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�Jjz� f :E→{−1,1} p�� ∑

e∈E(v)

f(e)≥1 P M ~>CjGD v L,0�m* f �� G >Jj℄|7'Y){z��X~ E(v)  ~ G ~a v D-r2>�
�� G >℄|7'Y){�IO� γM

ss
(G)=min

{

∑

e∈E

f(e)|f � G >℄|7'Y){z� }

. k�!~$F�Gl.5J��>℄|7'Y){�>s��(��#fI5:�a��d�>℄|7'Y){�>�fv�Æ�$FSn>pJ3eQ>JjUX�℄.5�d�>℄|7 k ){��� � ℄|7'Y){z�℄|7'Y){�℄|7 k ){�
MR(2000) A-�% 05C50�.�% O157.5

1 ;8w G = (V, E) �Kk℄,�73���#� �
I�Æ~��d� [1]. Q_HE v ∈ V (G), JP v �8e N(v) =
{

u | uv ∈ E(G)
}

, �8e N [v] = N(v) ∪ {v}. E(v)!� G � v E.s3���
�1P,��+}->E!Llg,g[a� [2] To��_~9+}fRm)��: 1.1 w G = (V, E) �Kk℄,�7��Kk{	 f : E → {−1, 1} A�Q�℄� v ∈ V (G) M℄ ∑

e∈E(v)

f(e) ≥ 1, n+ f � G �Kk_~9+}{	
 f � ω(f) JP� G ��℄�{	w��� G ��℄_~9+}{	�0�JP� G �_~9+}	�Æ� γ′
ss(G). )H%GTo��K�4��+}fR�: 1.2 w G = (V, E) �Kk℄,�7�� M � V �KkX(	��Kk{	

f : E → {−1, 1}A�Q M ���℄HE v M℄ ∑

e∈E(v)

f(e) ≥ 1, n+ f � G �Kk_~�" 2010 O 9 i 9 k�;	2011 O 6 i 10 k�;<h	



6W �����>℄|7'Y){� 10959(Z+}{	
� G �_~9(Z+}	JP� γM
ss (G) = min

{
∑

e∈E

f(e)| f � G �_~9(Z+}{	 }

.��t�4kJP%K%/�9 M = V {���Kk_~9(Z+}{	"���Kk_~9+}{	
R1��_~9(Z+}{	���_~9+}{	�K�
h�t
 [3] �ToL)JP�: 1.3 w G = (V, E) �Kk℄,�7��Kk{	 f : E → {−1, 1} A�Qyu
k kHE v ℄ ∑

e∈E(v)

f(e) ≥ 1, n+ f ���Kk_~9 k +}{	���_~9 k +}	JP� γk
ss(G) = min

{
∑

e∈E

f(e)|f � G �_~9 k +}{	}

.�#�%G�Hm/6K���_~9(Z+}	�t��)��$gJ6;�b��e��_~9(Z+}	
��%GTo�qK4fR�KkWZ�̂ /6�e��_~9 k +}	��N< [3] �^/6;�b�_~9 k +}	
+hq f � G �Kk_w0_~9(Z+}{	�n G[M ] ���Wbe_ −1.

2 ��#>+�*!�3!�& 2.1 w G = (V, E) �Kk��M ⊆ V , E(G[M ]) ∪ (M, M) :/�	�� G0,q |G0| = n, n γM
ss (G) ≤ 2n − 4.K w f � G0 �Kk_~9+}{	\ f(E) = γ′

ss(G0). R f(E) = γ′
ss(G0) ≤ 2n−4

(� [4]), \ f I� G0 �Kk_~9(Z+}{	��L γM
ss (G0) ≤ f(E) ≤ 2n− 4, _�

γM
ss (G) ≤ γM

ss (G0) ≤ 2n − 4.�& 2.2 w G = (V, E)�Kk℄,�7��M ⊆ V , M = {v1, v2, · · · , vk}, A =
{

i |
d(vi) �S	, i = 1, 2, · · · , k

}

, B =
{

i | d(vi) �Z	, i = 1, 2, · · · , k}. |A| = r, |B| = s,n
γM

ss (G) ≥ 1

2
(2r + s) − 1

2

∣

∣(M, M)
∣

∣ −
∣

∣E(G[M ])
∣

∣.K w f �� G �iNKk_~9(Z+}{	�n
k

∑

i=1

f
(

E(vi)
)

