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�;1n\7�Ap?(��wJ�m1��;�&*|x2�|\�T�;�sQv�1nqs�<|�;�sQuU.�_r\^vT�?(sQ;���0�
	u
|?(-ZsQ;��AF2\�;1n�u
|?(-�sQ;��A�F2\�;1n� Fiems[9] mp�t	t
�;1n\ M/G/1 Ap?(�S/	z'��	7�\P��White ( Christie[10] �H�*��;1nvTt	,��,\Ap?(�Avi-Itzhak ( Naor[11] ^�G:Eimp1nvT�Iu��,\Ap?(� Federgruen ( Green[12] s�;1n\Ap?(sE��*�xi�Gwz'1nd
.��Ld`��;��i��G*&�81Pl�;���GvexnF2\1n��$�`��;\��1n�;NX7��T1Y�7V6�x`��;�e�;���Gvxn�F2\1n��$�`��;\��\^Q1nd
.�Ld-=qÆ\�;�� p\Pl��*wJ1��\Y0�7 4n\wJ�m�
2 gzfm81z'u��gvT7�Ap?(�vT8�^�0R1vTT��;0v�
(Slots). 0�vl�"i 0, 1, · · · , m, · · ·. �4Pl�	\Ap7g�aXL��Y�7��1nxx�d
^�i�v�\�fFxn�|G�	�<&vxnt�{Y�0F~��81Pl?(|�XL?( (EAS), A�vlkb
2vHxnXL�7�(1nxx�u�v�kbD2vHxn�;-����Y�1nd
^{Y���XL�I1�0 p \D)XL#��e��XL?(v��;�$�.8�F�1n;�����`�x�;V�l#u��;vl.�5�7�xYX�;� S^Q7�\���;07��T (Orbit) Æ\���e��`uHXL87���XL?(1xF�;��D����`��;�7�vT (&���7�T�) �I1�0 r = 1 − r \D)�,�A r |u����u�v�;*67�\�)�et����u�v�;7�O�;��D��eK1^u��jY�;�K�{57��T�Pl�;���G1x Bernoulli #�1n�1n)0 α �� α = 1−α |�;��u�v�;*61n\�)�e�;xn1n��x�) θ 0F2\1n�$�`��;\��1n�;NX7��T1Y�7V6�x`��;�x�) θ = 1 − θ 0�F2\1n�$�`��;\��\^Q1nd
.�Ld-=qÆ\�;�����;vT�Iu��,O�,%�0 {si}

∞

i=1, �)7%�0 S(x) =
∞
∑

i=1

six
i.F2\1nvT�Ij�&�,O�,%�0u��,\�;����,%�0

{ri}
∞

i=1, �)7%�0 R(x) =
∞
∑

i=1

rix
i, K n aa>r0 γn; �F2\1nvT�Ij�
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∞

i=1, �)7%�| T (x) =
∞
∑

i=1

tix
i, K n aa>r0 βn.0u�LW�81Pl 0 < p < 1, 0 ≤ r < 1, 0 ≤ α < 1, 0 ≤ θ ≤ 1. $

ρ =
pω[1 − S(ω)] + pα[ω − S(ω)](θγ1 + θβ1)

αθS(ω)
,K1 ω = α + αθ. Bb\%4 ρ < 1 |�4Ap?(5Ws�\,}�\ �\"Y�

3 eO\Sb�v� m+(v�kb m \
2), ?(��#� Xm = {Cm, Nm, ξ1,m, ξ2,m, ξ3,m} #z� Æ Cm #z�;�;� (0,1,2 8 3 �$s��D�.%�F2\1n��F2\1n), Nm #z7��T1��℄��e Cm = 1, 2, 3, ξ1,m, ξ2,m ( ξ3,m �$#zqÆ\�;vT�F2\1nvT��F2\1nvT�yW {Xm; m ≥ 1} |�4Ap5W\M,}��K;��T0
{(0, n) : n ≥ 0} ∪ {(1, n, i) : n ≥ 0, i ≥ 1} ∪ {(2, n, j) : n ≥ 1, j ≥ 1}

