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�/I��kOY�V^hohj Dixon �E�
 603,�1.!jKg�� R(x) − ẽ(x) ifo;��aljg C̃(x). qjl[bHCKt
2,l-T��W�	2GrWD	2G�$�xlAOK-T1.(Wjl�k	2Gr��'�5l+?�X{���?�W�SWDl�*J�Cm���$�x�N	U23��*J5�l Gröbner kKg G[% [3−7]. O�
Gröbner k��(Wj!qj[bk�U�ul�u
 (1) !jHCR�n�!j	2G�;�:?	2G:?�tj	2G$:?	2Gl:?K.R�!j�x;k6sK.?�l��Szh�x� (2) qj�x*K8�}H5���H�*J^\�Cml��	2G �:?K.gwPl Gröbner k�/�5�l6���p;k���*J^\�C�
XA&(Wjqj�S$Lb��W�l-\�"Z:(qj�C)}H5�ifW�SWDl_$��C� [11] 	3U,U�
g�3�$�v;l�� Gzh�S$��o�W���8n��k	2GK�
 0. /
 0, *^x�Q\.=��+�(W��*��8� i(i S 1 5D) �W��:(qj�Cm)zh�}	2GK.l Gröbner k�-F Gröbner kn� 1, ^x�A|W�\+!�"Z�$PkK5�8� i + 1 �W��WA:(�Czh Gröbner k�3`"��CH Gröbnerk+
 1 
F�^xqj�C��tW�T$�P?�Gröbner kR?�W�$�l_$�	2G*KW�	2G�$$�v;�R�Lb+�rzhgwPl Gröbner k) G���uP�$��i";kqj�`K;d�p�t'K���(W�S��l(Wj�u
ka$�l+	$��lqj;d�E\J�p�7bf�G��K�*J^\�Cml*;��4/�$��i��^\5i�xnl[% [8]. ��vHXk� Dixon�GKgl(Wjqj����Qf\.Z�1.jl:?	2GSpl���np J(C) ifo[(W�S?l�kG,:)zh$,:lNifW�-\�"Z�1.��lW�-\)O��k	2GSW�rWDl? :(qj�C�oZ�O� Dixon�G�?5�qj�CRl	-$�if?�W�l_$�	2G����C�1.W�\:(qj�C�+Lb8/l��Z-v;$��℄��zh�G+Lb��$�lP�GLy6g-$�ts
4\LKt;�S Gröbner kqj��+��$��$zhHC�_�2A���?�$zhHCR�+Lb	�kGn4\s
$�LK��?�qjlzh" �e� Gröbner k��p�
2 Dixon ��%$ 1779��Bezout*NQXg-zhU-_$�	2G�Gl���Dixon $
1908 �	��Bf1-�$l	2G � [9]. $��}HZ,w. k -r�	2GR$�lA$��	 Dixon �Glzh���Bf k + 1 - k $�	2G ��g�	2G �l Dixon �Gl<-zhHC [9] -"�/� k + 1 - k $�	2Gm PS:
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PS :






p1(x1, x2, · · · , xk),

p2(x1, x2, · · · , xk),

...

pk+1(x1, x2, · · · , xk).

(1)8 α1, α2, · · · , αk K k -A$��*-"GZG

△(x1, · · · , xk, α1, · · · , αk) =

∣∣∣∣∣∣∣∣∣∣

p1(x1, x2, · · · , xk) · · · pk+1(x1, x2, · · · , xk)

p1(α1, x2, · · · , xk) · · · pk+1(α1, x2, · · · , xk)
...

...
...

p1(α1, α2, · · · , αk) · · · pk+1(α1, α2, · · · , αk)

∣∣∣∣∣∣∣∣∣∣

(2)K?� x, α l	2G�)�b xi = αi ?�
△(x1, · · · , xk, α1, · · · , αk) = 0.3^x (x1 − α1)(x2 − α2) · · · (xk − αk) K △(x1, · · · , xk, α1, · · · , αk) lue�<

δ(x1, · · · , xk, α1, · · · , αk) =
△(x1, · · · , xk, α1, · · · , αk)

(x1 − α1)(x2 − α2) · · · (xk − αk)
(3)Kg-	2G�)>B
 p1, p2, · · · , pk+1 l Dixon 	2G��0 1 GZG △(x1, · · · , xk, α1, · · · , αk) l�dE?l�},:
 Cancellation ,:�	 Dixon 	2G6q α1, α2, · · · , αk l	2G�88� m 2�)	 α1, α2, · · · , αk l.+�snl \{


ci(x1, x2, · · · , xk), i = 1, 2, · · · , m.pK?� x1, x2, · · · , xk l	2G�>B
 p1 = 0, p2 = 0, · · · , pk+1 = 0 l Dixon 
H�Cm�l����Cml���K Dixon 
H�Cml��$
H�CmR���RH&l?�$� (x1, x2, · · · , xk) ln�snÆgwP (h�sP) �[f7=

 en, · · · , e2, e1. 	 Dixon 
H�Cm*;k=
%`EG

D ·




en

...

e2

e1


 =




0
...

