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min
x∈Rn

f(x)

s.t. ci(x) ≤ 0, i ∈ I
△
= {1, · · · , m},

(1.1)R\ f : R
n → R JB2��X-�lH (RI	%?). J`"	.�S6\v

ci (i ∈ I) : R
n → R �!�HaB2���J	%?a:��>.�YaT�=zvmC%2��v:�2�aB}�)	�N)~a�[�_ (�J)~�z.�Y~�<H�	B:�), �KR8 (1.1) �+�laU'}�WR8 (1.1) azOJ	

F = {x ∈ R
n : ci(x) ≤ 0, i ∈ I}.�M 2010 K 10 < 4 jÆ[�
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5Q 0J=�^r��J,L3o�`^�#=&BUL�x�i{ 925r-%?w�aR8 (1.1) (R2� f 6 ci �Ws�j!�H), CT�z+(�t+ma_p�~�lz2�~�t�2~�z�j~6Gg~b�R\�z�j~ [1−5] I�5xzjUg6 (w ) n(p��K?�<vV�|{ÆZb+2℄\('�"% [6]. gvz�j~a��d^�����zB�g�vV)I���gGG-��+{V)&0_p5R8Y�JK� [7] 6 [8] 6E(��WNz�j~����~IO-zaB�g���)[I�?jUgaWNz}�Rr-YTjUg3kz}a:�2�?Z��jUgig3k�[I�{�9?z2EC%2�SD[.��KE��W��jUg2mz2�Rim#Jz�j~�z.y.La|6Fq�WNz�j~�z:�0t��%)~+Mn9�l�*xN)A [9] 6�*xN:�xN)A [10], )+m"%-_pp�Y, (DR8 [11].gv�℄+aWNz�j~VI_p%?�va(DR8�J(7+I�d^��N6E(��_p	%?(DR8 (1.1) aWNz�j~��[��%N4p�aT� [12] 6�P;~a�f [13], r	%?aC%2�vzb}Dw �g<n9WNz�j~�f��A(��ra
G",�jgR8�)L-gR8a2g6�$}�Va���6E(��rvb",3/�)~-u��WNz�j~ar�(g�v[���$a�B/a�S��'>r)~�Pl+ma�3 ‖ · ‖ '� Euclideanj&���O9 ∂f(x) '� f ? x HaNH�� g ∈ ∂f(x) 9J��N4p�∇ci(x) '� ci ? x Ha4p�
2 �z��[qlZL�\v�)vR?N\:���� 2.1 (a) f �B2�X-�lH� ci (i ∈ I) �!�HaB2�� (b) R8 (1.1) 3k Slater :�)��RP?��j& x̃ ∈ R

n }℄ ci(x̃) < 0, ∀ i ∈ I.KE���Ga	%?(D)~���S6\v+��g<�I�V) f ?h���g x ∈ R
n HaR\ (h�) ��N4p g(x) ∈ ∂f(x).JZE�N)~�[	.lZT:�BNkDR8

min {f(x) : x ∈ R
n}.)-2� f a-H}�IAa_p%?(DR8a4pv)~-I%-_p�R8�JK�	.r f(x) vz�Yw �	.\B2��ye'�J

f(x) = sup
{
f(y) + gT

y (x − y) : gy ∈ ∂f(y), y ∈ R
n
}
.XJ�NH� ∂f(y) �F-V)��K�r-YTjUg xk ∈ R

n, �P;~ [14] 1%lZ2�r f vzb}Dw 
f̂k(x) = max {fj(x) : j = 1, · · · , k},



926  # � � � � 34�R\ fj(x) = f(yj) + (gj)T (x − yj), yj , j = 1, · · · , k J�bjUg� gj ∈ ∂f(yj). `V#w℄
fj(x) = fk

j + (gj)T (x − xk), j = 1, · · · , k,R\ fk
j = fj(x

k). �KNkD f̂k(x) ZXlZ
G",�jgR8
min

d∈Rn, z∈R

z +
1

2
‖d‖2

s.t. fk
j + (gj)T d ≤ z, j = 1, · · · , k,R\ z ∈ R ����b#&�\g�Y k -qDRa{;�I�agR8GS�PG6V)ra�F�JK� Kiwiel[15] 6E(��L-N4p�aT�a
G",�jgR8�RV��0�N4p5xb}D:�

min
d∈Rn, z∈R

z +
1

2
‖d‖2

s.t. fk
j + (gj)T d ≤ z, j ∈ Jk,

(2.1)R\ Jk ⊆ {1, · · · , k} �>.�Y��5xa��T%O (2bZ;a (2.5) Q (2.6) �),R4#��+rq n + 2 (� (2.7) �). �K�gR8 (2.1) aV)&6PG&NRas��r<�(l7�%�P;~�f6N4p�aT�H�	%?aC%2��iZ�S6[m:�2��{	.�)n9WNz�j~�f6E(��ra
G",�jgR8�JK�[l�3
I−(x) = {i ∈ I : ci(x) ≤ 0}, I+(x) = {i ∈ I : ci(x) > 0}, ϕ(x) = max{0, ci(x), i ∈ I}Q�^��Za=z2�	 δ(x) : R

n → [0, +∞) �!�2��[ δ(x) = 0 Y[uY
x ∈ F . �|r� δ(x) a�^nOiaa~}� δ(x) = ϕ(x), vI��E�^�'�aw��+�-�q�Sm,�rYTjUg xk ∈ R

n, `W
Ik
− = I−(xk), Ik

+ = I+(xk), ϕk = ϕ(xk), δk = δ(xk).	.lZ
G",�jgR8
min

d∈Rn, z∈R

z +
1

2
‖d‖2

s.t. fk
j − f(xk) + (gj)T d ≤ z + δk, j ∈ Jk,

ci(x
k) + ∇ci(x

k)T d ≤ z, i ∈ Ik
−,

ci(x
k) + ∇ci(x

k)T d ≤ z + ϕk, i ∈ Ik
+,

(2.2)R\ z ∈ R ����b#&�JB�D)~�Y k = 1 {a x1 ∈ R
n, y1 = x1 Q

g1 = g(x1), f1
1 = f(x1), J1 = {1}. (2.3)



5Q 0J=�^r��J,L3o�`^�#=&BUL�x�i{ 927/ 1 d:�2�ab}D�J%l (Ik
− 6 Ik

+) 6i-WNz�j~�f� ϕka�m%-�LgR8:�ak}� δk ha�m�U?z2EC%2�S-�YD[�KE�) f aB}M fk
j − f(xk) ≤ 0, j ∈ Jk, Ov (d, z) = (0, 0) �gR8

(2.2) a��zp�v (dk, zk) � (2.2)an(p�\g (2.2)���Sb}:�aB)A��K (dk, zk)�� (2.2) a�� KKT g�RP?;g λk
j , j ∈ Jk, µk

i , i ∈ I }℄
dk +

∑

j∈Jk

λk
j gj +

∑

i∈I

µk
i ∇ci(x

k) = 0,
∑

j∈Jk

λk
j +

∑

i∈I

µk
i = 1,

0 ≤ λk
j⊥

(
fk

j − f(xk) + (gj)T dk − zk − δk
)
≤ 0, j ∈ Jk,

0 ≤ µk
i ⊥

(
ci(x

k) + ∇ci(x
k)T d − zk

)
≤ 0, i ∈ Ik

−,

0 ≤ µk
i ⊥

(
ci(x

k) + ∇ci(x
k)T d − zk − ϕk

)
≤ 0, i ∈ Ik

+.

(2.4)l�T%O
Ĵk = {j ∈ Jk : λk

j > 0}, Îk = {i ∈ I : µk
i > 0}, (2.5))�rT%O Jk lZ

Jk+1 = Ĵk ∪ {k + 1}. (2.6)C' [12]\�� 2.2.1 (���\-	.:�)a�VM�P?3k (2.4)a;g λk
j , j ∈

Jk, µk
i , i ∈ I }℄

|Ĵk| + |Îk| ≤ n + 1. (2.7)

[12]ETE�3k (2.7)a;g�>._p��b})AH℄�)[�Rt�xN)An_p (2.2) -℄\a;gnim3k (2.7), vv) (2.6) 5xaT%O3k |Jk+1| ≤

n + 2. I�>5�NjU\�gR8 (2.2) -0:���arq� m + n + 2, Ov�gR8��%+m_p�I�K��N��%N4p�aT�aCa-?�?v�/�VgR8 (2.2) pa}[NT�S6�AlZn(}:&2�
H(y; x) = max

{
f(y) − f(x) − δ(x); ci(y), i ∈ I−(x); ci(y) − ϕ(x), i ∈ I+(x)