∪ {(3, n, i, j) : n ≥ 0, i ≥ 1, j ≥ 1}.B381\mpM,}� {Xm; m ≥ 1} \C6�,
π0,n = lim

m→∞

P (Cm = 0, Nm = n), n ≥ 0,

π1,n,i = lim
m→∞

P (Cm = 1, Nm = n, ξ1,m = i), n ≥ 0, i ≥ 1,

π1,n,j = lim
m→∞

P (Cm = 2, Nm = n, ξ2,m = j), n ≥ 1, j ≥ 1,

π3,n,i,j = lim
m→∞

P (Cm = 3, Nm = n, ξ1,m = i, ξ3,m = j), n ≥ 0, i ≥ 1, j ≥ 1.C6;�B?(\ Kolmogorov~�A0
π0,n =prnπ0,n + prnπ1,n,1 + (1 − δ0n)prnπ2,n,1, n ≥ 1, (1)

π1,n,i =pαπ1,n,i+1 + (1 − δ0n)pαπ1,n−1,i+1 + pπ1,n,1si + p(1 − rn+1)π1,n+1,1si

+ pπ0,nsi + p(1 − rn+1)π0,n+1si + pπ2,n,1si + p(1 − rn+1)π2,n+1,1si

+ (1 − δ0n)pπ3,n−1,i,1 + pπ3,n,i,1, n ≥ 0, i ≥ 1, (2)

π2,n,j =pαθ

∞
∑

i=2

π1,n−1,irj + (1 − δ1n)pαθ

∞
∑

i=2

π2,n−2,irj

+ pπ2,n,j+1 + (1 − δ1n)pπ2,n−1,j+1, n ≥ 1, j ≥ 1, (3)

π3,n,i,j =pαθπ1,n,i+1tj + (1 − δ0n)pαθπ1,n−1,i+1tj

+ pπ3,n,i,j+1 + (1 − δ0n)pπ3,n−1,i,j+1, n ≥ 0, i ≥ 1, j ≥ 1, (4)K1 p = 1 − p.



5H �2�,!#�s��	�:/mZ�ftR5~�o�< 909?($�"Y0
∞
∑

n=0

π0,n +

∞
∑

i=1

∞
∑

n=0

π1,n,i +

∞
∑

j=1

∞
∑

n=1

π2,n,j +

∞
∑

j=1

∞
∑

i=1

∞
∑

n=0

π3,n,i,j = 1.0e (1)–(4) y�}7%�
φ0(z) =

∞
∑

n=0

π0,nzn, φ1(x, z) =

∞
∑

i=1

∞
∑

n=0

π1,n,iz
nxi,

φ2(y, z) =

∞
∑

j=1

∞
∑

n=1

π2,n,jz
nyj , φ3(x, y, z) =

∞
∑

j=1

∞
∑

i=1

∞
∑

n=0

π3,n,i,jz
nxiyj(-�7%�

φ1,i(z) =

∞
∑

n=0

π1,n,iz
n, φ2,j(z) =

∞
∑

n=1

π2,n,jz
n, φ3,j(x, z) =

∞
∑

i=1

∞
∑

n=0

π3,n,i,jz
nxi.�y (1)–(4) &v>x zn, s n S(Y

φ0(z) =pφ0(rz) + pφ1,1(rz) + pφ2,1(rz), (5)

φ1,i(z) =α(p + pz)φ1,i+1(z) +
(p + pz)si

z
[φ1,1(z) + φ2,1(z)]

+ (p + pz)φ3,i,1(z) +
p(z − 1)si

z
φ0(z), i ≥ 1, (6)

φ2,j(z) =αθ(p + pz)zrj[φ1(1, z) − φ1,1(z)] + (p + pz)φ2,j+1(z), j ≥ 1, (7)

φ3,i,j(z) =αθ(p + pz)tjφ1,i+1(z) + (p + pz)φ3,i,j+1(z), i ≥ 1, j ≥ 1. (8)�y (6)–(8) ��&v�$>x xi, yj ( xiyj , &�� i 8 j S(
x − α(p + pz)

x
φ1(x, z) =

[S(x) − αz](p + pz)

z
φ1,1(z) +

(p + pz)

z
S(x)φ2,1(z)

+ (p + pz)φ3,1(x, z) +
p(z − 1)

z
S(x)φ0(z), (9)

y − (p + pz)

y
φ2(y, z) = αθz(p + pz)R(y)[φ1(1, z)− φ1,1(z)] − (p + pz)φ2,1(z), (10)

y − (p + pz)

y
φ3(x, y, z) = αθ(p + pz)T (y)

[φ1(x, z)

x
− φ1,1(z)

]

− (p + pz)φ3,1(x, z).