= 2f
(

E(G[M ]) ∪ (M, M)
)

− f(M, M)

f(E) =
1

2

k
∑

i=1

f
(

E(vi)
)

+
1

2
f(M, M) + f

(

E(G[M ])
)

=
1

2

∑

v∈A

f(E(v)) +
1

2

∑

v∈B

f(E(v)) +
1

2
f(M, M) + f

(

E(G[M ])
)

≥1

2
(2|A|) +

1

2
|B| − 1

2

∣

∣(M, M)
∣

∣ −
∣

∣E(G[M ])
∣

∣

=
1

2
(2r + s) − 1

2

∣

∣(M, M)
∣

∣ −
∣

∣E(G[M ])
∣

∣.�VT�'L%/qk��'4�
R γM
ss ≥ γ

|M|
ss , �L [3] �s_ γk

ss �)���
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ss ,
M-1�$\%G℄)7�& 2.3 Q� G = (V, E), q |E| = m, M ⊆ V \ M = {v1, v2, · · · , vk}, n

γM
ss ≥ 1

2

(

k +

k
∑

i=1

d(vi)
)

− m.1J-� [3] �J- 3 ��:�'L� [3] �eKF�sIbJ-�R1=`

3 '�(�1)/���6��#>+�& 3.1 w G = (V, E) � n kHE�;� M ⊆ V 8 M 6= V . G[M ] �3�ZtZ"� P0, P1, · · · , Pr, Pr+1, Y� P0 !�y G �KkAqE�3�Zt� Pr+1 !�y
G �9KkAqE�3�Zt�n γM

ss (G) = 2(t0 + t1 + 1 + · · · + tr + 1 + tr+1) − n + 1,Y� ti = |Pi|, i = 0, 1, · · · , r + 1.K R G �DkE�O	� 1 	� 2, �LH| f � G Kk[�_~9(Z+}{	�JB P0, P1, · · · , Pr, Pr+1 �Dk��Y8��_wMxM� 1 Y��M�?_
−1, �N<q4E�1J-�sI"�+h�6�Z�F�VS'=�& 3.2 w G = (V, E) � n kHE�b� M ⊆ V 8 M 6= V , G[M ] �3�ZtZ"� P1, P2, · · · , Pr n γM

ss (G) = 2(|P1| + 1 + |P2| + 1 + · · · + |Pr | + 1) − n.R γk
ss(Cn) = 2k − n + 2[3], jo#t�J-%K%/�9 Cn[M ] 3�{ γM

ss (Cn) "��� γ
|M|
ss (Cn),  γk

ss E!�� G ��A� |M | ≥ k �E� M , R γM
ss 'LE! G ��iNE� M . 3qkNPt,�_~9(Z+}{	�_~9 k +}{	��t
�& 3.3 w G = (V, E)�Kk℄,�7��M �KkN1��M = {v1, v2, · · · , vk},

A =
{

i | d(vi) �S	, i = 1, 2, · · · , k
}

, B =
{

i | d(vi) �Z	, i = 1, 2, · · · , k
}

. |A| =

r, |B| = s, n
γM

ss (G) = 2r + s − |E(G[M ])|.K w f �� G �iNKk_~9(Z+}{	�n
∑

e∈E

f(e) =

k
∑

i=1

f(E(vi)) + f
(

E(G[M ])
)

=
∑

i∈A

f(E(vi)) +
∑

i∈B

f(E(vi)) + f
(

E(G[M ])
)

≥ 2r + s −
∣

∣E(G[M ])
∣

∣.9KVH%GJP� G�Kk_~9(Z+}{	m)�q i ∈ A,n vi � 1
2 (di +2)k8�`w 1. `)� 1

2 (di − 2) k8�`w −1. q i ∈ B, n vi � 1
2 (di + 1) k8�`w 1. `)� 1

2 (di − 1) k8�`w −1, nMuqk{	�� G �Kk_~9(Z+}{	�_�
γM

ss (G) ≤
∑

e∈E

f(e) =
∑

i∈A

f(E(vi)) +
∑

i∈B

f(E(vi)) + f
(

E(G[M ])
)

