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1 if	� n w�o{8�yH�M5aHE"
d

dt

[

r(t)Φ(z(n−1)(t))
]

+

∫ b

a

c(t, ξ)Φ(x[g(t, ξ)])dσ(ξ) = 0, t ≥ t0, (1)48 n .V� Φ(s) = |s|p−2s, p > 1 9
z(t) = x(t) + m(t)x(t − τ). (2)&�f8g#BoH�

(H1) τ > 0, m(t) ∈ C(I, R), I = [t0,∞), 0 ≤ m(t) ≤ 1, c(t, ξ) ∈ C(I × [a, b], R+);

(H2) r(t) ∈ C1(I, R), r(t) > 0, r′(t) ≥ 0, R(t) =
∫ t

t0
[r(s)]−

1

p−1 ds, lim
t→∞

R(t) = ∞;�e 2008 + 11 % 6 AR,�2011 + 7 % 12 AR,|LP�
∗ WnA>
�| (10771118), F7JA>
�| (ZR2010AM031), F7J�}7:+
�n
�u�| (BS2010SF001) hF7J
l�)m` (2010GWZ20401) �<q'�
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(H3) g(t, ξ) ∈ C(I × [a, b], R+)  t ℄ ξ 1FrZV�

g(t, ξ) ≤ t, lim
t→∞

min
ξ∈[a,b]

{g(t, ξ)} = ∞, g(t, a) ≡ g(t) ∈ C1(I, R+);

(H4) σ(ξ) ∈ ([a, b], R) FrZV�E" (1) 8eH Stieltjes eH�g#�ZV x(t) ∈ Cn−1([Tx,∞), R), Tx ≥ t0,E" (1)1�Q{�BY r(t)Φ(z(n−1)(t))

∈ C1([Tx,∞), R) 9&;p [Tx,∞) G�CE" (1).E" (1) 1�QF2B{�-91�BYY���(1�5�I(��F-91�E" (1) �-91BYY1�8{:Q-91�g#=�-&E" (1) 8�D n = 2, m(t) ≡ 0, g(t, ξ) ≡ t 9 ∫ b

a
c(t, ξ)dσ(ξ) = c(t),(E" (1) qa?w�o{E"

d

dt

[

r(t)Φ(x′(t))
]

+ c(t)Φ(x(t)) = 0. (3)&E" (3) 8�D p = 2, r(t) ≡ 1, (���qao{E"
x′′(t) + c(t)x(t) = 0. (4)E" (4) ���>-9?(�48D:�1?(2�Q� Wintner[1] R$Bj�Dj�[t ��

lim
t→∞

1

t

∫ t

t0

∫ s

t0

c(x)dxds = ∞, (C1)(E" (4) -9�
1978 ,� Kamenev[2] ��?&ErP/2E1EAM�� Wintner 1yY�X0%��Dj�[t ��

lim sup
t→∞

1

tλ

∫ t

t0

(t − s)λc(s)ds = ∞, (C2)48 λ > 1 �V�(E" (4) -9�
1995 ,� Li ℄ Yeh[3] _V Kamenev yY-�o{E" (3). X#/-�KW A H<�&�Q λ > p − 1, �jP ��

lim sup
t→∞

1

tλ

∫ t

t0

(t − s)λ−p
[

(t − s)pc(s) −
(λ

p

)p

r(s)
]

ds = ∞, (C3)(E" (3) -9�	�g^ D0 =
{

(t, s) : t > s ≥ t0
}

, D =
{

(t, s) : t ≥ s ≥ t0
}

. H H ∈ C(D, R) �Cj�[t�
(i) H(t, t) = 0, t ≥ t0; H(t, s) > 0, (t, s) ∈ D0;

(ii) H & D0 G<4?Q�����F/10*V�(�ZV H ��{3 P.
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1989 ,� Philos[4] M�� Kamenev 1[t�R$BjyY�H H ��{3 P, D
h ∈ C(D0, R) O/

−
∂H

∂s
(t, s) = h(t, s)

√

H(t, s), (t, s) ∈ D0,9
lim sup

t→∞

1

H(t, t0)

∫ t

t0

{

H(t, s)c(s) −
1

4
h2(t, s)

}

ds = ∞, (C4)(E" (4) -9�
1995 ,� Li[5] _V Philos 1yY-�o{E" (3), /-BjyY�KW B H H ��{3 P, �H h ∈ C(D0, R) O/