}
,R\ x �!la�v y ∈ R

n �i#&�K2�� [12] \2� H(y; x) = max {f(y) −

f(x); C(y)} a#wC'�R\ C(x) = max{ci(x), i ∈ I}. �Z���E(2� H a}[�'� 2.1 v\v 2.1 :��B�Zp�?8b℄
(a) x �R8 (1.1) an(p�
(b) min {H(y; x) : y ∈ R

n} = H(x; x) = 0;

(c) 0 ∈ ∂H(x; x).6 (a)⇒(b). v x �R8 (1.1) an(p�B+ δ(x) = 0, I−(x) = I Q I+(x) = ∅,�K H(y; x) = max
{
f(y) − f(x); ci(y), i ∈ I

}
≥ 0 [ H(x; x) = 0,  (b) :��
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(b)⇒(a). v (b) :��[L x ∈ F . �L~\v x /∈ F , B+ δ(x) > 0. )\v 2.1(b)M�P?��j& x̃ ∈ R

n 3k ci(x̃) < 0, i ∈ I. l� y(τ) = x+τ(x̃−x) = (1−τ)x+τx̃,

τ ∈ (0, 1), B) f a!�}℄
f(y(τ)) − f(x) − δ(x) < 0,r��ka τ > 0 :��KE�) ci aB}�r τ ∈ (0, 1) S6+

ci(y(τ)) = ci((1 − τ)x + τx̃) ≤ (1 − τ)ci(x) + τci(x̃) ≤ τci(x̃) < 0, i ∈ I−(x)Q
ci(y(τ)) − ϕ(x) ≤ (1 − τ)ci(x) + τci(x̃) − ϕ(x) ≤ τci(x̃) < 0, i ∈ I+(x).�r"Y�>P?��6� τ ∈ (0, 1) }℄

H(y(τ); x) < 0, ∀ τ ∈ (0, τ ), (2.8)I0 (b)4s�Ov x ∈ F . vv+ H(y; x) = max
{
f(y)−f(x); ci(y), i ∈ I

}
. l, x-�R8 (1.1) an(p�BP?��j& x̂ ∈ F }℄ f(x̂) < f(x). , y(τ) = x̂ + τ(x̃− x̂) =

(1 − τ)x̂ + τx̃, τ ∈ (0, 1). ) f aB}M
f(y(τ)) − f(x) ≤ (1 − τ)f(x̂) + τf(x̃) − f(x) = τ(f(x̃) − f(x̂)) + (f(x̂) − f(x)) < 0r��ka τ ∈ (0, 1) :��KE�

ci(y(τ)) ≤ (1 − τ)ci(x̂) + τci(x̃) ≤ τci(x̃) < 0, i ∈ Ir τ ∈ (0, 1) :��-�S6℄\0 (2.8) �a4s (τ -�),  (a) :��n<�)-2� H(·; x) �B2�� (b) 0 (c) ab℄}�\ga�� [12], V)�OaN4pQ2�SlZ	
(pk, f̃k

p ) =
1

θk

∑

j∈Jk

λk
j (gj , fk

j ), (2.9)R\ θk =
∑

j∈Jk

λk
j . \gK��0 θk 6= 0, o θk = 0, Ba pk = 0, f̃k

p = 0, �Z�VP�:�� -=6Q��Z���E(gR8 (2.2) pa_�}[�'� 2.2 v (dk, zk) �gR8 (2.2) an(p�B
(a) zk = −(‖dk‖2 + α̃k), R\

α̃k = θk
(
f(xk) − f̃k

p + δk
)
−

∑

i∈Ik

−

µk
i ci(x

k) −
∑

i∈Ik

+

µk
i

(
ci(x

k) − ϕk
)
;

(b) −dk �2� H(·; xk) ? xk Ha ε N4p�R −dk ∈ ∂εH(xk; xk), R\ ε = α̃k;

(c) l, zk = 0, B dk = 0 [ xk �R8 (1.1) an(p�
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zk = −‖dk‖2 +

∑

j∈Jk

λk
j

(
fk

j − f(xk) − δk
)

+
∑

i∈Ik

−

µk
i ci(x

k) +
∑

i∈Ik

+

µk
i

(
ci(x

k) − ϕk
)
, n9 (2.9) �M (a) :��

(b) ) f aB}M
f(x) ≥ f(xk) + (gj)T (x − xk) −

(
f(xk) − fk

j

)
, j ∈ Jk.r�% r j ∈ Jk _6℄

f(x) ≥ f(xk) + (pk)T (x − xk) −
(
f(xk) − f̃k

p

)
.� �) ci aB}℄

∑

i∈I

µk
i ci(x) ≥

∑

i∈I

µk
i

(
ci(x

k) + ∇ci(x
k)T (x − xk)