= 2r + s −
∣

∣E(G[M ])
∣

∣.
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�& 3.4 w G = (V, E) �Kk k + k + s ��e�� M = {v1, v2, · · · , vk}, n9
s = 2l {� γM

ss (G) = 1
2k(3 − k) − 1

2 (k + 2l)(k + 2l − 1). 9 s = 2l + 1 {� γM
ss (G) =

1
2k(5 − k) − 1

2 (k + 2l + 1)(k + 2l).K w f �� G �iNKk_~9(Z+}{	�n
f(E) =

1

2

k
∑

i=1

f(E(vi)) +
1

2
f(M, M) + f

(

E(G[M ])
)

.9 s = 2l {
f(E) ≥ 1

2
k +

1

2
f(M, M) + f(E(G[M ])).R M �DKEl (M, M) ��8��yuH℄ l + 1 k�_ 1, \n f %�_~9(Z+}{	
�L

f(M, M) ≥ k(l + 1) − k(k + 2l − l − 1),�L
f(E) ≥1

2
k +

1

2
k(l + 1) − 1

2
k(k + l − 1) + f

(

E(G[M ])
)

≥1

2
k(3 − k) − 1

2
(k + 2l)(k + 2l − 1).9KVH%GJP� G �Kk_~9(Z+}{	m)� G[M ] ���e_ +1,

M �DKEl (M, M) ��8��℄ l + 1 k_ +1, k + l − 1 k_ −1, E(G[M ]) ���e_ −1, nQDK v ∈ M , f(E(v)) = k − 1 + l + 1 − (k + l − 1) = 1, �Lqk{	��
G �Kk_~9(Z+}{	�\
γM

ss ≤ f(E) = 1+0+(−1)+· · ·+(−(k−2))+f
(

E(G[M ])
)

=
1

2
k(3−k)− 1

2
(k+2l)(k+2l−1),�L γM

ss (G) = 1
2k(3 − k) − 1

2 (k + 2l)(k + 2l − 1).9 s = 2l + 1 {
f(E) ≥ 1

2
2k +

1

2
f(M, M) + f

(

E(G[M ])
)

.R M �DKEl (M, M) ��8��yuH℄ l + 2 k�_ 1, \n f %�_~9(Z+}{	
�L
f(M, M) ≥ k(l + 2) − k(k + 2l + 1 − (l + 2)),�L

f(E) ≥1

2
2k +

1

2
k(l + 2) − 1

2
k(k + l − 1) + f

(

E(G[M ])
)

≥1

2
k(5 − k) − 1

2
(k + 2l + 1)(k + 2l).



1098 U X � B B � 34$9KVH%GJP� G �Kk_~9(Z+}{	m)� G[M ] ���e_ +1,

M �DKEl (M, M) ��8��℄ l + 2 k_ +1, k + l − 1 k_ −1, E(G[M ]) ���e_ −1, nQDK v ∈ M , f(E(v)) = k − 1 + l + 2 − (k + l − 1) = 2, �Lqk{	��
G �Kk_~9(Z+}{	�\
γM

ss ≤ f(E) = 2+1+0+(−1)+· · ·+(−(k−3))+f(E(G[M ])) =
1

2
k(5−k)−1

2
(k+2l+1)(k+2l),�L γM

ss (G) = 1
2k(5 − k) − 1

2 (k + 2l + 1)(k + 2l). s��& 3.5 w G = (V, E) �Kk 2k + 2k − s ��e�� M = {v1, v2, · · · , v2k},n9 s = 2l {� γM
ss (G) = k − 2k2 + 2kl − (k − l)(2k − 2l − 1). 9 s = 2l − 1 {�

γM
ss (G) = k − 2k2 + 2kl − (k − l)(2k − 2l + 1).K w f �� G �iNKk_~9(Z+}{	�n

f(E) =
1

2

2k
∑

i=1

f(E(vi)) +
1

2
f(M, M) + f

(

E(G[M ])
)

.9 s = 2l {
f(E) ≥1

2
2k +

1

2
f(M, M) + f

(

E(G[M ])
)

,

≥k − 1

2

∣

∣(M, M)
∣

∣ − 1

2
(2k − 2l)(2k − 2l − 1) = k − 2k2 + 2kl − (k − l)(2k − 2l − 1).9KVH%GJP� G �Kk_~9(Z+}{	m)� (M, M) ���e_

