) + να∇f(xk)T dk
1 ,

gj(x
k + αdk

1 + α2d̂k) ≤ 0, j = 1, 2, · · · , m,

(2.4)	 xk+1 = xk + αkdk
1 + α2

kd̂k, S;)% 7.)% 7: 8� Bk, ∆k, θ̂kj
,8� ∆k:� rk ≤ η1, 	 ∆k+1 = θ1∆k;:� rk ∈ (η1, η2), 	 ∆k+1 = ∆k;:� rk ≥ η2, 	 ∆k+1 = θ2∆k;8�_� Bk,k [17] Bk U8�tn	8�Vud, θ̂kj

θ̂kj
= min

j
{max

j
{λk

0j
, ‖dk

0‖}, θ̂0};)% 8: m(k) = min
j

{m(k − 1) + 1, M};)% 9: k =: k + 1, p*) 2.� �(JZUz) dk
1 F�,kxK^.kw6℄��I$P QP ,���Eg?�8q��M M = 0 F�xK^.kw((9_�UK^.kw�)% 3 !�,k�Vu6℄��2�.�I$Ft4Vk U�VuO�t{0{!�:�Vu(O�



658 f i b P P � 34t{!�,kxK^.kw6℄���$=/P,���Z�*yUf�G[g�Vud,Ue;Qq:U����8q:��
3 C=QoqK\O`YqIiY%�?:$<A�M℄ 3.1 kD0 ̥ xm�2 ̥ 6= ∅.M℄ 3.2 ���f f(x) ��a�f gj(x), '! j = 1, 2, · · · , m Q{NkÆU�M℄ 3.3 e7a x ∈ ̥, 4�2 {∇gj(x), j = 1, 2, · · · , m} .G��2 LICQ �B9z�M℄ 3.4 _�M� {Bk} _��`�2F�3f M > m > 0, IQ

m‖y‖2 ≤ yT Bky ≤ M‖y‖2, ∀ k, y ∈ Rn.��?�K^U<A�B���k`QO$�3�ew�`w�vX 3.1 7aU4� x ∈ ̥, �`_� Bk ∈ Rn×n ", θ̂kj
> 0, 	"
 (2.2) x(�
 g�"
 (2.2) U)��XM�k`QO:$Us (d, λ) U.Gt;2

{
Bkd + ∇gj(x

k)λ = −∇f(xk),

θ̂kj
∇gj(x

k)T d + λjgj(x
k) = ∇gj(x

k)T dk
0 − ‖dk

0‖
δ,?M((9_�AM�QO:$.G"
�2

(
Bk ∇g(xk)

θ̂k∇g(xk)T g(xk)

) (
d

λ

)
=

(
−∇f(xk)

(∇gj(x
k)T dk

0 − ‖dk
0‖

δ)e

)
,'! g(xk) = (g1(x

k), g2(x
k), · · · , gm(xk)) � ∇g(xk) = (∇g1(x

k),∇g2(x
k), · · · ,∇gm(xk))� θ̂k = (θ̂k1

, θ̂k2
, · · · , θ̂km

). dB���I��$�U_�Qx(U�2"f_�
(

Bk ∇g(xk)

θ̂k∇g(xk)T g(xk)

)x(�J$qU��vis [11, ew 3.1], EgO�9z�vX 3.2 iD�% QP ��UP dk
0 1)% 3 �)% 5 2CU dk

1 � d̂k �1�
1. :� dk

0 = 0, 	 xk Q}��U_� KKT [�
2. :� dk

0 6= 0,	 ∇f(xk)T dk
0 < 0, ∇f(xk)T dk

1 < 0, ∇f(xk)T d̂k < 0� ∇gj(x
k)T dk

1 <

0, ∇gj(x
k)T dk

0 < 0, ∇gj(x
k)T d̃k < 0, j ∈ Ω, 2 dk

1 Q}��� xk �U_�kD$Ft4�
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 1. o KKT �BU`b�:� dk
0 = 0, 	





Bkdk
0 + ∇f(xk)+ →

∑

j

λj∇gj(x
k) = 0,

gj(x
k) + ∇gj(x

k)T dk
0 ≤ 0,

‖dk
0‖ ≤ ∆k.

(3.1)Eg���q 



∇f(xk) +
∑

j

λj∇gj(x
k) = 0,

gj(x
k) ≤ 0,

‖dk
0‖ ≤ ∆k.