)
.�K

H(x; xk) =max
{
f(x) − f(xk) − δk; ci(x), i ∈ Ik

−; ci(x) − ϕk, i ∈ Ik
+

}

≥θk
(
f(x) − f(xk) − δk

)
+

∑

i∈Ik

−

µk
i ci(x) +

∑

i∈Ik

+

µk
i

(
ci(x) − ϕk

)

≥θk
(
(pk)T (x − xk) −

(
f(xk) − f̃k

p

)
− δk

)
+

∑

i∈I

µk
i ci(x

k)

+
∑

i∈I

µk
i ∇ci(x

k)T (x − xk) −
∑

i∈Ik

+

µk
i ϕk

=H(xk; xk) + (−dk)T (x − xk) − α̃k,R\n<��b�%\ H(xk; xk) = 0,  (c) :��
(c) ) f aB}+ f(xk) − f̃k

p ≥ 0, vv℄ α̃k ≥ 0,  ) zk = 0 M dk = 0 [
α̃k = 0. =n9n1 (b) �M 0 ∈ ∂H(xk, xk), Ov���� 2.1 ℄ xk �R8 (1.1) an(p�L-�r�V�Z;�E�9)~��| 2.1s- 0 (B�D) �aB�g x1 ∈ R

n Q2� β, η, t ∈ (0, 1). , y1 = x1, =�� (2.3)B�D)~�Y k = 1, l = 0 Q k(0) = 1.s- 1 (V)�j)_pgR8 (2.2)℄\n(p (dk, zk)Q;g λk
j , j ∈ Jk, µk

i , i ∈

I. �� (2.9) V) pk Q f̃k
p .s- 2 (℄UdB) , wk = 1

2‖d
k‖2 + α̃k. l, wk = 0, ℄U��B/` 3.s- 3 (b",)
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3.1. V)�//7 tk, .��* {1, β, β2, · · ·} \e��3k�Z-b�a t S

ci(x
k + tdk) ≤ ϕk + ηtzk, i ∈ Ik

+, (2.10)

ci(x
k + tdk) ≤ 0, i ∈ Ik

−. (2.11)l, tk ≤ t, /` 3.2; �B/` 3.3.

3.2. l,
f(xk + tkdk) ≤ f(xk) + ηtkzk + tkδk (2.12):��B, tkL = tk (+m/) Q�b/7 tkR = tk, Y k(l + 1) = k + 1, l := l + 1; �B, tkL = 0 (Tm/) Q tkR = tk.

3.3. V)/7 γk, .��* {1, β, β2, · · ·} ∩ [t, tk] \e��3kZ�a γ S
f(xk + γdk) ≤ f(xk) + ηγzk + γδk. (2.13)l, γk P?�B, tkL = γk (+m/) Q tkR = γk, Y k(l + 1) = k + 1, l := l + 1; �B, tkL = 0 (Tm/) )G���b/7 tkR ∈ [t, tk].s- 4 (�r) , xk+1 = xk + tkLdk, yk+1 = xk + tkRdk. ) (2.6) �5x Ĵk, )>.Z�V)rab}D2�S

fk+1
j = fj(x

k+1) = fk
j + (gj)T (xk+1 − xk), j ∈ Ĵk.V)raN4p gk+1 = g(yk+1), Q fk+1
k+1 = f(yk+1) + (gk+1)T (xk+1 − yk+1). =) (2.6)�5x Jk+1, , k := k + 1, �F/` 1./ 2 (a) /` 3 \�E(��rab",3/��3/�%3k:�2�WNz}a/7 tk qJC%2�",aB��//7�v�Ga)~>6O 1 ���/�Ko~�L(�b/7 tkR r (2.10) Q (2.11) �j�3ka� �W)~5xTm/�B�l+C%2�b",-b�? tkR HI��I?�V)~a��$}{S\(_�aq% (b�� 3.6). KE�o tk gk�BOi%RqJC%2�",a/7�/�N�-=ak (/` 3.2); o tk EgR�B�v�/�Yak (/` 3.3).