−1, K2k ℄ 2k − 1 k�EUT�Y�� 2k − 2l + 1 kUT���e_ +1, �z`
2k − 1− (2k − 2l + 1) = 2l− 2 kUT�q 2l− 2 kUT�� l− 1 kUT���e_ +1,9 l − 1 kUT���e_ −1. Msq�Kk_~9(Z+}{	�\

γM
ss (G) ≤f(E) = C2

2k − (l − 1)k − (l − 1)k − 2k(2k − 2l) + f
(

E(G[M ])
)

=k − 2k2 + 2kl − (k − l)(2k − 2l − 1).�"B9 M = V {= γ′
ss(K2k) = k. 9 s = 2l − 1 {

f(E) ≥1

2
× 2 × 2k +

1

2
f(M, M) + f

(

E(G[M ])
)

,

≥2k − 1

2

∣

∣(M, M)
∣

∣ − 1

2
(2k − 2l)(2k − 2l + 1) = k − 2k2 + 2kl − (k − l)(2k − 2l + 1).9KVH%GJP� G �Kk_~9(Z+}{	m)� (M, M) ���e_

−1, K2k ℄ 2k − 1 k�EUT�Y�� 2k − 2l + 2 kUT���e_ +1, �z`
2k − 1− (2k − 2l + 2) = 2l− 3 kUT�q 2l− 3 kUT�� l− 2 kUT���e_ +1,9 l − 2 kUT���e_ −1. �KkUTe_ +1. Msq�Kk_~9(Z+}{	�\

γM
ss (G) ≤f(E) = C2

2k − (l − 2)k − (l − 2)k − 2k(2k − 2l + 1) + f
(

E(G[M ])
)

=k − 2k2 + 2kl − (k − l)(2k − 2l + 1).



6W �����>℄|7'Y){� 1099J-s�
�& 3.6 w G = (V, E)�Kk 2k−1+2k−(2l−1)��e��M = {v1, v2, · · · , v2k−1}.n�9 l�S	{�γM
ss (G) = 2(2k− l)(l−k),9 l �Z	{�γM

ss (G) = 2(2k− l)(l−k)+1.K 9 l �S	{�w f �� G �iNKk_~9(Z+}{	�n
f(E) =

1

2

2k−1
∑

i=1

f(E(vi)) +
1

2
f(M, M) + f

(

E(G[M ])
)

≥1

2
(2k − 1) +

1

2
f(M, M) + f

(

E(G[M ])
)

≥1

2
(2k − 1) − 1

2
(2k − 1)(2k − 2l + 1) − (k − l)(2k − 2l + 1) = 2(2k − l)(l − k).9KVH%GJP� G �Kk_~9(Z+}{	m)� (M, M ) ���e_ −1,

K2k−1 ℄ k − 1 k Hamilton b
Y�� k − 1
2 l k Hamilton bt��e_ +1, z`�

1
2 l − 1 k Hamilton bt��e_ −1. Msq�Kk_~9(Z+}{	�\

γM
ss (G) ≤ f(E) =C2

2k−1 − (2k − 1)
(1

2
l − 1

)

− (2k − 1)
(1

2
l − 1

)

− (2k − 1)(2k − 2l + 1) − (k − l)(2k − 2l + 1)

=2(2k − l)(l − k).9 l �Z	{�w f �� G �iNKk_~9(Z+}{	�%W (M, M) ���e_
−1, \nq (M, M) �℄�� e1 _ +1, n G[M ] ��℄K�� e2 _ −1, Æ e1 �_wd� −1, e2 �_wd� +1,nj=<� G�Kk_~9(Z+}{	 f ′ \ f ′(E) = f(E).�K&�qQ�℄� v ∈ M M℄ f(E(v)) = 1,n v l G[M ]�8��_ +1�p℄ 2k− l��_ −1 �p℄ l − 2 �
w N !� G[M ] �_ -1 ������n G[N ] �KkO�
l−2�rn�\y℄Z	kHE�q�%'M��R��ZO	�HE�k	�S	
�L�℄KE v ∈ M | f(E(v)) ≥ 3. qF�

f(E) =
1

2

2k−1
∑

i=1

f(E(vi)) +
1

2
f(M, M) + f

(

E(G[M ])
)