(3.2)dB�O�9z�
2. :� dk

0 6= 0, 	o QP ��1 KKT �BU`b��




∇f(xk)T dk
0 = −dkT

0 Bkdk
0 −

m∑

j=1

λk
0j
∇gj(x

k)T dk
0 ,

∇gj(x
k)T dk

0 ≤ −gj(x
k) −→ 0, k −→ +∞, j ∈ Ω,

(3.3)�
∇f(xk)T dk

0 = −dkT
0 Bkdk

0 +

m∑

j=1

λk
0j

gj(x
k) ≤ −dkT

0 Bkdk
0 < 0�

∇f(xk)T dk
1 = (1 − ρk)∇f(xk)T dk

0 + ρk∇f(xk)T d̃k.	a ρk U1�(	�y�#-oSD|��[S 1 M ρk = 1 F�q
∇f(xk)T dk

1 = ∇f(xk)T d̃k ≤ ϑ∇f(xk)T dk
0 < 0.[S 2 M ρk =

(1−ϑ)∇f(xk)T dk
0

∇f(xk)T (dk
0
−d̃k)

F�Q
∇f(xk)T dk

1 =
[
1 −

(1 − ϑ)∇f(xk)T dk
0

∇f(xk)T (dk
0 − d̃k)

]
∇f(xk)T dk

0 +
(1 − ϑ)∇f(xk)T dk

0

∇f(xk)T (dk
0 − d̃k)

∇f(xk)T d̃k

=∇f(xk)T dk
0 −∇f(xk)T dk

0

(1 − ϑ)∇f(xk)T dk
0

∇f(xk)T (dk
0 − d̃k)

+
(1 − ϑ)∇f(xk)T dk

0∇f(xk)T d̃k

∇f(xk)T (dk
0 − d̃k)

=ϑ∇f(xk)T dk
0 < 0./?kQ ∇f(xk)T dk

1 < 0.:� j ∈ Ω F�	 θ̂kj
∇gj(x

k)T d̃k = −λjgj(x
k) + ∇gj(x

k)T dk
0 − ‖dk

0‖
δ, �q

∇gj(x
k)T d̃k =

∇gj(x
k)T dk

0 − ‖dk
0‖

δ

θ̂kj

< 0, k → +∞.
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∇gj(x

k)T dk
1 = (1 − ρk)∇gj(x

k)T dk
0 + ρk∇gj(x

k)T d̃k < 0, k −→ +∞.$��� ∇f(xk)T d̂k < 0.o)% 5 ,M k → +∞ F�q
∇f(xk)T d̂k

= − d̂kT Bkd̂k −∇gj(x
k)T d̂k

= − d̂kT Bkd̂k + ‖dk
1‖

τ + gj(x
k + dk

1)

= − d̂kT Bkd̂k + gj(x
k) + ∇gj(x

k)T dk
1 + o(‖dk

1‖) + ‖dk
1‖

τ (τ ∈ (2, 3))

<0,Egew 3.2 O�9z�vX 3.3 e7a_I�� k, F��_���f j = j(k), I αk = (1
2 )j 9z�
 oqn)% 6 ��

s ,f(xk + αdk
1 + α2d̂k) − max

0≤j≤m(k)
f[k−j](x

k) − να∇f(xk)T dk
1

≤f(xk + αdk
1 + α2d̂k) − f(xk) − να∇f(xk)T dk

1

=f(xk + αdk
1) + α2∇f(xk + αdk

1)T d̂k + o(α2) − f(xk) − να∇f(xk)T dk
1

=α∇f(xk)T dk
1 + o(α) + o(α2) + α2∇f(xk + αdk

1)T d̂k − να∇f(xk)T dk
1

≤(1 − ν)α∇f(xk)T dk
1 + o(α) + o(α2)

=(1 − ν)α∇f(xk)T dk
1 + o(α)9z�M α <y6F��oew 3.2 �� s ≤ 0.o)% 6 !UZiM��

gj(x
k + αdk

1 + α2d̂k) =gj(x
k + αdk

1) + α2∇gj(x
k + αdk

1)T d̂k + o(α2)