(11)� (11) y1�$ y = p + pz, �	
(p + pz)φ3,1(x, z) = αθ(p + pz)T ∗(z)

[φ1(x, z)

x
− φ1,1(z)

]

,K1 T ∗(z) = T (p + pz).
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y − (p + pz)

y
φ3(x, y, z) = αθ(p + pz)[T (y)− T ∗(z)]

[φ1(x, z)

x
− φ1,1(z)

]

, (12)

x − Λ(z)(p + pz)

x
φ1(x, z) =

S(x) − zΛ(z)

z
(p + pz)φ1,1(z) +

p + pz

z
S(x)φ2,1(z)

+
p(z − 1)

z
S(x)φ0(z), (13) Æ Λ(z) = α + αθT ∗(z).� (13) y1�$ x = 1 &O (10) y�	

y − (p + pz)

y(p + pz)
φ2(y, z) =

p(1 − z)αθR(y)

1 − Λ(z)(p + pz)
φ1,1(z) +

[αθR(y) + Λ(z)](p + pz)− 1

1 − Λ(z)(p + pz)
φ2,1(z)

+
αθR(y)p(z − 1)

1 − Λ(z)(p + pz)
φ0(z). (14)�� (13) ( (14) y1��$$ x = Λ(z)(p + pz) ( y = p + pz, 	

[S∗(z) − zΛ(z)](p + pz)φ1,1(z) + (p + pz)S∗(z)φ2,1(z)

=p(1 − z)S∗(z)φ0(z), (15)

p(1 − z)αθR∗(z)φ1,1(z) +
{

[αθR∗(z) + Λ(z)](p + pz) − 1
}

φ2,1(z)

=p(1 − z)αθR∗(z)φ0(z), (16)K1 R∗(z) = R(p + pz), S∗(z) = S(Λ(z)(p + pz)).� (15), (16) y��xYX
φ1,1(z) =

p(1 − z)[1 − Λ(z)(p + pz)]S∗(z)

(p + pz)D(z)
φ0(z), (17)

φ2,1(z) =
αθp(1 − z)z[Λ(z)(p + pz) − S∗(z)]R∗(z)

(p + pz)D(z)
φ0(z), (18)K1

D(z) = zΛ(z)(p + pz)[αθR∗(z) + Λ(z)] − S∗(z)[αθzR∗(z) + Λ(z)(p + pz) − 1] − zΛ(z).B381C�D��}	�` 1 (1) s 0 < z < 1, *^y
zΛ(z)(p + pz)[αθR∗(z) + Λ(z)] − S∗(z)[αθzR∗(z) + Λ(z)(p + pz) − 1] ≥ zΛ(z)=��TOhT ρ = pω[1−S(ω)]+pα[ω−S(ω)](θγ1+θβ1)

αθS(ω) < 1.

(2) T ρ < 1, =G lim
z→1

1−z
D(z) K��O

lim
z→1

1 − z

D(z)
=

1

αθS(ω) − pω[1 − S(ω)] − pα[ω − S(ω)](θγ1 + θβ1)
.
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f(z) = z(p + pz)[αθR∗(z) + Λ(z)] −

S∗(z)[αθzR∗(z) + Λ(z)(p + pz) − 1]

Λ(z)
.E\	 f(1) = 1, f(0) > 0, O`yn% f(z) -� f ′(z) > 0, f ′′(z) > 0, z ∈ [0, 1), �s�

0 ≤ z < 1, *^y f(z) > z =��TOhT f ′(1) < 1.�� f ′(1) = 1 + p + pα(θγ1 + θβ1) −
S∗(ω)(pαθγ1+pαθβ1+αθ+pω)

ω
, lURH��&�*^y f ′(1) < 1 ^Q� ρ = pω[1−S(ω)]+pα[ω−S(ω)](θγ1+θβ1)

αθS(ω) < 1. %��Æ φ1,1(z) ( φ2,1(z) �$O (13) ( (14) y�Y
φ1(x, z) =

S(x) − S∗(z)

x − Λ(z)(p + pz)

xp(1 − z)Λ(z)[1 − Λ(z)(p + pz)]

D(z)
φ0(z),

φ2(y, z) =
R(y) − R∗(z)

y − (p + pz)

yαθp(1 − z)z[Λ(z)(p + pz)− S∗(z)]

D(z)
φ0(z).�Æ φ1(x, z) ( φ1,1(z) O (12) y�Y

φ3(x, y, z)

=
T (y)− T ∗(z)

y − (p + pz)

Λ(z)(p + pz)S(x) − xS∗(z)

x − Λ(z)(p + pz)

yαθp(1 − z)[1 − Λ(z)(p + pz)]

D(z)
φ0(z).

(19)\.Æ φ1,1(rz) ( φ2,1(rz) O (5) y�	
φ0(z) =p

{ [1 − Λ(rz)(p + prz)][S∗(rz) − rzΛ(rz)(p + prz)]

(p + prz)D(rz)

+
αθrzR∗(rz)[Λ(rz)(p + prz) − S∗(rz)]

(p + prz)D(rz)

}

φ0(rz)

=G(rz)φ0(rz). (20)�� (20) yjYeO81�xYX
φ0(z) = φ0(0)

∞
∏

k=1

G(rkz). (21)�` 2 e ρ < 1, �9Q>< ∏

∞

k=1 G(rkz) ��� �CÆ G(z) T=B3\Xy
G(z) = 1 + F (z). Æ

F (z) = pz
[1 − Λ(z)(p + pz)− αθzR∗(z)][Λ(z)(p + pz) − S∗(z)]

(p + pz)D(z)
.�} 1 &�e ρ < 1, s� 0 < z < 1, F (z) > 0. �|

∞
∏

k=1

G(rkz) =

∞
∏

k=1

[1 + F (rkz)], (22)
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∏

k=1

G(rkz) ��\^Q"Y|C� ∞
∑

k=1

F (rkz) ����
lim

k→∞

F (rk+1z)

F (rkz)
= r < 1,�} 2 Y%��$�"Y φ0(1) + φ1(1, 1) + φ2(1, 1) + φ3(1, 1, 1) = 1, Y

φ0(1) = 1 −
pω[1 − S(ω)] + pα[ω − S(ω)](θγ1 + θβ1)

αθS(ω)
= 1 − ρ.Æ φ0(1) O (21) y�Y

φ0(0) = (1 − ρ)
[

∞
∏

k=1

G(rk)
]

−1

.?i�81�xYXaBf�L` 1 e ρ < 1, �M,}� {Xm, m ∈ N} \C6�,	aB�)7%�
φ0(z) =

{

1 −
pω[1 − S(ω)] + pα[ω − S(ω)](θγ1 + θβ1)

αθS(ω)

}

∞
∏

k=1

G(rkz)

∞
∏

k=1

G(rk)
,

φ1(x, z) =
S(x) − S∗(z)

x − Λ(z)(p + pz)

xp(1 − z)Λ(z)[1 − Λ(z)(p + pz)]

D(z)
φ0(z),

φ2(y, z) =
R(y) − R∗(z)

y − (p + pz)

yαθp(1 − z)z[Λ(z)(p + pz) − S∗(z)]

D(z)
φ0(z),

φ3(x, y, z) =
T (y) − T ∗(z)

y − (p + pz)

Λ(z)(p + pz)S(x) − xS∗(z)

x − Λ(z)(p + pz)

yαθp(1 − z)[1 − Λ(z)(p + pz)]

D(z)
φ0(z).sd 1 ?(F�6�B�

(1) �;�F��Dv7��T��℄�\�J7%�0 φ0(z).