0

0


 , (4)�R� D K Dixon 
H�Cm?�sn en, · · · , e2, e1 l m × n � \,:�>
	2Gm p1, p2, · · ·, pk+1 l Dixon ,:�{
 DM.b Dixon ,:K�
rl�:?�plGZG>
 PS l Dixon �G�-F Dixon,:
rh��?���if?�$�l��C�
C Dixon �GlC�Tf'L�
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�/I��kOY�V^hohj Dixon �E�
 605_`n%vHXzhBn Dixon �Gl KSY ���)�xGb Dixon ,:R�gZ+�&H?�pZl*JmU�*;kSR.Hplg-o[�
rle,:�plGZG*;ks
 Dixon�G [9,10]. 3-{�$[	\��"K;kljl�p[[C,X
Dixon�GlC��	�O� Dixon�GKg;k�?5��*J�Cml	-$���?��G/�WblJO�tb	2G �lo*R\2l \+
 0 ?�3 n + 1- n $�	2G/�78[vl�b{�K�Gn� 0.O��G�	2G�Cm GLK?�b��C-\�$�	g-�
qjHCK� n - n $�	2G�C:?l�Cm�;k	�Rg-$�y6ÆD�ts
4\LK�S
:?!Ub�l ��Lb^xlK�u^	2G �n� 0, t;:?�Cm�	2G �l[v*K�Cml��uP�ZuOWR+!��	2G �S�Cm�
3 �z�|1��x�)!j\.Maf�Q�BZ��Q��M=�re"�Dl\.�tqjHC�qjlAO*K���*J^\�Cm���+��if+�lqjh���8 C K
[n, k, d] W`j�:?	2G
 g(x), Fqe K Fq lC�� n = qe − 1, ��K g(x) ln�1� α ∈ Fqe K n R_���1��0 2 g-<\l<� Zn lep J >
�np (defining set), -F

C =
{
c(X) ∈ F/(Xn − 1)| ��n�l j ∈ J � c(αj) = 0

}
.�?�j C l���np (complete defining set) J(C) �n



J(C) =
{
j ∈ Zn | ��n�l c ∈ C Ci c(αj) = 0 ?Q}

./ C l�np
 J = {j1, j2, · · · , jr}, C �8℄,:
H =




1 αj1 α2j1 · · · α(n−1)j1

1 αj2 α2j2 · · · α(n−1)j2

...
...

...
. . .

...

1 αjr α2jr · · · α(n−1)jr


 ./�aljg C(x) = q(x)g(x), �Ql n W
 R(x) = C(x) + e(x). �8W��` e(x) = en−1x

n−1 + en−2x
n−2 + · · · e1x + e0, /Cg:: t -W��* e(x) = Ytx

lt +

Yt−1x
lt−1 + · · · + Y1x

l1 .��kGl�n;A
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s =HeT = HRT =




1 αj1 α2j1 · · · α(n−1)j1

1 αj2 α2j2 · · · α(n−1)j2

...
...

...
. . .

...

1 αjr α2jr · · · α(n−1)jr







0
...

Y1
...

Yt

...




=




Y1(α
j1 )li1 + Y2(α

j1 )li2 + · · · + Yt(α
j1 )lit

Y1(α
j2 )li1 + Y2(α

j2 )li2 + · · · + Yt(α
j2 )lit

...

Y1(α
jr )li1 + Y2(α

jr )li2 + · · · + Yt(α
jr )lit




=




s1

s2
...

sr


 . (5)^ xi = αji , * s =

t∑
i=1

Yix
j
i , j = 1, · · · , r. !1.�'�lt;�� Y q

m = Ym, m =

1, · · · , m = 1, · · · , t. �?���'W` Kg;A
 xn−1
i = 1, i = 1, · · · , t.hU5Wsgif	2G�Cm-" [3,12]:





fj =

t∑

i=1

Yix
j
i − sj, j = 1, · · · , r,

hm = Y q
m − Ym, m = 1, · · · , t,

gm = xn−1
i − 1, i = 1, · · · , t.