−
∂H

∂s
(t, s) = h(t, s)(H(t, s))

1

q , (t, s) ∈ D09
∫ t

t0

hp(t, s) ds < ∞, ∀ t ≥ t0,48 1
p

+ 1
q

= 1. D
lim sup

t→∞

1

H(t, t
0
)

∫ t

t0

{

H(t, s)c(s) −

(

1

p
h(t, s)

)p}

ds = ∞, (C5)(E" (3) -9�g#	=�-D p = 2, r(t) ≡ 1, (E" (1) qa
[

x(t) + m(t)x(t − τ)
](n)

+

∫ b

a

c(t, ξ)x
[

g(t, ξ)
]

dσ(ξ) = 0. (5)D�� [6] R$�E" (5) 1 Philos y-9?(��f(1QR$E" (1) 1 Kamenevy-9?(℄ Philos y-9?(�O/6� A ℄6� B Æi [6] 16� 1  g#yY1Z��<�4X1pTyY�g#_s�� [7–13]. T��f81ZV�2P�BY!�Z�1W%�:Q<�8#H(1 t  ��
2 qhTQg#~�j$1���jW 1[14] H x(t) ∈ Cn(I, R+), x(n)(t)D96[�('& tx ≥ t0 ℄.V l, 0 ≤ l ≤ n,) x(n)(t) ≥ 0 M� n + l .V	) x(n)(t) ≤ 0 M� n + l 5V�O/) l > 0 M�

x(k)(t) > 0, t ≥ tx, k = 0, 1, · · · , l − 1;9) l ≤ n − 1 M�
(−1)l+kx(k)(t) > 0, t ≥ tx, k = l, l + 1, · · · , n − 1.



898 � � S � �  34�jW 2[14] H x(t) �C�� 1 1[t�9 x(n−1)(t)x(n)(t) ≤ 0, t ≥ tx, ('&�V
θ, 0 < θ < 1 ℄ M > 0 O<�8#H(1 t �

x′(θt) ≥ Mtn−2x(n−1)(t).jW 3[15] H X ℄ Y FJNV�(
Xλ − λXY λ−1 + (λ − 1)Y λ ≥ 0, λ > 1,GP82P �)9}) X = Y .KW 1 H<&�Q λ > p − 1, �jP ��

lim sup
t→∞

1

tλ

∫ t

T

(t − s)λ−p
[

(t − s)pQ(s) − (q − 1)
(λ

q

)p

[(p − 1)θMgn−2(s)g′(s)]1−pr(s)
]

ds

=∞, (C6)48 1
p

+ 1
q

= 1, g(s) = g(s, a), 9
Q(s) =

∫ b

a

c(s, ξ)(1 − m[g(s, ξ)])p−1 dσ(ξ),(E" (1) -9�{ HE" (1) '&F-9{ x(t). �K�
{��ÆoH x(t) > 0, x(t − τ) > 0,

x[g(t, ξ)] > 0, t ≥ t1 ≥ t0 ≥ 0, ξ ∈ [a, b]. 6� z(t) � (2), S� z(t) > 0, t ≥ t1. ��E" (1) g#/-
d

dt
[r(t)Φ(z(n−1)(t))] ≤ 0, t ≥ t1. (6)�Q r(t)Φ(z(n−1)(t)) rZV9 z(n−1)(t) D96[�g#;��

z(n−1)(t) > 0. (7)I(�'& t2 ≥ t1 O/ z(n−1)(t2) < 0. S�
r(t)Φ(z(n−1)(t)) ≤ r(t2)Φ(z(n−1)(t2)) ≡ −C, C > 0, t ≥ t2.j�

−r(t)(−z(n−1)(t))p−1 ≤ −C, t ≥ t2.eH�I
z(n−2)(t) ≤ z(n−2)(t2) − Cq−1(R(t) − R(t2)).48 1

p
+ 1

q
= 1. &GP8� t → ∞, g#/- lim

t→∞

z(n−2)(t) = −∞. �%_1 z(t) D9J�%! z(t) > 0  =�S (7)  ���^ (6) ℄ (7), g#�
r′(t)(z(n−1)(t))p−1 + (p − 1)r(t)(z(n−1)(t))p−2z(n)(t) ≤ 0.
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z(n)(t) ≤ 0, t ≥ t2. (8)=�- n .V�� (8) ℄�� 1, g#�

z′(t) > 0, t ≥ t3 ≥ t2. (9)�%��� (2) ℄ (9) g#/-
x(t) ≥ (1 − m(t))z(t), t ≥ t3. (10)�� (7) ℄ (10), E" (1) �I

d

dt

[

r(t)(z(n−1)(t))p−1
]