=gj(x
k) + α∇gj(x

k)T dk
1 + o(α) + o(α2),M α <y6F�oew 3.2 �� gj(x

k + αdk
1 + α2d̂k) ≤ 0.ew 3.1, ew 3.2 �ew 3.3 g��qnQ�`U�kDU�$��E�� {xk} U7a`[ x∗ _`Q�� (1.1) U KKT [�d�M� {xk},

{Bk}, {d
k
0}, {d

k
1}, {λ

k
0}, {λ

k
1} dqQ�(uAF�_��.,0 K1 IQ

xk → x∗, Bk → B∗, dk
0 → d∗0, dk

1 → d∗1, λk
0 → λ∗

0, λk
1 → λ∗

1, k ∈ K1.
 � [18].vX 3.4 :� xk → x∗, Bk → B∗, k ∈ K1, 	 dk
0 → 0, dk

1 → 0, k ∈ K1, k → +∞.
 oew 3.2, �qn2CU_IM� {f(xk)} Q$FM��
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1. M xk+1 ��t{UzkwJZU_I[F�2_I[ xk+1 y�o)% 2, 4 �)% 2, 3, 4 C9�:�_I[ xk+1 Qo)% 2, 4 C9�os_IM� {f(xk)} Q$FM��	�F�_��.,0 K̂1 ⊂ K1 (| K̂1 |= +∞), IQ xk+1 = xk + dk

1 , k ∈ K̂1, O�)% 4 !
Aredk = f(xk + dk

0) − f(xk), k`QO
0 = lim

k∈K̂1

Aredk = lim
k∈K̂1

[f(xk + dk
0) − f(xk)]

= lim
k∈K̂1

[f(xk) + ∇f(ξ̂)T dk
0 − f(xk)] = lim

k∈K̂1

∇f(ξ̂)T dk
0 ≤ 0,'! ξ̂ ∈ (xk, xk + dk

0), x` dk
0 → 0, k ∈ K̂1. r dk

0 → d∗0, k ∈ K̂1, � d∗0 = 0, 2
dk
0 → 0, k ∈ K1.:�I[ xk+1 Qo)% 2, 3, 4 C9���tn	?^���

2. M xk+1 (��t{UzkwJZU_I[F�2_I[ xk+1 o)% 2–6C9�℄2Q xk+1 = xk + αkdk
1 + α2

kd̂k. _IM� {f(xk)} ,k�xK^.kw6℄�dB�o xk → x∗, �
f(xk) → f(x∗), k ∈ K1, k −→ +∞.� x∗ ����q

min ∇f(x∗)T d +
1

2
dT B∗d

s.t. gj(x
∗) + ∇gj(x

∗)T d ≤ 0, j = 1, 2, · · · , m,

‖d‖ ≤ ∆k.

(3.4)&5� d∗0 Q QP ��UkDP�ros B∗ U�`G� d∗0 Q�_P�O�ew 3.1, �
d̃∗ ℄Q�_P�x` d∗1 Q�_P�)% 5 !_� Bk → B∗ (k → +∞) Qe8�`_��dB d̂∗ Q�_P�(�oA d∗0 6= 0, oew 3.2 � f(x) w gj(x) U{NkÆG��

∇f(x∗)T d∗0 < 0, ∇f(x∗)T d∗1 < 0, ∇gj(x
∗)T d∗1 < 0, j ∈ Ω.Eg�� x∗ ��F�)5 αk I αk ≥ α∗ = inf

k
{αk, k ∈ K1} > 0 !9z�x`

0 = lim
k∈K1,k→+∞

(f(xk+1) − max
0<j<m(k)

f[k−j](x
k)) ≤ lim

k∈K1,k→+∞
ναk∇f(xk)T dk

1

≤
1

2
α∗∇f(x∗)T d∗1 < 0,dB dk

1 → 0, k ∈ K1, k → +∞.oqnUO
�g�Oew 3.2, ew 3.4 � d∗0 � (3.4) UP�k`QO:$U3^X~G`w 3.1.