(6)�R� xi &HW��K� Yi &HW��KlD�$� LjR���W��`RW��KlD
 1, Yi +!
$V�3`�*Jjlqj�xoT^℄
	2G �l���x�O� Dixon �GzhW�	2G?�;kSG (6) Q)-��C:?$�S�C-\+nl�Cm����Cs
�X{�k�℄zh�uW��\K�'l�uP$�Cm�l-\K�'l�uP��Cm�}l	2G �g�K[Æ	2G ��zhH xi S Yi lDBZ�";AgW��KrW��KlD�.P�ifW��` e. "Z�1. c = R − e if=�lqj�
4 1�| Dixon ����
4.1 {'	"~Æ#�ulqj��K$���Q\.RW�-\iAl��"�̀ K�A|qjHCRW�l-\K�Al� [11] 3�$�v;l���zh?��8W��\
 i (;kS
1 5D), .P:(qj�C)O� Gröbner kzh�3� Gröbner  GW`jl/yqjh�;4� [11]. -F�8lW��\SA|�\+gI�qj�C��� Gröbnerk�-3}lJO�^\�C��lD��b{�Kp�}	2G �l:?K.l
Gröbner k
 〈1〉. 3`�Zg+��8lW��\CH Gröbner k+
 〈1〉 *;ifW�	2G��Ge�G`lJO�;k$/W�-\):(�C"Zzh�Gl�� 
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�/I��kOY�V^hohj Dixon �E�
 607GLK�;K��"zh�GKg-�;M?lHC�
�2$�x�$qjB�S$zhW�-\���W�BZ:(qj�C�3`�GLzhgR�G*;ifW�	2G�u
pU(WjlJ�KiAl�nk$jlo[(W\K��l�+�8(W�S
 t. "Z�1. t S�Tfl\.zh�kG,:



sm0+t−1 sm0+t−2 · · · sm0

sm0+t sm0+t−1 · · · sm1

...
...

. . .
...

sm0+2t−2 sm0+2t−1 · · · sm0+t−1




, (7)�R�m0 
 J(c) Rlo7D�;k�x�b4=W�\7� t ?$,:�lN [2]. ℄g�u�MUHCR%$�	6�W
���A�P?��8� v -W��/ v < t, G
(6)Rtg-�Cp7
 v∑

m=1
YmXj

m. 1.�kGl�n�%"nG+�?Q�<�C����� 1[11] ���Q\. R �: t -W�� t ≤ (d − 1)/2, }mb v < t ? �
S(s, v) $ Fqe 5���b v = t ?�+7bKbJ�*��g��}ao7WVlW�3Vlj�kG�C�-F v > t, }m��pg- j,  ��� X1 = αj .1.$�KS Dixon �GlJO;kif-"�g�&� 8�Q\.R� t �W��`$��HCR��� v �W��/ v < t *G
(6) l Dixon �G
g+n� 0 l;\�G� v ≥ t ?� Dixon �G1K?�W��K$� Xi l	2G�$�gl?QK%"l�u
b	2G ��[v?��Gn�g-;\D�`K�℄g�u�8lW�-\ v > t ?�C(g���P?;�(?qjW��3��KKg5l;��u
A|qjR��q'
�QjmRlW�-\+g=H(Wjl(W�S�1.$�gG����QjmRlW�\K�XfX(W�S�̀ K�A|�Q\.RlW�\Kkml�uP�o
?Bl�xK�Q\.Rfq�	6�W��-T*;r��W�-\r��K�;k�
HW��\S,: (6) �-"? 
�� 2 b(WjRlW�\7�8zl(W�S?��kG,: (7) lN*K�Q\.RW�l-\�b�Q\.R� t �W�?�,:
lN,:�N t n�W��\�[b�xW�7�(W�S?l���S �8�Q\.R� i (i < t) �W���'K x1, x2, · · · , xi. -F3 i �o�$gÆ�zh?;k}H�b	�h�f� i ��3`� i �BZl xm (m > i) 4
 0, $PB�l2�+
 0.u+Ag�Q\.lW��\��8�RlW��\Xf(W�S t. ��,:&gGR�[�dl-\ i < t, 1.*J^\l+?ABCi,:
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F =




1 1 · · · 1

x1 x2 · · · xt

· · · · · ·
. . . · · ·

xt−1
1 xt−1

2 · · · xt−1
t



→




1 1 · · · 1

x1 x2 · · · xi

· · · · · · · · · · · ·

xi−1
1 xx−1

2 · · · xi−1
i

0

0


nG� &Hg-p5Æ i × i �d+
 0, ���d
 0 l,:� g,�




1 1 · · · 1

x1 x2 · · · xt

...
...

. . .
...

xt−1
1 xt−1

2 · · · xt−1
t







Y1x
m0

1

Y2x
m0

2

. . .

Ytx
m0

t




·




1 x1 · · · xt−1
1

1 x2 · · · xt−1
2

...
...

. . .
...

1 xt · · · xt−1
t




−→




1 1 · · · 1

x1 x2 · · · xi

...
...