(b) b", (2.10)–(2.12) �L(jUgaWNz}� δk a�mF(%-H�-zajUgE�EI�UC%2�S?z2E-�pD[�Z;a���E()~ 2.1 aL�}[�'� 2.3 o)~ 2.1 +_/℄U-e k �jUg�R wk = 0, B xk �R8 (1.1)a��n(p�6 )- wk = 0 b℄- zk = 0,  n9�� 2.2 �Mn1:��'� 2.4 )~ 2.1 ��la�Rb", (2.10) 6 (2.11) I?+_NV)<℄U�6 �[�Mo)~vm/` 3, B zk < 0. ) Taylor E�Q (2.4) ℄
ci(x

k + tdk) − ϕk − ηtzk =ci(x
k) − ϕk − ηtzk + t∇ci(x

k)T dk + o(t)

≤ci(x
k) − ϕk − ηtzk + t

(
− ci(x

k) + zk + ϕk
)

+ o(t)
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=(1 − t)
(
ci(x

k) − ϕk
)

+ (1 − η)tzk + o(t)

≤(1 − η)tzk + o(t), i ∈ Ik
+. (2.14)r;"Yn9 η ∈ (0, 1) Q zk < 0 M (2.10) r t > 0 ��k:��� �S6+

ci(x
k + tdk) =ci(x

k) + t∇ci(x
k)T dk + o(t) ≤ ci(x

k) + t
(
− ci(x

k) + zk
)

+ o(t)

=(1 − t)ci(x
k) + tzk + o(t) ≤ tzk + o(t) < 0, i ∈ Ik

−, (2.15)r t > 0 ��k:��Ov��℄L�'� 2.5 )~ 2.1 �lE℄�Z%^\wN���� I P?��T% k0 }℄ ϕk0 = 0, Ov ϕk ≡ 0, δk ≡ 0 Q f(xk+1) ≤ f(xk), r-+ k ≥ k0 :���� II ϕk > 0, ϕk+1 ≤ ϕk, Ik
− ⊆ Ik+1

− , k = 1, 2, 3, · · ·.)- Ik
− Q Ik

+ �Vh#D�[J I agO��℄�Z���'� 2.6 Y k ��R{� Ik
− Q Ik

+ I!lZ��RP?!lT%O I− 6 I+ }℄
Ik
− ≡ I− Q Ik

+ ≡ I+.

3 ����!�kS6�V)~ 2.1 a��$}��W)~+_/℄U- xk g�B)�� 2.3M xk �R8 (1.1) a��n(p�℄\v)~5x��T_jU�* {xk}, �ZdL>Rh����gn�R8 (1.1) an(p�'� 3.1 \vP?��T_T%O K ⊆ {1, 2, · · ·} Qg x ∈ R
n 3k xk K

−→ xQ wk K
−→ 0, B x �R8 (1.1) an(p�6 ) wk K

−→ 0 ℄ dk → 0, α̃k → 0, k ∈ K.  ) xk K
−→ x Q�� 2.2 (b) M

0 ∈ ∂H(x; x). In9�� 2.1 ℄n1:��'� 3.2 \v�Z:N�:�	 (a) �� 2.5 a\w I E℄�Q�* {f(xk)} +Zq� (b) �� 2.5 a\w II E℄�Q�* {ϕ(xk)} +Zq�B
∞∑

k=1

(
tkL‖d

k‖2 + tkLα̃k
)

< +∞. (3.1)6 l,: (a) :��B) (2.12) Q (2.13) M
f(xk0 ) − f(xk) = f(xk0) − f(xk0+1) + · · · + f(xk−1) − f(xk) ≥ η

k−1∑

i=k0

tiL(−zi).K"Yn9 {f(xk)} a+q}�> (3.1):��� �) (2.10)Q {ϕ(xk)} a+q}��℄?: (b) Z (3.1) :��



932  # � � � � 34�))~ 2.1 a/` 3 M��* {k(l)} %-W-Dn)+m/℄\ajUgaT%� v�* {xk} 3k
xk = xk(l), ∀ k = k(l), k(l) + 1, · · · , k(l + 1) − 1. (3.2)oV++_�+m/�RP? l0, }℄ xk = xk(l0), ∀ k ≥ k(l0), B?r�\� k(l0 + 1)JT℄R�Z;�:%^\�L>	 (a) )~5xT_t�+m/� (b) )~5x+_�+m/��Z���[	.\� (a), [���� 2.6, ?Z;a�V\\v Ik