662 f i b P P � 34BX 3.1 <A�B 3.1–3.3 9z�	qn,�q+)"�s QP ��U KKT [�,�2C�.[��IQM� {xk} U�_�`[ x∗ d�1 QP ��U KKT [�
4 C=9kq`YZM℄ 4.1 �f f(x) � gj(x), j = 1, 2, · · · , m iL{NkÆ�M℄ 4.2 � KKT [e (x∗, λ∗) ��iL<y�B�W�#%�B9z�2

λ∗
j − gj(x

∗) > 0, j = 1, 2, · · · , m�
dT∇2

xxL(x∗, λ∗)d > 0, ∀ 0 6= d ∈ {d|∇gj(x
∗)T d = 0, j ∈ Ω}.��<A�B 4.1 � 4.2, k`QO$�3�ew�`w�vX 4.1 {xk} ��X~O x∗, 2 xk → x∗, k → +∞.
 _t��o)% 6 !UZ_�M,�ew 3.2, ��q

0 = lim
k→+∞

(
f(xk+1) − max

0<j<m(k)
f[k−j](x

k)
)
≤ lim

k→+∞
(f(xk+1) − f(xk))

≤ lim
k→+∞

ναk∇f(xk)T dk
1 = lim

k→+∞
ν(1 − ρk)αk∇f(xk)T dk

0 + lim
k→+∞

νρkαk∇f(xk)T d̃k

≤ lim
k→+∞

1

2
να(1 − ρ̂)∇f(xk)T dk

0 + lim
k→+∞

1

2
ναρ̂∇f(xk)T d̃k,	a ρk U(	1��$�y�#-o|��[S 1 M ρk = 1 F�q

0 ≤ lim
k→+∞

ναk∇f(xk)T d̃k ≤ −
1

2
ναω‖d̃k‖ < 0.[S 2 M ρk =

(1−ϑ)∇f(xk)T dk
0

∇f(xk)T (dk
0
−d̃k)

F�q
0 ≤ lim

k→+∞

1

2
να(1 − ρ̂)∇f(xk)T dk

0 + lim
k→+∞

1

2
ναρ̂∇f(xk)T d̃k

≤ lim
k→+∞

1

2
να(1 − ρ̂)∇f(xk)T dk

0

≤ lim
k→+∞

−
1

2
να(1 − ρ̂)ω‖dk

0‖

<0,'! lim
k→+∞

ρk = ρ̂ ∈ (0, 1], α = inf
k
{αk, k ∈ K} > 0, ‖∇f(x)‖ ≤ ω. dB�αk∇f(xk)T dk

1 →

0, αk∇f(xk)T dk
0 → 0, αk∇f(xk)T d̃k → 0, αk‖dk

0‖ → 0, αk‖d1‖ → 0, k → +∞ !9z��_t��o)% 3 ��
∇f(xk)T d̃k = − d̃kT Bkd̃k −

m∑

j=1

λj∇gj(x
k)T d̃k



4& s #�d}C�&VK�_l&RvJ℄iB>ry -SQP nk 663

= − d̃kT Bkd̃k +
m∑

j=1

λ2
j

θ̂kj

gj(x
k) +

m∑

j=1

λj‖dk
0‖

δ

θ̂kj

−
m∑

j=1

λj∇gj(x
k)T dk

0

θ̂kj

= − d̃kT Bkd̃k +
m∑

j=1

(λj + λ2
j)

θ̂kj

gj(x
k) −

m∑

j=1

λj [gj(x
k) + ∇gj(x

k)T dk
0 + o(‖dk

0‖)]

θ̂kj

≤− m‖d̃k‖2 +

m∑

j=1

(λj + λ2
j)

θ̂kj

gj(x
k) −

m∑

j=1

λj [gj(x
k) + ∇gj(x

k)T dk
0 + o(‖dk

0‖)]

θ̂kj

,Eg�
lim

k→+∞
αk∇f(xk)T dk

1 = lim
k→+∞

(1 − ρk)αk∇f(xk)T dk
0 + lim

k→+∞
ρkαk∇f(xk)T d̃k.	a ρk U(	1�-o�y$��#-o|��[S 1 M ρk = 1 F�

0 = lim
k→+∞

αk∇f(xk)T dk
1

= lim
k→+∞

(1 − ρk)αk∇f(xk)T dk
0 + lim

k→+∞
ρkαk∇f(xk)T d̃k

≤ lim
k→+∞

αk∇f(xk)T d̃k

= lim
k→+∞

αk

[
− d̃kT Bkd̃k +

λ2
jgj(x

k)

θ̂kj

−
λj∇gj(x

k)T dk
0

θ̂kj

+
λj‖dk

0‖
δ

θ̂kj

]

≤ lim
k→+∞

αk

{
− m‖d̃k‖2 +

m∑

j=1

(λj + λ2
j )