≥1

2
(2k − 2 + 3) − 1

2
(2k − 1)(2k − 2l + 1) − (k − l)(2k − 2l + 1)

=2(2k − l)(l − k) + 1.9KVH%GJP� G �Kk_~9(Z+}{	m)� (M, M ) ���e_ −1,

K2k−1 ℄ k − 1 k Hamilton b
Y�� k − 1
2 (l + 1) k Hamilton bt��e_ +1,

1
2 (l + 1) − 2 k Hamilton bt��e_ −1, �Kk Hamilton bt�Kk5UT��_w −1, qkbt�Y�_ +1. Msq�Kk_~9(Z+}{	�\
γM

ss (G) ≤ f(E) =C2
2k−1 − (2k − 1)

( l + 1

2
− 2

)

− (k − 1) − (2k − 1)
( l + 1

2
− 2

)

− (k − 1)

− (2k − 1)(2k − 2l + 1) − (k − l)(2k − 2l + 1)

=2(2k − l)(l − k) + 1.
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�& 3.7 w G = (V, E) �Kk 2k − 1 + 2k − 2l ��e��M = {v1, v2, · · · , v2k−1}.n9 l �S	{� γM
ss (G) = −2k2 + 2kl + 3k − l − 1 − (k − l)(2k − 2l − 1). 9 l �Z	{� γM

ss (G) = −2k2 + 2kl + 3k − l − (k − l)(2k − 2l − 1). �"B�9 M = V {�
γ′

ss(K2k−1) = 2k − 1, k �S	� γ′
ss(K2k−1) = 2k, k �Z	
1J-�sI�J- 3.6KF�R1=`


4 1)/���6 k #>+\�e��Q+;u γk
ss(Kn) = min

{

γM
ss (Kn)| |M | = k, k + 1, · · · , n

}

(1). #1�%G/Z�e��_~9(Z+}	'L^/�e��_~9 k +}	
�& 4.1 w n ≡ 0 (mod4), n9 1 ≤ r ≤ n
2 + 1 {� γr

ss = 1
2r(3 − r) − 1

2 (n − r)(n − r − 1).9 r > n
2 +1{�q r = 2k,n γr

ss = − 1
2n2+kn+ 1

2n,q r = 2k−1,n γr
ss = − 1

2n2+kn.w n ≡ 2 (mod 4) n�9 1 ≤ r ≤ n
2 + 1 {� γr

ss = 1
2r(3 − r) − 1

2 (n − r)(n − r − 1).9 r > n
2 + 1 {�q r = 2k, n γr

ss = − 1
2n2 + kn + 1

2n, q r = 2k − 1, n γr
ss =

− 1
2n2 + kn + 1.K w M = {v1, v2, · · · , vr}, �6V�%WÆ γM

ss Æ� γr
ss �H�%<q%zT[�/
9 1 ≤ r ≤ n

2 {�\J- 3.4u γr
ss = 1

2r(3−r)− 1
2 (n−r)(n−r−1), γr+1

ss = 1
2 (r+1)(2−r)−

1
2 (n−r−1)(n−r−2). �L γr+1

ss −γr
ss = n−2r ≥ 0,�L γr+1

ss ≥ γr
ss,^ γ

n

2
ss = − 1

4n2+n. 9
r = n

2 +1{�q n
2 �S	�\J- 3.6u 2k−1 = n

2 +1, k = n
4 +1, 2k−2l+1 = n−2k+1, l =

2�S	��L γr
ss = 2(2k− l)(l−k) = 2

(

n
2

)(

1− n
4

)

= − 1
4n2 +n. q n

2 �Z	�\J- 3.5u 2k = n
2 +1, k = n

4 + 1
2 , 2k−2l = n−2k, 4k−n = 2l, n+2−n = 2l, l = 1�Z	��L

γr
ss = k−2k2+2kl− 1

2

(

n
2 −1

)(

n
2 −2

)