(2) �;�F�.%v7��T��℄�\�J7%�0
φ1(1, z) =

p(1 − z)Λ(z)[1 − S∗(z)]

D(z)
φ0(z).

(3) �;�F�F2\1nv7��T��℄�\�J7%�0
φ2(1, z) =

αθz[1 − R∗(z)][Λ(z)(p + pz)− S∗(z)]

D(z)
φ0(z).

(4) �;�F��F2\1nv7��T��℄�\�J7%�0
φ3(1, 1, z) =

αθ[1 − T ∗(z)][Λ(z)(p + pz) − S∗(z)]

D(z)
φ0(z).
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(5) 7��T1��℄� (N) \7%�0
Φ(z) =φ0(z) + φ1(1, z) + φ2(1, z) + φ3(1, 1, z)

=
(1 − z){αθS∗(z) + p(1 − z)Λ(z) + αθ[1 − T ∗(z)]Λ(z)(p + pz)}

D(z)
φ0(z).

(6) "�?(1��℄� (L) \7%�0
Ψ(z) = φ0(z) + zφ1(1, z) + φ2(1, z) + zφ3(1, 1, z) =

(1 − z)[1 − Λ(z)(p + pz)]S∗(z)

D(z)
φ0(z).sd 2 (1) 6�B�;�F��D�.�F2\1n(�F2\1n\�)�$|

φ0(1) = 1 − ρ, φ1(1, 1) =
pω[1 − S(ω)]

αθS(ω)
,

φ2(1, 1) =
pθγ1[ω − S(ω)]

θS(ω)
, φ3(1, 1, 1) =

pθβ1[ω − S(ω)]

θS(ω)
.

(2) 7��T1Cw��℄�0
E(N) =

p[αθS′(ω)(αθβ1 + ω) − ω(1 + αθβ1)]

αθS(ω)
+

p2[ω − S(ω)](θγ2 + θβ2)

2(1 − ρ)θS(ω)

+
p(θγ1 + θβ1)[p(ω + αθβ1)(1 − S′(ω)) + ω]

(1 − ρ)θS(ω)
+

p(ω + pαθβ1)

(1 − ρ)αθS(ω)

−
p(θγ1 + pθβ1)S(ω)

(1 − ρ)θS(ω)
−

pS′(ω)(ω + αθβ1)(αθ + pω)

(1 − ρ)αθS(ω)
+

∞
∑

k=1

G′(rk)

G(rk)
rk.

(3) ?(Cwp:0
E(L) = E(N) + ρ −

pγ1[ω − S(ω)]

S(ω)
.

4 �a{jWxpJVx�b81\mpt	�
�;1n\�gvT7�Ap?(�KHs�\�dvTAp?(\�?�0G�\vT8^�0T�+O\vl�*�I0 ∆.z'�dvTBt	�
�;1n\M/G/1 7�Ap?(���XL#��I1�0 λ \ Poisson #��H!\7�T�vTb j���I1�0 γ \	,��,���\�;vT0^z�,\�;���K�,%�0 B(x), H�\�G�� - ��a�3 (LST) 0 β(s); ?(-	��;vTÆxn1n�1n)0 µ, e�;xn1n��x�) θ 0F2\1n�$�`��;\��1n�;NX7��T1Y�7V6�x`��;�x�) θ = 1 − θ 0�F2\1n�$�`��;\��\^Q1nd
.�Ld-=qÆ\�;��F2\��F2\1nvTw�Iu��,�K�,%