...
...

xi−1
1 xx−1

2 · · · xi−1
i

0

0







Y1x
m0

1

Y2x
m0

2

. . .

Yix
m0

i

0




·




1 x1 · · · xi−1
1

1 x2 · · · xi−1
2

...
...

...
...

1 xi · · · xi−1
i

0

0




−→




i∑
m=1

Ymxm0

m

i∑
m=1

Ymxm0+1
m · · ·

i∑
m=1

Ymxm0+m−1
m

i∑
m=1

Ymxm0+1
m

i∑
m=1

Ymxm0+2
m · · ·

i∑
m=1

Ymxm0+i
m

...
...

...
...

i∑
m=1

Ymxm0+m−1
m

i∑
m=1

Ymxm0+m
m · · ·

i∑
m=1

Ymxm0+2m−1
m

0

0




.
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�/I��kOY�V^hohj Dixon �E�
 609^oZni,:
 Mi, 1.*J^\lAB;i Mi lN+g[� i. ℄g�u�Mi p5Æl i × i e,:�
� i �W�?zhW��K?l,:�b� i �W��+7bKbJ?�Cm��g��nk�5We,:lNG�K i.℄���G (5) ;A
sm0+l =

i∑

m=1

Ymxm0+l−1
m .uP�,: Mi *KG (7)  GEn$bifl�<�Ki��O�$�K��q+�!3�$�v;l��
K}Hzh,:lN*;kC����QjmRW�l-\�

4.2 {'8~Æ#��W�-\BZ�1.G (6);kif?�W��KS�kG? l^\�C�"Z�O� Dixon �G$�'�5 G5�if&gW��K$�l	2GtW�	2G�"ugW Dixon �GzhW�	2Gl,!HC�8 q �W`j��:?	2Gifj�l�np
 {j1, j2, · · · , jr}, �QjmR� i�W���'K x1, · · · , xi, +}lW�D�'K y1, · · · , yi, �k	2G
 s1, · · · , si. 1.G (6) if	2G ���Rlt1-� gm s
�X{�C���Qjm��BZ�1.G (5) zhH sk (1 ≤ k ≤ i), < sk $	2G �RGK4\�
$�K xk, yk. %"�<- �� 2i -K� 2i $�l�*J�C:?�Cm�g�u�Dixon �GL��[% n + 1 - n $�:?l	2G �l1� \B�l? �℄g�u�qj�CLb G5�)S$ifg-K�_$�l�C�$qjHCR�Lb	g-?�W��Kl$�M
4\�G (6) ^b
 2i -K� 2i− 1 $�l�Cm�u
�Cm (6) ?�$�K�>l�y6&g$�+g&$zhW��Kl�F�nk�;k	&Tg-$�s
4\LK�+�	 xi 6q4\�
XS4=l4\ s1···i +�'�> xi 
y64\�1. Dixon �Gl:(HC5D:(�G�S$zh ∆ S δ.

△(x1···i−1, y1···i, α1···i−1, β1···i)

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

f1(x1···i−1, y1···i) · · · fi(x1···i−1, y1···i) h1(y1) · · · hi(yi)

f1(α1, x2···i−1, y1···i) · · · fi(α1, x2···i−1, y1···i) h1(y1) · · · hi(yi)
...

...
...

...
...

...

f1(α1···i−1, y1···i) · · · fi(α1···i−1, y1···i) h1(y1) · · · hi(yi)

f1(α1···i−1, β1, y2···i) · · · fi(α1···i−1, β1, y2···i) h1(β1) · · · hi(yi)
...

...
...

...
...

...

f1(α1···i−1, β1···i) · · · fi(α1···i−1, β1···i) h1(β1) · · · hi(βi)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. (8)

�� xi, s1···i K4\�<�$ f1···i &HHD�5GJk i−1∏
k=1

(xk −αk)
i∏

k=1

(yi − βi) if δ. 	 δ 6q?� α1···i−1, β1···i l	2G�*/�"WEG
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δ =

m∑

k=0

ck(x1···i−1, y1···i)α
dk1

1 · · ·α
dki−1

i−1 β
ek1

1 · · ·β
eki

i ,�R� m = (2i)!
∏

j=1···i−1

deg (xj)
∏

l=1···i

deg(yl), ck(x1···i−1, y1···i) &H	2Gl \�u
 f, g K�4\ s1···i S xi, nk ck Re�3<4\�7b \2 ck(x1···i−1, y1···i),	�WA6qW�SWD$� x1···i−1, y1···il	2G�
ck 	;k&H



ck(x1···i−1, y1···i) =
∑

k

c′k(xi, s1···i)x
d′

k1

1 · · ·x
d′

ki−1

i−1 y
e′

k1

1 · · · ye′

ki .