+

∫ b

a

c(t, ξ)(1 − m[g(t, ξ)])p−1(z[g(t, ξ)])p−1 dσ(ξ) ≤ 0.� g(t, ξ) T� ξ Fri (9), GP�Æt
d

dt

[

r(t)(z(n−1)(t))p−1
]

+ Q(t)(z([g(t)]))p−1 ≤ 0, t ≥ T ≥ t3, (11)48 Q(t) =
∫ b

a
c(t, ξ)(1 − m[g(t, ξ)])p−1 dσ(ξ), g(t) = g(t, a). 6�

W (t) = r(t)
(z(n−1)(t)

z(θg(t))

)p−1

, t ≥ T. (12)(� (11), g#�
W ′(t) ≤ −Q(t)

( z(g(t))

z(θg(t))

)p−1

−
(p − 1)θg′(t)r(t)(z(n−1)(t))p−1z′(θg(t))

(z(θg(t)))p
. (13)���� 2, =�- (7)–(9), g#/-

z′(θg(t)) ≥ Mgn−2(t)z(n−1)(t). (14)& (13) 8�� (14) ℄ (12) �I
W ′(t) ≤ −Q(t) − (p − 1)θMgn−2(t)g′(t)r1−q(t)W q(t), t ≥ T,48 1

p
+ 1

q
= 1. <GPeH�g#�

− (t − T )λW (T ) + λ

∫ t

T

(t − s)λ−1W (s) ds

+ (p − 1)θM

∫ t

T

(t − s)λgn−2(s)g′(s)r1−q(s)W q(s) ds +

∫ t

T

(t − s)λQ(s) ds ≤ 0,

(15)

t ≥ T . � p > 1, q > 1, ���� 3, j
Xq + (q − 1)Y q − qXY q−1 ≥ 0, X ≥ 0, Y ≥ 0.
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X =

[

(p − 1)θMgn−2(s)g′(s)
]

1

q (t − s)
λ
q r

1−q

q (s) |W (s)|℄
Y =

(λ

q

)

p

q

(t − s)
λ−p

q

[

(p − 1)θMgn−2(s)g′(s)
]−

p

q2 r
1

q (s),(< T ≤ s < t, g#/-
(p − 1)θMgn−2(s)g′(s)r1−q(s)(t − s)λ|W (s)|q

≥λ(t − s)λ−1|W (s)| − (q − 1)
(λ

q

)p

(t − s)λ−p
[

(p − 1)θMgn−2(s)g′(s)
]

1

1−q r(s).

(16)�^ (15) ℄ (16), g#�
∫ t

T

(t − s)λ−p
[

(t − s)pQ(s) − (q − 1)
(λ

q

)p
[

(p − 1)θMgn−2(s)g′(s)
]1−p

r(s)
]

ds

≤(t − T )λW (T ).�%
lim sup

t→∞

1

tλ

∫ t

T

(t − s)λ−p
[

(t − s)pQ(s) − (q − 1)
(λ

q

)p
[

(p − 1)θMgn−2(s)g′(s)
]1−p

r(s)
]

ds

≤W (T ).GP![t (C6)  =�6� 1 0��r 1 k?�6� A Qg#6� 1 1Z��KW 2 H'&ZV ρ(t) ∈ C1(I, R+) O/
lim sup

t→∞

∫ t

T

[

ρ(s)Q(s) −
ρ′(s)r(s)

pp

( ρ′(s)

θMρ(s)gn−2(s)g′(s)

)p−1]

ds = ∞, (C7)< T ≥ t0  ��(E" (1) -9�{ HE" (1) '&F-9{ x(t), 6� z(t) � (2). B\6� 1 10%�g#��2P (11)  ��6�
W (t) = ρ(t)r(t)

(z(n−1)(t)

z(θg(t))

)p−1

, t ≥ T. (17)�� (14) ℄ (17), g#/-
W ′(t) ≤− ρ(t)Q(t) +

ρ′(t)

ρ(t)
W (t)