− ≡ I−Q Ik
+ ≡ I+.'� 3.3 \vP?��T_T%O L ⊆ {1, 2, · · ·} 6j& x ∈ R

n }℄ xk(l) →

x, l → ∞, l ∈ L, B x �R8 (1.1) a��n(p�6 W K = {k(l + 1) − 1 : l ∈ L}, B) (3.2) ℄ xk → x, k ∈ K.Z;dL> wk → 0, k ∈ K. )- {f(xk)}k≥k0
(o\w I yx) Q {ϕ(xk)} J	D�*�[ f(x), ϕ(x) !�� + f(xk) ↓ f(x), k ≥ k0 Q ϕ(xk) ↓ ϕ(x). Kn9�� 3.2M

∞∑

k=1

(
tkL‖d

k‖2 + tkLα̃k
)

< +∞. (3.3)�L~\v wk
9 0, k ∈ K, BP?��T_T%O K ′ ⊆ K 66� w > 0 }℄

−zk ≥ wk ≥ w > 0, k ∈ K ′. (3.4)�K�) (2.14) Q (2.15), r- k ∈ K ′, S6+
ci(x

k + tdk) − ϕk − ηtzk ≤ (1 − η)tzk + o(t) ≤ −(1 − η)tw + o(t), i ∈ I+Q
ci(x

k + tdk) ≤ tzk + o(t) ≤ −tw + o(t), i ∈ I−.�r"Y�>P?6� t̃ > 0}℄ tk ≥ t̃ > 0, k ∈ K ′ :��a t̂ = min{t̃, t},℄ tkL ≥ t̂,

k ∈ K ′. �K) (3.3) M
t̂

∑

k∈K′

wk ≤
∑

k∈K′

t̂(−zk) ≤
∑

k∈K′

tkL(−zk) ≤
∞∑

k=1

(
tkL‖d

k‖2 + tkLα̃k
)

< +∞,I0 (3.4) 4s�Ov wk → 0, k ∈ K. �K)�� 3.1 ℄n1:���Z�V+_�+m/a\w�RP?T% k̃ }℄ xk = xk̃, k ≥ k̃. S6dL> xk̃�R8 (2.2) an(p�



5Q 0J=�^r��J,L3o�`^�#=&BUL�x�i{ 933'� 3.4 wk ��ZR8an(S��R8JgR8 (2.2) arNR8
min

1

2

∥∥∥
∑

j∈Jk

λjg
j +

∑

i∈I

µi∇ci(x
k)

∥∥∥
2

−
∑

j∈Jk

λj

(
fk

j − f(xk) − δk
)

−
∑

i∈I−

µici(x
k) −

∑

i∈I+

µi

(
ci(x

k) − ϕk
)

s.t. λj ≥ 0, j ∈ Jk, µi ≥ 0, i ∈ I,
∑

j∈Jk

λj +
∑

i∈I

µi = 1.

(3.5)

6 )- (2.4) a;g�R8 (3.5) an(p� ) wk al�℄n1:��Z;aL>��%\ [12] \lZa��n, (�� 2.4.10).'� 3.5[12] v n Kj& d, g Q� η ∈ (0, 1), C, w, z, α̃ 6 α 3k
w =

1

2
‖d‖2 + α̃, z = −(‖d‖2 + α̃), −α + gT d ≥ ηz, C ≥ max{‖d‖, ‖g‖, α̃, 1}., w = min {Q(v) : v ∈ [0, 1]}, R\

Q(v) =
1

2
‖(1 − v)(−d) + vg‖2 + (1 − v)α̃ + vα.B w ≤ φC(w), R\ φC(t) = t − (1 − η)2t2/(8C2).'� 3.6 \vr�� k > 1 + tk−1

L = 0, , αk
k = f(xk) − fk

k , B
(a)

−(αk
k + δk−1) + (gk)T dk−1 ≥ ηzk−1; (3.6)