∑ "% k &H i−1∑
j=1

d′kj
+

i∑
j=1

e′kj
= k. 3`� ck(x1···i−1, y1···i) K?� x1···i−1, y1···i l	2G� ck Rl.- \2 c′k eK	2G�`K� c′k K?� xi, s1···i l	2G�n� ck Rl c′k Æ1G (4) :?,:�zh$,:GZGlDif Dixon �G eloc. %"� eloc K?� xi, s1···i l	2G�u
 xi Ky64\� s1···i 
4=4\��P��qif?�W��Kl_$�	2G�1.�GKg�^ eloc n� 0 )��;ifW��K�℄"EH�u!qjK$�'�5 G�C� Chien
m;k?e.f�Cl�ifW��K�; 1 SEG56�bifn� i -W��KLbzh i R Dixon �Ghif?�W�l1ÆD�Cm�A|5�zhgR Dixon �Gt;ifn�W��-F�Qjm� i -W��ifl Dixon �GKg-?�&g$� xk l i R	2G���$	2G;if i -[v�tW��K�+7bKbJ��Cm (6) l�K
gl�; 2 $:(W��Kl Dixon �G?��? Dixon ,:
rh���3U���AT$�P?;�$,:lo[�
reGq
 Dixon �G�+?Kg;4� [11].hU5W���ifW`(Wjlqjh�

#� 1U.
�Qfl\. y.UH
=�ljg C.,X


1. zh s = yHT .

2. /��n� j ∈ J � sj = 0 * y *K=�ljg�UH)�XCP��*�O��k	2G:(,: (7))zh,:lN (�'�) ��W�-\ v.

3. ^ PS = fj ∪ hm, k = 1, · · · , v..

4. $ PS Ry6$� xv, :( Dixon �G eloc.

5. O� Chien 
m�if eloc R xv l��HW��K e1, e2, · · · , ev;

6. ^.�C fj , �HW�LlW�D�
7. 1. c = y − e if=�ljg)�X�



4
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�/I��kOY�V^hohj Dixon �E�
 611$qjh�R�oWbl*K Dixon �Glt 4 ,�u
�p,XhK*JzhhK^.℄��uP$,C�2�Xqjl" �� Grönber kqjlzh" �

(O(n + 1)3t+1), �R n Kj<� t K(W�S [5]; 
�h�l" �
 (O(t

3
t∑

i=1

i

)). $!jR���(W�S t ��� n 7V	�nk�h�lzh;d� Gröbner k��lqj;dbp�ZulPeR/HX+�(W�Slzh?��
4.3 �6-
�~� 3���$A|}�R�o;�lK��!j�����W`j�q = 2,WDi
 1. 3`��Cm (6) Rlt�-� hm +�7b�Cm;k g,�℄
 i - i $�	2Gl�E��?�h�Re+�7bt 7 ,lW�Dzh�b!jRo	�U-W�?��8 {1, 3} ⊂ J(C). 1.G (6) ;kif-"^\�C
 {

x1 + x2 − s1 = 0,

x3
1 + x3

2 − s3 = 0.
(9)�CRl�pnGs
�X{�$R�LKRC��+7bKbJ��Cl�K
g��l�e*K^�b!j�U�W����
 1 S 3 ?�/ x1 = 1 * x2 = 3; �B�/

x1 = 3 * x2 = 1. uP�5�&mg-$�
if?�℄g-$�l�C+g~/!jlW��K���zhW��K?�7boZifl Dixon�Gt;�+�	 Dixon�Gl[v^.f�C (9) zh℄g-$�lD�zh?�+�	$� x2 y6t	$�
x2 q
4\LK�}H:( Cancellation ,:if Dixon 	2G



δ(x1, α1) = −α1x
2
1 − x1α

2
1 − x2x

2
1 − x2α1x1 − x2α

2
1 + s1x

2
1 + s1α1x1 + s1α

2
1 + x3

2 − s3.GR α1 K
:( Dixon 	2G�+�l� x1 +�}lA+$��	 δ(x1, α1) 6q?�$� α1 l	2G�<Ki

δ(x1, α1) = (s1 − x2 − x1)α

2
1 + (s1x1 − x2x1 − x2

1)α1 + x3
2 + s1x

2
1 − x2x

2
1 − s3.;k6H� α2

1,α
1
1,α

0
1 l \�'
 s1 − x2 − x1, s1x1 − x2x1 − x2

1, s1x
2
1 − x2x

2
1 − s3.  g,�	5W \WA6f
 x2 l	2G)if


DM =




x2
3 − s3 0 s1 − x2

s1 − x2 −1 0

0 s1 − x2 −1


 .,: DM Rl�dK?�$� x2 l	2G�zh�GZGif Dixon �G
 eloc =

s3 + s3
1 + s2

1x2 + s1x
2
2. 1.�GKg;A�$_$�	2G$�	2Gl:?K.R�uP��G:?l^\�Cl�*K��CmR$$�l��3`�oTifW��K	2G�u
G (9) K�>�C�5� x2 if x1 l�Ce/��`lEG�nk�oZ