θ̂kj

gj(x
k) −

m∑

j=1

λj [gj(x
k) + ∇gj(x

k)T dk
0 + o(‖dk

0‖)]

θ̂kj

}

≤0.[S 2 M ρk =
(1−ϑ)∇f(xk)T dk

0

∇f(xk)T (dk
0
−d̃k)

F���q
0 = lim

k→+∞
αk∇f(xk)T dk

1

= lim
k→+∞

(1 − ρk)αk∇f(xk)T dk
0 + lim

k→+∞
ρkαk∇f(xk)T d̃k

≤ lim
k→+∞

αkϑ∇f(xk)T dk
0 < 0.o xk+1 = xk + αkdk

1 + α2
kd̂k ", ‖d̂k‖ ≤ ‖dk

1‖ q�
‖xk+1 − xk‖ =‖αkdk

1 + α2
kd̂k‖ = ‖αk(1 − ρk)dk

0 + α2
kρkdk

1 + α2
kd̂k‖

≤αk‖d
k
0‖ + αk‖d

k
1‖ + α2

k‖d̂
k‖

≤αk‖d
k
0‖ + αk‖d

k
1‖ + 2αk‖d

k
1‖ → 0,�� xk → x∗, k → +∞.vX 4.2 90� Ωk = {j|gj(x

k) + ∇gj(x
k)T dk

0 = 0}, 	M k <yHF�q
Ωk = Ω, lim

k→∞
dk
0 = 0, lim

k→∞
λk

0 = λ∗
0, lim

k→∞
d̃k = 0, lim

k→∞
λ̃k = λ̃∗.
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 � [18].vX 4.3 M k <yHF�q
‖dk

0‖ ∼ ‖d̃k‖ ∼ ‖dk
1‖,g,

‖d̂k‖ = O(‖dk
1‖).
 	aqny�#-oqg��_t��oqnU)% 2, 4, 7 �� ‖dk

0‖ ∼ ‖dk
1‖ &5��_t��oqnU)% 3, 4, 7 ��

gj(x
k + dk

0) = gj(x
k) + ∇gj(x

k)T dk
0 + O(‖dk

0‖
2) = O(‖dk

0‖
2), j ∈ Ω,",�

θ̂kj
∇gj(x

k)T d̃k = −‖dk
0‖

δ − gj(x
k + dk

0) = O(‖dk
0‖

2) = ‖d̃k‖,	q ‖d̃k‖ ∼ ‖dk
0‖. ros dk

1 = (1 − ρk)dk
0 + ρkd̃k, Eg� ‖dk

0‖ ∼ ‖d̃k‖ ∼ ‖dk
1‖ 9z�$��� ‖d̂k‖ = O(‖dk

1‖). visZi#-o�
gj(x

k + dk
1) =gj(x

k) + ∇gj(x
k)T dk

1 + O(‖dk
1‖

2)

=gj(x
k) + (1 − ρk)∇gj(x

k)T dk
0 + ρk∇gj(x

k)T d̃k + O(‖dk
1‖),Eg�

‖gj(x
k + dk

1)‖ = O(‖dk
0‖) + O(‖dk

1‖) + o(‖dk
1‖

2) = O(‖dk
1‖).r ∇gj(x

k)T d̂k = −‖dk
1‖

τ − gj(x
k + dk

1), '! τ ∈ (2, 3), �q ‖d̂k‖ = −‖dk
1‖

τ + O(‖dk
1‖),O�9z�$���M k <yHF�)% 6 !xK^.kw!U)5!� 1. 	a?^ew��5:$<A�M℄ 4.3 _�M� {Bk} ℄�1

‖Pk(Bk −∇2
xxL(xk, λk)dk

1‖ = o(‖dk
1‖),'!