− (p − 1)θMgn−2(t)g′(t)
[

ρ(t)r(t)
]1−q

|W (t)|q, t ≥ T, (18)48 1
p

+ 1
q

= 1. ���� 3, <��� X ≥ 0, Y ≥ 0, g#�
qXY q−1 − Xq ≤ (q − 1)Y q, q > 1. (19)
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X =

[

(p − 1)θMgn−2(t)g′(t)
]

1

q
[

ρ(t)r(t)
]

1−q

q |W (t)|℄
Y =

(p − 1

p

)p−1(ρ′(t)

ρ(t)

)p−1
[

(p − 1)θMgn−2(t)g′(t)
]

1−p

q
[

ρ(t)r(t)
]

p−1

p ,( (19) �I�2P
ρ′(t)

ρ(t)
W (t) − (p − 1)θMgn−2(t)g′(t)

[

ρ(t)r(t)
]1−q

|W (t)|q

≤
[ρ′(t)]pr(t)

pp[θMρ(t)gn−2(t)g′(t)]p−1
, t ≥ T. (20)�^ (18) ℄ (20), g#�

W ′(t) ≤ −ρ(t)
[

Q(t) −
ρ′(t)r(t)

ppρ(t)

( ρ′(t)

θMρ(t)gn−2(t)g′(t)

)p−1]

, t ≥ T.eHGPg#/-
W (t) − W (T ) ≤ −

∫ t

T

[

ρ(s)Q(s) −
ρ′(s)r(s)

pp

( ρ′(s)

θMρ(s)gn−2(s)g′(s)

)p−1]

ds.&GP8� t → ∞ <Gfm�/-![t (C7) 1 =�6� 2 0��D ρ(t) ≡ 1, (6� 2 �Bj_��_Z 1 H
lim sup

t→∞

∫ t

T

Q(s) ds = ∞, T ≥ t0,(E" (1) -9�r 2 [3] 1_� 4 Q�f_� 1 1Z��KW 3 H'& ρ(t) ∈ C1(I, R+), H(t, s) ∈ C(D, R)��{3 P,9 h(t, s) ∈ C(D0, R)O/
−

∂H

∂s
(t, s) − H(t, s)

ρ′(s)

ρ(s)
= h(t, s)H

1

q (t, s), (t, s) ∈ D0℄
∫ t

t0

|h(t, s)|pds <∞, ∀ t ≥ t0,48 1
p

+ 1
q

= 1. D
lim sup

t→∞

1

H(t, t0)

∫ t

t0

[

H(t, s)ρ(s)Q(s) −
(1

p
|h(t, s)|

)p ρ(s)r(s)

[θMgn−2(s)g′(s)]p−1

]

ds = ∞, (C8)(E" (1) -9�k?�) n = 2, m(t) ≡ 0, g(t, ξ) ≡ t,
∫ b

a
c(t, ξ) dσ(ξ) = c(t), ρ(t) ≡ 1 M��f6� 3 ja6� B.



902 � � S � �  34�{ HE" (1) '&D9/{ x(t), z(t) � (2) 6��( z(t) > 0, t ≥ T0 ≥ t0. B\6� 1 10%�g#��2P (11), j
d

dt

[

r(t)(z(n−1)(t))p−1
]

+ Q(t)(z[g(t)])p−1 ≤ 0, t ≥ T0.48 g(t) = g(t, a), 9 Q(t) =
∫ b

a
c(t, ξ)

(

1 − m[g(t, ξ)]
)p−1

dσ(ξ). 6�ZV W (t) \ (17).g#� (18)  ���j
ρ(t)Q(t) ≤ −W ′(t) +

ρ′(t)

ρ(t)
W (t) − (p − 1)G(t)

[

ρ(t)r(t)
]1−q

|W (t)|q, t ≥ T0,48 G(t) = θMgn−2(t)g′(t). �
∫ t

t0

|h(t, s)|p ds <∞, ∀ t ≥ t0,(<�8 t ≥ T ≥ T0, g#�
∫ t

T

H(t, s)ρ(s)Q(s) ds

≤H(t, T )W (T ) −

∫ t

T

(

−
∂H

∂s
(t, s)

)

W (s) ds

+

∫ t

T

H(t, s)
ρ′(s)

ρ(s)
W (s) ds − (p − 1)

∫ t

T

H(t, s)G(s)
[

ρ(s)r(s)
]1−q

|W (s)|q ds

=H(t, T )W (T ) −

∫ t

T

h(t, s)H
1

q (t, s)W (s) ds − (p − 1)

∫ t

T

H(t, s)G(s)|W (s)|q

[ρ(s)r(s)]q−1
ds

≤H(t, T )W (T ) +

∫ t

T

H
1

q (t, s)|h(t, s)W (s)| ds − (p − 1)

∫ t

T

H(t, s)G(s)|W (s)|q

[ρ(s)r(s)]q−1
ds.