612 z � Y R R � 341if&g$�l_$�	2G�KXW��Kl�-C��$�Clo*R\
 2, ^x�C�U-��t�Q\.R�U�W��"Z�̂ .�kG s1, s3 lD)O� Chien
m;ifW��K�u
K��!j�+Lb��W�D�C�	W��KlDK

1. oTO� c = y − e if=�!j�b!jR� 3 -W��(W�S
 3 ?� {1, 3, 5} ⊂ J(C). �G (6) ;kif-"^\�C
 





x1 + x2 + x3 − s1 = 0,

x3
1 + x3

2 + x3
3 − s3 = 0,

x5
1 + x5

2 + x5
3 − s5 = 0.

(10)	$� x1 y6�O� Dixon �GlzhHCoZifl*Kl�G*K?�$� x1l	2G�t
eloc = (s1 + x1)

4((s3 + s3
1)x

3
1 + (s4

1 + s1s3)x
2
1 + (s5 + s3s

2
1)x1 + s5s1 + s2

3 + s3s
3
1 + s6

1)
2.

Dixon �G�BU-��tg-�
 (s1 + x1)
4. -F�1�W�� s1 + x1 l[vljqj�CK+;�l�uP�$-�K	�ue�GRt�-�*KW��K	2Gl	���{W1ifW�	2G�<-zhHCO� maple 8.0 $ DuoCore 1.6G CPUl�{�5lzh?��
 0.016 v�b!jl(W�SXf 4 ?�/ {1, 3, 5, 7} ⊂ J(C), *qj�C







x1 + x2 + x3 + x4 − s1 = 0,

x3
1 + x3

2 + x3
3 + x3

4 − s3 = 0,

x5
1 + x5

2 + x5
3 + x5

4 − s5 = 0,

x7
1 + x7

2 + x7
3 + x7

4 − s7 = 0.

(11)$�Cm� 4 -_$��C:?�;ky6g-$�zh Dixon �G�`K�-F3`C�zh�;d�p�b$��	?�;k3�ZRzh�Gl���k$R�zhHCRJ�	�ueSWue�zh?�	�Cm (11) Rlt 1,2,3 -�C:?g-�Cm�t 1,2,4 -�C:?℄g-�Cm�up-�CmG�1-�C�<G�5�U-$��+�85�$� x2, x3. oZ�ifU-K$� x1, x4 l�Cm�tg-�Cmifl Dixon �G


eloc1 =(s1 + x4 + x1)

4(s3x
3
4 + s3s1x12 + s3s

2
1x1 + s5x4 + s5x1 + x3

4s
2
1x1 + x3

4s1x
2
1 + x3

1s
2
1x4

+ s1s3x
2
4 + s2

1s3x4 + s5s1 + x3
1s3 + s2

3 + s3
1s3 + s4

1x
2
1 + x3

1s
3
1 + x3

4s
3
1 + s4

1x
2
4 + s6

1

+ x3
1s1x

2
4 + s3x

2
4x1 + s3x4x

2
1).t 2 -�Cmifl Dixon �G



eloc2 =(s1 + x1 + x4)
2(s2

3x
2
4x1 + s3x

6
4 + s2

3x4x
2
1 + x6

1s3 + s7x
2
4 + s7x

2
1 + s3

3 + x6
1x

2
4s1

+ x6
1x4s

2
1 + x6

4x1s
2
1 + x6

4x
2
1s1 + x6

1s
3
1 + s3

1s
2
3 + s8

1x1 + s8
1x4 + x6

4s
3
1 + s2

3s1x
2
4 + s2

3s
2
1x1
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+ s2
3s

2
1x4 + s2

3s1x
2
1 + s9

1 + s2
1s7)

2(x3
1 + s3 + x3

4).$qj�CR xi (1 ≤ i ≤ 4)+;�n� 0, (s1 +x4 +x1)
4 l[v+K�	2G �l[v�uP$2K DM1 Rl	�ue�$ DM2 R� (s1 +x1 + x4)

2 S (x3
1 + s3 +x3

4) K	�ue� g,�O�3U-�C5�$�5� x4 tifKW��K	2Gl Dixon�G��F


e′loc =(s3 + s2

1x1 + s1x
2
1 + s3

1)
5(s10

1 + x2
1s

8
1 + s7

1s3 + s7
1x

3
1 + s6

1s3x1 + s6
1x

4
1 + s5

1s3x
2
1 + s5

1s5

+ s4
1x

3
1s3 + s4

1s5x1 + s3
1x

4
1s3 + s7s

3
1 + s2

1x
3
1s5 + s2

1s5s3 + s7s
2
1x1 + s1x

3
1s

2
3

+ s1s5x
4
1 + s1s

3
3 + s7s1x

2
1 + s2

5 + s3
3x1 + s3x

2
1s5 + x4

1s
2
3 + s7s3)