∇2
xxL(xk, λk) = ∇2

xxf(xk) +
∑

j∈Ω

λk
j∇

2
xxgj(x

k),

Pk = In − Ak(AT
k Ak)−1AT

k , Ak = (∇gj(x
k), j ∈ Ω).vX 4.4 M k <yHF�)5!� 1, 2 αk ≡ 1, xk+1 = xk + dk

1 + d̂k.
 Y%��)5 αk ≡ 1  �IQqnQS`U�y�#-og�[S 1 M j ∈ Ωk\Ω F�os d̂k → 0, dk
1 → 0, k → ∞, , xk → x∗, k → ∞, �q

lim
k→∞

gj(x
k + dk

1 + d̂k) = lim
k→∞

gj(x
∗) < 0,



4& s #�d}C�&VK�_l&RvJ℄iB>ry -SQP nk 665Eg αk ≡ 1, ��#-o$qn0QkDU�[S 2 M j ∈ Ω F�� xk + dk
1 �e gj(x

k + dk
1 + d̂k) xkyu
eq

gj(x
k + dk

1 + d̂k) =gj(x
k + dk

1) + ∇gj(x
k + dk

1)T d̂k + O(‖d̂k‖2)

=gj(x
k + dk

1) + ∇gj(x
k)T d̂k + dkT

1 ∇2
xxgj(x

k)d̂k + O(‖d̂k‖2)

=gj(x
k + dk

1) + ∇gj(x
k)T d̂k + O(‖dk

1‖
2),rosqn! Q̃P ��

∇gj(x
k)T d̂k = −gj(x

k + dk
1) − ‖dk

1‖
τ , j ∈ Ω,I;?Mq

gj(x
k + dk

1 + d̂k) = −‖dk
1‖

τ + O(‖dk
1‖

2).d� τ ∈ (2, 3) �� gj(x
k + dk

1 + d̂k) ≤ 0, j ∈ Ω !9z�E-o 1 �-o 2 ��qn�
αk ≡ 1 IQqnQS`U�'D���K�)5e���f f(x) bq<y$FG�

s ,f(xk + dk
1 + d̂k) − max

0≤j≤m(k)
f[k−j](x

k) − ν∇f(xk)T dk
1

≤f(xk + dk
1 + d̂k) − f(xk) − ν∇f(xk)T dk

1 ,

=f(xk) + ∇f(xk)T (dk
1 + d̂k) +

1

2
(dk

1 + d̂k)T∇2
xxf(xk)(dk

1 + d̂k) − f(xk)

− ν∇f(xk)T dk
1 + o(‖dk

1 + d̂k‖2)

=∇f(xk)T (dk
1 + d̂k) +

1

2
dkT
1 ∇2

xxf(xk)dk
1 +

1

2
d̂kT∇2

xxf(xk)d̂k

− ν∇f(xk)T dk
1 + dkT

1 ∇2
xxf(xk)d̂k + o(‖dk

1‖
2)

=∇f(xk)T (dk
1 + d̂k) +

1

2
dkT
1 ∇2

xxf(xk)dk
1 − ν∇f(xk)T dk

1 + o(‖dk
1‖

2).ros
∇f(xk)T dk

1 = (1 − ρk)∇f(xk)T dk
0 + ρk∇f(xk)T d̃k

=(1 − ρk)
(
− dkT

0 Bkdk
0 −

m∑

j=1

λk
0j
∇gj(x

k)T dk
0

)
+ ρk

(
− d̃kT Bkd̃k −

m∑

j=1

λk
1j
∇gj(x

k)T d̃k
)
.$�	a ρk U(	1��y�#-o|��[S 1 M ρk = 1 F�2 ∇f(xk)T d̃k ≤ ϑ∇f(xk)T dk

0 q
∇f(xk)T dk

1 = − dkT
0 Bkdk

0 − d̃kT Bkd̃k −
m∑

j=1

λk
0j
∇gj(x

k)T dk
0 −

m∑

j=1

λk
1j
∇gj(x

k)T d̃k + o(‖dk
1‖

2)

= − dkT
1 Bkdk

1 +
∑

j∈Ω

λk
j gj(x

k) + o(‖dk
1‖

2), j ∈ Ω.
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(1−ϑ)∇f(xk)T dk

0

∇f(xk)T (dk
0
−d̃k)

F�2 ∇f(xk)T d̃k > ϑ∇f(xk)T dk
0 , q

∇f(xk)T dk
1

= − dkT
0 Bkdk

0 − d̃kT Bkd̃k + d̃kT Bkd̃k −
m∑

j=1

λk
0j
∇gj(x

k)T dk
0

+
(1 − ϑ)∇f(xk)T dk

0

∇f(xk)T (dk
0 − d̃k)

[
− dkT

0 Bkdk
0 +

m∑

j=1

λk
1j
∇gj(x

k)T dk
0

]