= − 1
4n2+n. 9 r > n

2 +1{�q r = 2k,\J- 3.5u
2k−2l = n−2k, l = 2k− 1

2n,�L γr
ss = k−2k2+2kl− 1

2 (n−2k)(n−2k−1) = − 1
2n2+kn+ 1

2n,q r = 2k − 1, 2k − 2l + 1 = n − 2k + 1, 4k − n = 2l, l = 2k − n
2 , 9 n ≡ 0 (mod 4) {�

l �S	�\J- 3.6 u γr
ss = 2(2k − l)(l − k) = − 1

2n2 + kn, 9 n ≡ 2 (mod 4) {�
l �Z	�\J- 3.6 u γr

ss = 2(2k − l)(l − k) + 1 = − 1
2n2 + kn + 1. )HsI�9

r ≥ 1
2n + 1 {� γr

ss I�o�
�* γ2k
ss = − 1

2n2 + kn + 1
2n, γ2k−1

ss = − 1
2n2 + kn 	

γ2k−1
ss = − 1

2n2 + kn + 1, M℄ γ2k
ss ≥ γ2k−1

ss , Y2 γ2k+1
ss = γ

2(k+1)−1
ss = − 1

2n2 + kn + n 	
γ2k+1

ss = γ
2(k+1)−1
ss = − 1

2n2 + kn + n + 1 M℄ γ2k+1
ss ≥ γ2k

ss . �L γr
ss � r �o5Ro5
o#tH�Z&'= γr

ss ���u<�9 r 3 1 < n
2 + 1 {� γr

ss 3 − 1
2n2 + 3

2n o5<
− 1

4n2 + n, 9 r 3 n
2 + 1 �< n {� γr

ss ^3 − 1
4n2 + n ty< n

2 . jo# (1) }%G�=m)�>�w n ≡ 0 (mod 4), n9 1 ≤ r ≤ n
2 + 1 {� γr

ss = 1
2r(3 − r) − 1

2 (n − r)(n − r − 1).9 r > n
2 +1{�q r = 2k,n γr

ss = − 1
2n2+kn+ 1

2n,q r = 2k−1n γr
ss = − 1

2n2+kn.w n ≡ 2 (mod 4), n9 1 ≤ r ≤ n
2 + 1 {� γr

ss = 1
2r(3 − r) − 1

2 (n − r)(n − r − 1).9 r > n
2 + 1 {�q r = 2k, n γr

ss = − 1
2n2 + kn + 1

2n, q r = 2k − 1, n γr
ss =
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− 1
2n2 + kn + 1.�& 4.2 w k1 = 1

2 (n + 2 −
√

2n − 1), n ≡ 1 (mod 4), n9 1 ≤ r ≤ k1 {� γr
ss = 1

2r(5 − r) − 1
2 (n − r)(n − r − 1).9 k1 ≤ r ≤ n−1

2 + 1 {� γr
ss = − 1

4 (n − 1)2 + 1
2 (n − 1) + 2.9 r > n−1

2 + 1 {�q r = 2k, n γr
ss = − 1

2n2 + kn + k + 1
2n, q r = 2k − 1, n

γr
ss = − 1

2n2 + kn + k + 1
2 .w k1 = 1

2 (n + 2 −
√

2n + 3), n ≡ 3 (mod 4), n9 1 ≤ r ≤ k1 {� γr
ss = 1

2r(5 − r) − 1
2 (n − r)(n − r − 1).9 k1 ≤ r ≤ n−1

2 + 1 {� γr
ss = − 1

4 (n − 1)2 + 1
2 (n − 1) + 1.9 r > n−1

2 + 1 {�q r = 2k, n γr
ss = − 1

2n2 + kn + k + 1
2n, q r = 2k − 1, n

γr
ss = − 1

2n2 + kn + k − 1
2 .K w n ≡ 1 (mod 4), 9 1 ≤ r ≤ n−1

2 {�\J- 3.4u γr
ss = 1

2r(5− r)− 1
2 (n− r)(n−

r−1), γr+1
ss = 1

2 (r+1)(4−r)− 1
2 (n−r−1)(n−r−2). �L γr+1

ss −γr
ss = n−2r+1 ≥ 0,�L

γr+1
ss ≥ γr

ss. 9 r = n−1
2 +1{�\J- 3.7u�2k−1 = n−1

2 +1, k = n−1
4 +1, 2

(

n−1
4 +1

)