(b)

wk ≤ φCk(wk−1), (3.7)R\ Ck 3k Ck ≥ max{‖dk−1‖, ‖gk‖, α̃k−1, 1}.6 (a) o tk−1
L = 0, B))~/` 3 Q f, ci aB}M xk = xk−1, yk =

xk−1 + tk−1
R dk−1 Q

f(yk) − f(xk−1) > ηtk−1
R zk−1 + tk−1

R δk−1.�K
− (αk

k + δk−1) + (gk)T dk−1 = −(f(xk) − fk
k ) − δk−1 + (gk)T dk−1

= − (f(xk−1) − f(yk) − (gk)T (xk−1 − yk)) − δk−1 + (gk)T dk−1

=f(yk) − f(xk−1) + (1 − tk−1
R )(gk)T dk−1 − δk−1

≥ηtk−1
R zk−1 + tk−1

R δk−1 + (1 − tk−1
R )(gk)T dk−1 − δk−1. (3.8)) f aB}Q (3.8) aex�b��S6+ αk

k = f(xk−1) − f(yk) + tk−1
R (gk)T dk−1 ≥ 0,I�>

(gk)T dk−1 ≥ (f(yk) − f(xk−1))/tk−1
R ≥ (ηtk−1

R zk−1 + tk−1
R δk−1)/tk−1

R = ηzk−1 + δk−1.



934  # � � � � 34�r�n9 (3.8) M
−(αk

k+δk−1)+(gk)T dk−1 ≥ ηtk−1
R zk−1+tk−1

R δk−1+(1−tk−1
R )(ηzk−1+δk−1)−δk−1 = ηzk−1, (a) :��

(b) l�;g
λk(v) = v, λj(v) = (1 − v)θk−1λk−1

j , j ∈ Ĵk−1, µi(v) = (1 − v)µk−1
i , i ∈ I, v ∈ [0, 1].

(3.9)�M (3.9) JR8 (3.5) a��zp�KE�S6+
∑

j∈Jk

λj(v)gj +
∑

i∈I

µi(v)∇ci(x
k) =vgk + (1 − v)θk−1pk−1 + (1 − v)

∑

i∈I

µk−1
i ∇ci(x

k−1)

=vgk + (1 − v)(−dk−1)Q
−

∑

j∈Jk

λj

(
fk

j − f(xk) − δk
)
−

∑

i∈I−

µici(x
k) −

∑

i∈I+

µi

(
ci(x

k) − ϕk
)

= − v
(
fk

k − f(xk) − δk
)
− (1 − v)θk−1

(
f̃k−1

p − f(xk) − δk
)

− (1 − v)
∑

i∈I−

µk−1
i ci(x

k) − (1 − v)
∑

i∈I+

µk−1
i

(
ci(x

k) − ϕk
)

=v(αk
k + δk−1) + (1 − v)α̃k−1.	.R8

min
v∈[0,1]

1

2

∥∥(1 − v)(−dk−1) + vgk
∥∥2

+ (1 − v)α̃k−1 + v(αk
k + δk−1). (3.10)v w JR8 (3.10) an(S�B) (3.9) Q�� 3.4 M wk ≤ w. ?�� 3.5 \a

d = dk−1, α̃ = α̃k−1, w = wk−1, z = zk−1, g = gk, α = αk
k + δk−1, =n9 (3.6) ��S6+ wk ≤ w ≤ φCk(wk−1),  n1 (b) :��'� 3.7 o)~ 2.1 V5x+_�+m/�RP?T% k̃ }℄ xk = xk̃, ∀ k ≥ k̃,B xk̃ �R8 (1.1) an(p�6 v��::��C' [12] \"�VM�P?��6� C > 0 }℄ C ≥

max
{
‖dk−1‖, ‖gk‖, α̃k−1, 1

}
, ∀ k ≥ k̃. In9 (3.7) �> wk ≤ φC(wk−1) = wk−1 − (1 −

η)2(wk−1)2/(8C2), vv+ wk → 0, k → ∞. �K�)�� 3.1 M xk̃ �R8 (1.1) a��n(p�L-r��V�S6�℄\lZ��$}l��x� 3.1 )~ 2.1 I+_/℄U-R8 (1.1) a��n(p�I5x��T_jU�* {xk}, }℄Rh�a�gn�R8 (1.1) an(p�6 )�� 2.3, �� 3.3 Q�� 3.7 Ml�:��
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4 �+�$�kS6% MATLAB !<4�)~ 2.1 a|X+m}�R\ 4 �)�lZ�
P1. Rosen-Suzuki R8 [14].

min f(x) = max{fj(x) : j = 1, · · · , 4}

s.t. c1(x) = x2
1 + x2

2 + x2
3 + x2

4 + x1 − x2 + x3 − x4 − 8 ≤ 0,

c2(x) = x2
1 + 2x2

2 + x2
3 + 2x2

4 − x1 − x4 − 10 ≤ 0,

c3(x) = x2
1 + x2

2 + x2
3 + 2x1 − x2 − x4 − 5 ≤ 0,R\ f1(x) = x2

1 + x2
2 + 2x2

3 + x2
4 − 5x1 − 5x2 − 21x3 + 7x4, f2(x) = f1(x) + 10c1(x),

f3(x) = f1(x) + 10c2(x), f4(x) = f1(x) + 10c3(x).