≤− dkT
1 Bkdk

1 −
m∑

j=1

λk
0j
∇gj(x

k)T dk
0 −

m∑

j=1

λk
1j
∇gj(x

k)T dk
0 + o(‖dk

1‖
2), j ∈ Ω

= − dkT
1 Bkdk

1 +
∑

j∈Ω

λk
j gj(x

k) + o(‖dk
1‖

2), j ∈ Ω� ∇f(xk)T d̂k = −d̂kT Bkd̂k +
m∑

j=1

λ̂k
j gj(x

k + dk
1) + o(‖dk

1‖
2), j ∈ Ω. rd�

∇f(xk)T (dk
1 + d̂k)

= − dkT
1 Bkdk

1 +
∑

j∈Ω

λk
j gj(x

k) − d̂kT Bkd̂k +
∑

j∈Ω

λ̂k
j gj(x

k + dk
1) + o(‖dk

1‖
2)

≤− dkT
1 Bkdk

1 +
∑

j∈Ω

λ̂k
j∇gj(x

k)T (dk
1 + d̂k) + o(‖dk

1‖
2), j ∈ Ω.Eg

gj(x
k + dk

1 + d̂k) = gj(x
k) + ∇gj(x

k)T (dk
1 + d̂k) +

1

2
dkT
1 ∇2

xxgj(x
k)dk

1 + o(‖dk
1‖).�

−
∑

j∈Ω

λk
j∇gj(x

k)T (dk
1 + d̂k) =

∑

j∈Ω

λk
j gj(x

k) +
1

2
dkT
1

( ∑

j∈Ω

λk
j∇

2
xxgj(x

k)
)

dk
1 + o

(
‖dk

1‖
2
)
.��q

s ,f(xk + dk
1 + d̂k) − max

0≤j≤m(k)
f[k−j](x

k) − ν∇f(xk)T dk
1

≤f(xk + dk
1 + d̂k) − f(xk) − ν∇f(xk)T dk

1 ,

≤− dkT
1 Bkdk

1 −
∑

j∈Ω

λk
j∇gj(x

k)T (dk
1 + d̂k) +

1

2
dkT
1 ∇2

xxf(xk)dk
1 − ν∇f(xk)T dk

1

= − dkT
1 Bkdk

1 +
∑

j∈Ω

λk
j gj(x

k) +
1

2
dkT
1

( ∑

j∈Ω

λk
j∇

2
xxgj(x

k)
)
dk
1

+
1

2
dkT
1 ∇2

xxf(xk)dk
1 + νdkT

1 Bkdk
1 − ν

∑

j∈Ω

λk
j gj(x

k) + o(‖dk
1‖

2)

=(ν − 1)dkT
1 Bkdk

1 + (1 − ν)
∑

j∈Ω

λk
j gj(x

k)
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+
1

2
dkT
1

( ∑

j∈Ω

λk
j∇

2
xxgj(x

k) + ∇2
xxf(xk)

)
dk
1 + o(‖dk

1‖
2)

=(ν − 1)dkT
1 Bkdk

1 +
1

2
dkT
1 ∇2

xxL(xk, λk)dk
1 + (1 − ν)

∑

j∈Ω

λk
j gj(x

k) + o(‖dk
1‖

2)

=
(
ν −

1

2

)
dkT
1 Bkdk

1 −
1

2
dkT
1 Bkdk

1 +
1

2
dkT
1 ∇2

xxL(xk, λk)dk
1

+ (1 − ν)
∑

j∈Ω

λk
j gj(x

k) + o(‖dk
1‖

2).9 A∗ = (∇gj(x
∗), j ∈ Ω), P∗ = In − A∗(A

T
∗ A∗)

−1AT
∗ , 	 Pk → P∗.	 dk

1 = P∗d
k
1 + yk, yk = A∗(A

T
∗ A∗)

−1AT
∗ dk

1 , Eg Ωk = Ω, q
yk = A∗(A

T
∗ A∗)

−1(A∗ − Ak)T dk
1 + A∗(A

T
∗ A∗)

−1AT
∗ dk

1 ,�q ‖yk‖ = o(‖dk
1‖) + O(‖dk

1‖
2), dB

s ≤
(
ν −

1

2

)
m‖dk

1‖
2 +

1

2
(dkT

1 P∗ + yT
k )(∇2

xxL(xk, λk) − Bk)dk
1

+ (1 − ν)
∑

j∈Ω

λk
j gj(x

k) + o(‖dk
1‖

2)

=
(
ν −

1

2

)
m‖dk

1‖
2 + (1 − ν)

∑

j∈Ω

λk
j gj(x

k) + o(‖dk
1‖

2) + o(‖dk
1‖) + O(‖dk

1‖
2) ≤ 0.O�?^�#-o�O�9z��oew 4.2 �ew 4.3 kQO:$X~G`w�BX 4.4 qnQ7.GX~U�2

‖xk+1 − x∗‖ = o(‖xk − x∗‖).