−2l =
n−1

2 , l = 1 �Z	� γr
ss = −2

(

n−1
4 + 1

)2
+ 2

(

n−1
4 + 1

)

× 1 + 3 ×
(

n−1
4 + 1

)

− 1 −
1
2

(

n−1
2

)(

n−1
2 − 1

)

= − 1
4 (n− 1)2 + n−1

2 + 2. 9 r > n−1
2 + 1 {�q r = 2k, \J- 3.5 u�

2k−2l+1 = n−2k, l = 2k−n−1
2 ,�L γr

ss = k−2k2+2k
(

2k−n−1
2

)

+
(

k−n−1
2

)

(n−1−2k+1) =

− 1
2n2 +kn+k+ 1

2n,q r = 2k−1,\J- 3.7u�2k−2l = n−2k+1, l = 2k− n+1
2 , �L

γr
ss = −2k2 +2k

(

2k− n+1
2

)

+3k−2k+ n+1
2 +(k− n+1

2 )(n+1−2k−1) = − 1
2n2 +kn+k+ 1

2 .)HsI�9 r ≥ n−1
2 + 1 {� γr

ss I�o�
�* γ2k
ss = − 1

2n2 + kn + k + 1
2n, γ2k−1

ss =

− 1
2n2+kn+k+ 1

2 �L γ2k
ss ≥ γ2k−1

ss . Y2 γ2k+1
ss = γ

2(k+1)−1
ss = − 1

2n2+kn+n+k+ 3
2 ≥ γ2k

ss .�L γr
ss� r�o5Ro5
o#tH�Z&'= γr

ss ���u<�9 r3 1< n−1
2 {�γr

ss3− 1
2n2+ 3

2n+1o5< − 1
4 (n−1)2+n−1,9 r3 n−1

2 < n−1
2 +1{�γr

ss 3− 1
4 (n−1)2+n−1F?< − 1

4 (n−1)2+ n−1
2 +2,9 r3 n−1

2 +1�< n{�γr
ss^3 − 1

4 (n−1)2+ n−1
2 +2ty<

n+1. �L%G>HÆ>)7%A}�1
2 r(5−r)− 1

2 (n−r)(n−r−1)+ 1
4 (n−1)2− n−1

2 −2 ≥ 0. xE!t%A}'= k1 = 1
2 (n + 2 −

√
2n − 1). jo# (1) }%G�=)7�>�9 1 ≤ r ≤ k1 {� γr

ss = 1
2r(5 − r) − 1

2 (n − r)(n − r − 1).9 k1 ≤ r ≤ n−1
2 + 1 {� γr

ss = − 1
4 (n − 1)2 + 1

2 (n − 1) + 2.9 r > n−1
2 + 1 {�q r = 2k, n γr

ss = − 1
2n2 + kn + k + 1

2n, q r = 2k − 1, n
γr

ss = − 1
2n2 + kn + k + 1

2 .9 n ≡ 3 (mod 4) {�'LZtH�F�VSsIJ--1�R1=`
J-e(s�
B Z�(Z�VSj��J- 3.1 J- 3.2 `^;�b�_~9 k +}	Z [3]�VS`^qK)	�%K%/�=�w�KF�
=5� �5g2xi��Q�#��/��v=d�Q
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On Signed Star Part Domination Number of Graph

ZHOU Zhongwang

(College of Mathematics and Informatics, Weifang University, Weifang 261061)

(E-mail: zhouzhongwang65@sohu.com)

Abstract In this paper we introduce the concept of signed star part domination in graphs.

Let G = (V, E) be a graph, M be a subset of V , a function f : E → {−1, 1} is said to be a

signed star part dominating function (SSPDF) of G if
∑

e∈E(v)

f(e) ≥ 1 holds for every v ∈ M ,

where E(v) denotes the set of edges incident with v. The signed star part domination number

of G is defined as γM
ss (G) = min

{
∑

e∈E(G)

f(e)| f is an SSPDF of G
}

. In this paper we give

the upper and lower bounds of γM
ss (G) for general graphs G, and determine the signed star

part domination numbers for path, cycle and complete graph. As an application of our new

concept, we obtain the signed star k domination numbers of complete graphs.

Key words signed star part domination function; signed star part domination number;

signed star k domination number
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