(21)�� (19), g#<
X =

[

(p − 1)H(t, s)G(s)
]

1

q
[

ρ(s)r(s)
]

1−q

q |W (s)|℄
Y =

(1

q

)p−1
∣

∣h(t, s)
∣

∣

p−1[
(p − 1)G(s)

]

1−p

q
[

ρ(s)r(s)
]

1

q ,( (19) �I�2P
H

1

q (t, s)
∣

∣h(t, s)W (s)
∣

∣ − (p − 1)
H(t, s)G(s)

∣

∣W (s)
∣

∣

q

[ρ(s)r(s)]q−1

≤
(1

p
|h(t, s)|

)p

ρ(s)r(s)
[

G(s)
]1−p

, t > s ≥ T0. (22)
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∫ t

T0

[

H(t, s)ρ(s)Q(s) −
(1

p
|h(t, s)|

)p ρ(s)r(s)

Gp−1(s)

]

ds

≤H(t, T0)W (T0) ≤ H(t, T0) |W (T0)| ≤ H(t, t0) |W (T0)|.�%
∫ t

t0

[

H(t, s)ρ(s)Q(s) −
(1

p
|h(t, s)|

)p ρ(s)r(s)

Gp−1(s)

]

ds

=
{

∫ T0

t0

+

∫ t

T0

}[

H(t, s)ρ(s)Q(s) −
(1

p
|h(t, s)|

)p ρ(s)r(s)

Gp−1(s)

]

ds

≤H(t, t0)

∫ T0

t0

ρ(s)|Q(s)|ds + H(t, t0) |W (T0)|

=H(t, t0)
{

∫ T0

t0

ρ(s)|Q(s)| ds + |W (T0)|
}

, ∀ t ≥ t0.GPR$
lim sup

t→∞

1

H(t, t0)

∫ t

t0

[

H(t, s)ρ(s)Q(s) −
(1

p
|h(t, s)|

)p ρ(s)r(s)

Gp−1(s)

]

ds

≤

∫ T0

t0

ρ(s)|Q(s)| ds + |W (T0)|.%![t (C8)  =�6� 3 0��r 3 DE" (1) 8� p = 2, r(t) ≡ 1, (E" (1) aqo{E"
[

x(t) + m(t)x(t − τ)
](n)

+

∫ b

a

c(t, ξ)x[g(t, ξ)] dσ(ξ) = 0.%M� [6] 16� 1 jg#6� 3 1Z��X 	�j�CZaHE"
(3

2

[

x(t) +
2

3π
x
(

t −
3π

2

)](3))′

+

∫ 2π

π

ξ

2π
x
(

t + ξ −
5π

2

)

dξ = 0, t ≥
3π

2
, (23)+ n = 4, p = 2, τ = 3π

2 , r(t) = 3
2 , m(t) = 2

3π
, c(t, ξ) = ξ

2π
, g(t, ξ) = t + ξ − 5π

2 , σ(ξ) =

ξ, [a, b] = [π, 2π], (
Q(s) =

∫ b

a

c(s, ξ)(1 − m[g(s, ξ)])p−1 dσ(ξ) =

∫ 2π

π

ξ

2π

(

1 −
2

3π

)

dξ =
3π

4
−

1

2Q�Q/1�V�9
lim sup

t→∞

∫ t

T

Q(s) ds = ∞.�%�_� 1 1[t�C�SE" (23) 1"�Q{Q-91��)�0� x(t) = sin t�QE" (23) 1�Q{�
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Abstract In this paper a class of even order half-linear neutral differential equations with

distributed delay are studied. By using the generalized Riccati transformation and the

integral averaging technique, new oscillation criteria are obtained for all solutions of the

equations, which generalize and improve the results of some literatures.

Key words half-linear differential equation; distributed delay; oscillation criterion

MR(2000) Subject Classification 34C10; 34K11

Chinese Library Classification O175