5 b}_sxkf�/U�f:$
1. ~��Qkqg� Maratos :h2CUy,

min f(x) = x2
1 + x2

2

s.t. g(x) = −(x1 + 1)2 − x2
2 + 4 ≤ 0.=J[ x0 = (4, 2) �4n�� f(x∗) = 1.

2. ~��Qkq/UqnUy,
min f0(x) = (1 − x1)

2 − 10(x2 − x1)
2 + x2

1 − 2x1x2 + e−x1−x2

s.t. g1(x) = x2
1 + x2

2 − 16 ≤ 0,

g2(x) = 2 − x1 − x2 ≤ 0,

g3(x) = (x2 − x1)
2 + x1 − 6 ≤ 0.



668 f i b P P � 34=J[ x0 = (2, 3), 4n�� f(x∗) = −947.5255.

3. /U�f�
min f(x) =

10∑

j=1

(ln2(xj − 2) + ln2(10 − xj)) −
( 10∏

j=1

xj

)0.2

s.t. 2.001 ≤ xj ≤ 9.999, j = 1, 2, · · · , 10.4n�� f(x∗) = −45.77846971.?�U�f� Matlab 7.1 )X$�DG(� CPU ��} (R), 2.19GHz, 1G �F�;MI�� Matlab xZ�/U�f 1 U=J[ x0 � (4, 2) � (20, 10), /U�f 2 U=J[ x0 � (2, 3) � (2.5, 2.5) /U�f 3 U=J[ x0 w [18] 0	�xq/U�fUW\/� e = 10−8, 0hU-fO1w�*0	�k P I�/U�f� NTR I�qn
2.2 U_IDf� NRk I� QP ,��_IDf� Ndk �N(�1,��UDf� SI�_IF=�CPU U�DF=K����E I��0�MINF ����fU4"�f�� x∗ �4n[� − I��*!�q�?b�Ufa�;M�DO��$� 1.ef�O�SDg��w P 0ehUf.!� 1, 2 I�Z_�/U�fx1(	U/U=J[QOUO�� 3, 4 I�Zi�/U�fx1(	U/U=J[QOUO�� 5 I�/U�f=U/UO�� 1[13] , 2[13], 3[18] y�I��*!Uf�/UO��E$�f�O��I� 1 !���k`Q?�qn 2.2 QkDU�q:U�E CPU U�DF=qf�xqO�b���kJZUF=�G(�qnÆe0	U�f�0	U=J[���_IDf� CPUF=k`f?�qn 2.2Qns�*!UqnU�� 1g��!ekDG�B��Vu6℄:����?�� Q̃P � QP ,��U8qDf����8q:�� 6 1 ol 2.2 u�)ol�HSd�N�

P NTR NRk Ndk S x∗ MINF E

1 5 4 1 2 (1.0000000031, 0) 1.000000 7.251334e − 016

2 54 50 4 8 (1.0000000033, 0) 1.000000 7.450580e − 009

3 580 578 2 38 (3.50365456, 1.92125879) −947.5255 10−8

4 957 948 9 44 (3.50365965, 1.92125478) −947.5255 10−8

5 377 369 8 20 9.3502659921 ∗ (1, 1, · · ·, 1) −45.778469 10−8

1[13]
− − − − (1.000000, 0.000000) 1.000000 10−6

2[13]
− − − − (3.505484, 1.926496) −947.5255 10−6

3[18] 500 474 26 40 9.3502658401 ∗ (1, 1, · · ·, 1) −45.778469 10−88 P h j
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Abstract In this paper, inequality constrained programming problems are discussed, based

on a combination technique of a trust region method and an SQP method, a new feasible

algorithm is proposed. A “compression” technique is used such that search direction is feasi-

ble for QP subproblem. We use high order revised direction to avoid Marotos effect. Under

some suitable conditions, the global and superlinear convergence can be induced.
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