914 ~ � � f f � 34u��$0 Bd(x) ( Bn(x), H�\�G�� - ��a�3 (LST) 0 βd(s) ( βn(x), k aa>r0 ξd
k , ξn

k , k = 1, 2.T ∆ B�Ov��dvT��gvTAp?(\1�	aBk��?
p = λ∆, r = 1 − γ∆, α = µ∆,

si =

∫ i∆

(i−1)∆

dB(x), ri =

∫ i∆

(i−1)∆

dBd(x), ti =

∫ i∆

(i−1)∆

dBn(x), i ≥ 1.B381\�D�dvTt	�
�;1n\ M/G/17�Ap?(1��℄�\�)7%� lim
∆→0

Ψ(z). ����<�f{�*:%4	aBd!	
lim
∆→0

pγ1 = λξd
1 , lim

∆→0
pβ1 = λξn

1 , lim
∆→0

S∗(z) = β(h(z)) = β∗(z),

lim
∆→0

R∗(z) = βd(λ(1 − z)) = β∗

d(z), lim
∆→0

T ∗(z) = βn(λ(1 − z)) = β∗

n(z),

lim
∆→0

ρ =
λ[1 − β(µθ)](1 + µθξd

1 + µθξn
1 )

µθβ(µθ)
,K1 h(z) = µ − µθβn(λ(1 − z)) + λ(1 − z).� (20) y�81	

d

dz
φ0(z) = lim

∆→0

φ0(z) − φ0(rz)

z − rz
= lim

∆→0

F (rz)

(1 − r)z
φ0(rz).u

lim
∆→0

F (rz)

(1 − r)z
=

λ

γ

[1 − β(h(z))][h(z) − µθzβd(λ(1 − z))]

[1 − β(h(z))]µθzβd(λ(1 − z)) − [z − β(h(z))]h(z)
,�xT ∆ → 0 v�	

d

dz
φ0(z) =

λ

γ

[1 − β(h(z))][h(z) − µθzβd(λ(1 − z))]

[1 − β(h(z))]µθzβd(λ(1 − z)) − [z − β(h(z))]h(z)
φ0(z).

∆ → 0 v�eG/�~��Y
φ0(z) → φ0(1) exp

{λ

γ

∫ z

1

[1 − β(h(u))][h(u) − µθuβd(λ(1 − u))]

[1 − β(h(u))]µθuβd(λ(1 − u)) − [u − β(h(u))]h(u)
du

}

.Iu�Y
lim
∆→0

Ψ(z) =(1 − ρ)
(1 − z)h(z)β(h(z))

[1 − β(h(z))]µθzβd(λ(1 − z)) − [z − β(h(z))]h(z)

× exp
{λ

γ

∫ z

1

[1 − β(h(u))][h(u) − µθuβd(λ(1 − u))]

[1 − β(h(u))]µθuβd(λ(1 − u)) − [u − β(h(u))]h(u)
du

}

. �d!���(B��zYX\�dvTt	�
�;1n\ M/G/17�Ap?(1��℄�\�)7%�|u.\�
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5 n�Qv�b\�DD��*����3?(1�s�D�)(7��T��Cw℄�\�L�0G�Pl�;vT�I1�0 s = 1−s\D)�,�K7%�0 S(x) =
(

sx
1−sx

)

.F2\(�F2\1nvT�$�I	vN�,�s�\7%��$0
R(x) =

( 2x

5 − 3x

)n1

, T (x) =
( 2x

3 − x

)n2

,AF2\(�F2\1nvT�$0 n1 ( n2 �D)�, (w*�$0 2.5 ( 1.5) \j��;��\(�xB)X1�W*w-�?(6f"Y�
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E(N) \�L�T1�W*&�*v� E(N) w0 s \�%��#+� E(N) �$�<1� α, θ,n1 ( n2 \�Nu�N� Si|�wJu.\�&O81�x�3X�T1�\W*`k6f"Y�fv�7��T\Cw℄� E(N) T�xg�
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A Discrete-time Retrial Queue with Two Types

of Server Interruptions
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Abstract We consider a discrete queueing system with disruptive and non-disruptive

server interruptions. Both disruptive and non-disruptive interruptions may start when there

is a customer in service. If a disruptive interruption occur, the customer is obliged to join

the orbit; Otherwise, if a non-disruptive interruption occur, the customer waits and contin-

ues its service after a non-disruptive interruption. We analyze the equilibrium distribution

of the system and obtain the generating functions of the limiting distribution. Moreover,

we prover that M/G/1 retrial queue with two types of server interruptions. Finally, some

numerical examples are presented.
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