3.�J	�ueSWue�U)�G2ifW��K	2G

eloc =(s6

1 + s5s1 + s2
3 + s3

1s3)x
4
1 + (s7

1 + s5s
2
1 + s1s

2
3 + s4

1s3)x
3
1

+ (s3s
5
1 + s5s3 + s8

1 + s7s1)x
2
1 + (s2

1s7 + s3
3 + s5s

4
1 + s6

1s3)x1

+ s10
1 + s2

1s5s3 + s7
1s3 + s5

1s5 + s1s
3
3 + s2

5 + s7s
3
1 + s7s3.<-zhHC�L 0.184 v�?�$^\uTR�O� Dixon�G�	2G � G5�g::	�ue�t�[v+K�	2G �[vluG2�$A|zhR�Lbzhm3J	�ueSWue��,zhl|l=$�P���Wue�;k3��GRl�'G���J�	�ue�xK�GKgRlg-A~�x�̀ K�$(WjqjR;k1.A|�x�;��HD)�J�-F	�ueGKg-$��*pl[v>�+Kqj�Cl��$P��"�;k�G`� Chien
ml��	�3H� [13] vHXgU�J	�uel$℄h��.P��;k�JK�	-$�l	�ue�bW��l-\�Al��"�O� Dixon�G;kifW��K	2G�̀ K�W��	�C�" ���HCeg���}H����lW��K	2G.2 \ G�9S���if-"/.
v+ n�!O-5n{���� n �W�l��W`j�/ {1, 2, · · · , 2n+1} ⊂ Jc,*W�	2G/�-"EG


err locator =

n∑

u=0

∏
(sjm

im
)xui1j1 + i2j2 + · · · + i2n+1j2n+1 =

n∑

m=1

m − n� im, jm lj? i1j1 + i2j2 + · · · + i2n+1j2n+1 =
n∑

m=1
m − n.�P�;kV+lrif 6 �W�?lW�	2G�
 [11] O�zhm^\ � Axiom if�FLb 4 -7?� xi .2l \�K s2m+1 l	2G�2\�'K

21, 21, 32, 46. .2l2\S [11] lzh�FKgIl�O�$/.�H X6 l \2Rp-_2GR�kG5"
%lj{� i1j1 + i2j2 + · · · =
6∑

m=1
m − n = 21 − 6 = 15, t
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s15
1 + s12

1 s3 + s10
1 s5 + s8

1s7 + s6
1s9 + s4

1s11 + s9
1s

2
3 + s5

1s
2
5 + s1s

2
7 + s6

1s
3
3 + s5

3 + s3
5

+ s2
1s3s

2
5 + s1s5s9 + s2

3s9 + s3
1s5s7 + s2

1s3s11 + s3s5s7 + s1s
3
3s5 + s5

1s3s7.u [11] o�/H xi  \l/yD�nka+�PA 5 �k5W�?$/.l=�J�-F$/.=��;k[[v*zhW��K	2Gl;d�/y Gqj?�1.!j8zl^\�:S(W�S3��G��zhH+�W�?lW��K	2G�3g,�;k�*J�zhmH*zhA&�C�?�	+�W�?lW�	2G�_$?�R�3`�;k�℄y`8z�?l�v*?�lLK;d��Qf\.Z�:?�kG,: (7) )zhplN�"Z�1.,:lN|�+}lW��K	2G���?�C� Chien 
mzhkifW��K�oZ�1.W�zhHW�LlW�D�
5 ���)$���AP^x3� Dixon �GiflW��K	2G Gqjl/yHC�� 1 8 α K F2[x] R��	2G x5 + x2 + 1 lg-1� C Kk α S α3 
1l�� BCH j (j< 31), -FQf y = (1001011011110000110101010111111),)�W��K+=H 2 -�Nif=�qj [1].$�x;k3��o��if=�qj�$P�3� Dixon�Gl�� Gqj�u
 BCH jKW`j��	2G f = x31 − 1 $ F2 5 GuG����� 7 -uG�t


f1 = x5 + x2 + 1;

f2 = x5 + x4 + x3 + x + 1;

f3 = x5 + x4 + x3 + x2 + 1;

f4 = x5 + x3 + 1;

f5 = x5 + x3 + x2 + x + 1;

f6 = x5 + x4 + x2 + x + 1;