P2. D[:�<a CB3 II R8 [15], R\ n = 10.

min f(x) = max{fj(x) : j = 1, 2, 3}

s.t. ci(x) = x2
i + x2

i+1 + xixi+1 − 1 ≤ 0, i = 1, · · · , n − 1,

f1(x) =
n−1∑
t=1

(x4
t + x2

t+1), f2(x) =
n−1∑
t=1

((2 − xt)
2 + (2 − xt+1)

2), f3(x) =
n−1∑
t=1

2e(−xt+xt+1).

P3. D[:�<a Mifflin1 R8 [16].

min f(x) = −x1 + 20 max{x2
1 + x2

2 − 1, 0}

s.t. c1(x) = x1 + 2x2 − 500 ≤ 0, c2(x) = x2
1 + x2

2 − 4000 ≤ 0.

P4. D[:�<a Maxl R8 [16], R\ n = 20.

min f(x) = max
1≤i≤n

|xi|

s.t. ci(x) = x2
i + x2

i+1 + xixi+1 − 1 ≤ 0, i = 1, · · · , n − 1.)~2��aJ β = 0.5, η = t = 0.01, )a δk = 2ϕk, ℄UdBJ wk ≤ 10−6. �S��n,*�?' 1 \�R*\30�lZ	 ni: )~jUN� (�*a4#J%��N6�T;��'�z2EajUN��<;��'�z2GajUN���K%��N6RJjajUN�); nf: C%2�V)N�� nfg: C%2�N4pV)N�� nc: :�2�V)N�� ncg: :�2�4pV)N�� ObjValue: w n(C%2�S�r-5�R8S6�(4�(p�-�aB�g�L-�N)~a2g�InB�g�R0��J-zag�O' 1 \��E�r�Ea 4 �4�R8Q-�aB�g�)~ 2.1 �I��%�+m_p�
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�m+'� x
1

ϕ(x1) ni nf nfg nc ncg ObjValue

(1, · · · , 1)T 0 0+58 117 59 177 177 −4.399999690e+01

P1 (10, · · · , 10)T 570 15+61 154 77 234 231 −4.399999700e+01

(−5, · · · ,−5)T 150 5+63 137 69 209 207 −4.399999684e+01

(1, · · · , 1)T 2 87+0 181 88 792 783 3.643067617e+01

P2 (5, · · · , 5)T 74 85+0 171 86 774 774 3.643067366e+01

(10, · · · , 10)T 299 78+0 157 79 711 711 3.643066832e+01

(1, · · · , 1)T 0 0+34 185 35 128 68 −1.000000000e+00

P3 (50, · · · , 50)T 1000 3+72 230 76 196 150 −1.000000000e+00

(−50, · · · ,−50)T 1000 2+127 280 130 270 258 −9.999998415e-01

(1, · · · , 1)T 2 2+28 156 31 627 304 1.084202172e-18

P4 (50, · · · , 50)T 7499 13+28 185 42 798 475 1.734723476e-17

(−50, · · · ,−50)T 7499 13+28 185 42 798 475 1.734723476e-17t � � �
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Strongly Sub-feasible Direction Method with Subgradient

Selection for Nonsmooth Optimization

TANG Chunming JIAN Jinbao

(College of Mathematics and Information Science, Guangxi University, Nanning 530004)

(E-mail: cmtang@gxu.edu.cn; jianjb@gxu.edu.cn)

Abstract In this paper, by combining subgradient selection technique with the ideas of

cutting plane method and strongly sub-feasible direction method, a strongly sub-feasible

direction algorithm is proposed for the solution of constrained optimization problems with

nonsmooth objective function. By introducing a new search direction finding subproblem

and constructing a new line search, the algorithm can not only accept infeasible starting

points, but also preserve the sub-feasibility of the iterations, and meanwhile prevent the

objective value from increasing unduly. The algorithm possesses global convergence, and

some preliminary numerical results show that the proposed algorithm is stable and efficient.

Key words subgradient selection; nonsmooth optimization;

strongly sub-feasible direction method; global convergence
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