f7 = x + 1.u
 C Kk α S α3 
1l�� BCH j�nkplj:?	2G g(x) = f1f3 =

x10 + x9 + x8 + x6 + x5 + x3 + 1. ℄�� y l	2Gl�}EG


r(x) =1 + x3 + x5 + x6 + x8 + x9 + x10 + x11 + x16 + x17 + x19 + x21

+ x23 + x25 + x26 + x27 + x28 + x29 + x30.
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 J = {1, 3}, �AgW��\+=H 2. zhl�kG

s1 = r(α) = α4 + α2 + α;

s3 = r(α3) = 1.	 s1, s3 ^.fW��\
 2lW��K	2GRi
err loc = 1+ (a4 + a2 + a)3 +

(a4 + a2 + a)2x + (a4 + a2 + a)x2. "Z�$�'� F 31
2 5 G Chien 
m (Chien Search)if$	2Gl�
 α14, α27. �PiH�Q\.Rt 17�St 4�$MUHCR�:W���`�}H5�if?� x2 l_$�	2G�C)��if�`l�F�$jK��j�<W��`lD
 1, 3`ifW��` e. "Z�1. c = y − e if=�ljg�uP�$�Q\.R�U�W��b"�3��Kg- Toy zD����_�℄��$�xe;k��o���- Euclid h�n� Gqj�� 2 g-(W�S
 3 l [15,5,7]BCH j�pk α, α3, α5 
1 (α 
��	2G

x4 + x + 1 l1) �aXg-� 0 lj��Q\.	2G
 x3 + x10. N�� G=�lqj�u+AgW�-\�+����}-W��K	2G�uP�S$Lb��W�-\�1.�Q\.zh�k	2G�}Hzhif s1 = α12, s3 = α7, s5 = α10. ��W�\XfX(W�S t = 3, :(,: (7). JXzhH s1, s3, s5 B��abzh s2, s4,�'
 α9, α3. uP�,: (7) /�"WEG




s3 s2 s1

s4 s3 s2

s5 s4 s3


 =




α7 α9 α12

α3 α7 α9

α10 α3 α7


�,: GEn$bif,:lN
 2, &x�Q\.R� 2 �W����W��\Z�|�+}lW��K	2G)^.+}l�kGif
err loc =

α7 + α6 + α9x + α12x2. $�'�5 G
mif x1 = α3, x2 = α10. 1.W��KSW��K\l? ifW��K�'
 12 S 5. "Z�V+llzhHW��`)=�rqH�a\.
� 0 ljg�
6 �!5WD	2GlzhK(WjqjRlk��x���sgXO� Dixon �GzhW`jlWD	2G�$zhHCR�1.�Q\.:(g-�kG,:)O��k,:lN��W�-\�"Z�1.�kG�Cr�'�lt;n�X{��	qj�x^b
	2G�Cml���x�$qjHCR�O� Dixon�G��*J�Cm G5��ifK�W��K$� xi l_$��C�O� Chien 
m��$�Cif�Q\.RlW��K�"Z�	3<\.^.��CmR�HW�D�bW��	?��CmRl$�+	�?R\;*�S
C��$iA~�
P�1.i�l4svHX?�W��Kl_$��Cl/.�$/.$W��\�'K 1,2,3,4 l��"�K=
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Decoding Cyclic Codes by Using Dixon Resultant Method

LI Yaohui ZHAO Haibao MA Chunya
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Abstract In order to solve the nonlinear equations in the decoding of error-correcting

codes, a new method, based on Dixon resultant, is proposed for computing the error lo-

cator polynomial. In the process of computation, a syndrome matrix should be generated

according to error-correcting capability of the code and the received codeword firstly. Then,

the number of errors in the received codeword is decided by the rank of a syndrome ma-

trix. After that, the decoding equations can be constructed directly based on the number

of errors and are eliminated by Dixon resultant, in which one of variables is regarded as a

parameter. Finally, a univariate polynomial in the variable of error locator is computed out.

When extraneous factors and repeated factors in the polynomial are deleted, the left is the

error locator polynomial. Then error location can be known by using Chien search. If there

are many errors in the received codeword, the system is divided into several subsystem for

computing error locator polynomial by Dixon resultant step by step so as to improve the

efficiency of algorithm. Thus, the extraneous factors and repeated factors in Dixon resul-

tant can be sifted out and the computation is simplified. Besides this, from the error locator

polynomial in different errors, a guess, which improves decoding efficiency greatly, of gen-

eral error locator polynomial of a class of cyclic codes is proposed. However, its correctness

should be proven theoretically. Contrast with other symbolic computation method, because

the number of errors in codeword is decided directly and error locator polynomial can be

computed out by using Dixon resultant only once. It can improve the efficiency of decoding

and is benefit to simplify the design of decoding chip.
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