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1 82�mx(P*~po��Q9kT�lr℄2�
>M>[��

(P)

{

u(4)(t) = f(t, u(t), u′(t), u′′(t)), 0 < t < 1,

u(0) = u′(1) = u′′(0) = u′′′(1) = 0,�tr℄ (P) M
>Fm|� u∗(t) > 0, 0 < t < 1 M>�['od�t�Q9l2�JnF�hMFW����LhMk^T7MId�V�S/3	5/yZÆM�lr℄�r℄ (P) F Gupta[1] #HhMÆ$?TP*MwvVÆhl2i-�[d�5U��n�^-Cg-H^��\(�(|MF�hM���B�W�[F�hMÆ$syt�	Jk^�Y�_-Cg-Mh ($�?^/i
u(0) = u(1) = u′(0) = u′(1) = 0� u(0) = u(1) = u′′(0) = u′′(1) = 0)M#H�6
�. [2–

6]#�)Pm�� ��G (P)t#�Fjh�NM-9HN�$ f(t, u, u′, u′′) = f(t, u)�_ f(t, u, u′, u′′) = f(t, u, u′′) ?��
>>[�O
>�.E�JntvM/��.
[7–9] #�)Pm��#�`r℄ (P) `va?�F-e9HN�M�^-Cg-H^��\(�(|MF�hl2��>>[�M#Hllt% [10], ~�Yz�2>>[�M#H/����~F�t
���TpM`�#H/�O):o���i�"+5Me��N�TBAM�M)gg�J Guo-Krasnosel’skii #\TY℄�79��mo[�!5J#��(A}r�Nlg� Avery-Peterson #\TY℄ [11−16] #HQ9F�hl2

u(4)(t) = f(t, u(t), u′(t), u′′(t)), 0 < t < 1, (1)[�^-Cg-H^��\(�(|M^/
u(0) = u′(1) = u′′(0) = u′′′(1) = 0 (2)~2�
>M>[���t�X�o��� f(t, u, v, w)[ t = 0, t = 1, u = 0, v = 0, w = 07�5�r℄ (P) M�yZTFo��� f(t, u(t), u′(t), u′′(t)) a?�FM4 u′(t) �fK u′′(t), 79r℄ (P) 
>M>[�`JhMoY�syMF�&��;TM)P*l�

2 ;��)�m09#-�Y2��J-~�Æ6 2.1 ): E F-�A Banach U+�-�oU�b! P ⊂ E .iF-���-�
1 x ∈ P, λ ≥ 0 =⇒ λx ∈ P,

2. x ∈ P � −x ∈ P =⇒ x = θ, �t θ A� E tsQ�



5� ^Z}N�+X
K2�dIK�4fj00~a<K<Y� 815Æ6 2.2 <7 α.iF� P 5Moue��i��-� α: P → [0,∞) Fe�M� � α(lx+ (1 − l)y) ≥ lα(x) + (1 − l)α(y), ∀x, y ∈ P, 0 ≤ l ≤ 1.~�8.-�&��: γ � θ F� P 5Moue�bi�� α F� P 5Moue��i�� ψ F�
P 5Moue�i��`)1M
AN a, b, c, d, Y2/~b!�

P (γ, d) = {u ∈ P : γ(u) < d},
P (γ, α, b, d) = {u ∈ P : b ≤ α(u), γ(u) ≤ d},
P (γ, θ, α, b, c, d) = {u ∈ P : b ≤ α(u), θ(u) ≤ c, γ(u) ≤ d},/#�!
R(γ, ψ, a, d) = {u ∈ P : a ≤ ψ(u), γ(u) ≤ d}.ine��mMx(;z��(~p Avery-Peterson#\TY℄�Æ� 2.3 (Avery-Peterson#\TY℄ [11]) ): P F BanachU+ E 5M-���

γ � θ F� P 5Moue�bi�� α F� P 5Moue��i�� ψ F� P 5|� ψ(λu) ≤ λψ(u), ∀ 0 ≤ λ ≤ 1 Moue�i���>[
N M,d BJ` ∀u ∈ P (γ, d),OF α(u) ≤ ψ(u), � ‖u‖ ≤ Mγ(u) /b�t
�): T : P (γ, d) → P (γ, d) F&e�S��-�>[+N a, b, c |� 0 < a < b, /#/~^/�
(S1) {u ∈ P (γ, θ, α, b, c, d) : α(u) > b} 6= φ, � α(Tu) > b ` ∀u ∈ P (γ, θ, α, b, c, d);

(S2) α(Tu) > b, ` ∀u ∈ P (γ, α, b, d) # θ(Tu) > c;

(S3) 0∈R(γ, ψ, a, d), �`)1M u ∈ R(γ, ψ, a, d), ψ(u) = a, \ ψ(Tu) < a,\ T p6F2�#\T u1, u2, u3 ∈ P (γ, d) |��
γ(ui) ≤ d, ∀ i = 1, 2, 3,

b < α(u1),

a < ψ(u2), α(u2) < b,

ψ(u3) < a.�mCu):-~^//b�
(A) f : (0, 1)×(0,+∞)×(0,+∞)×(−∞, 0) → [0,+∞)ie��N� X� f(t, u, v, w)[ t = 0, t = 1, u = 0, v = 0, w = 0 7�5�

3 C48�9� 3.1 ): G(t, s) F�:�lr℄ −u′′(t) = 0, u(0) = u′(1) = 0 M Green �N�\�
G(t, s) =

{

t, 0 ≤ t ≤ s ≤ 1,

s, 0 ≤ s ≤ t ≤ 1.�(SJ�D 1 G(0, s) = 0;D 2 max
0≤t≤1

G(t, s) = s;D 3 ts ≤ G(t, s) ≤ s, ∀ 0 ≤ t, s ≤ 1.



816 9 > K � � � 34N9� 3.2 -� u(t) |� sl2
u(t) =

∫ 1

0

∫ 1

0

G(t, s)G(s, τ)f(τ, u(τ), u′(τ), u′′(τ)) dτ ds, (3)�} u(t) -YF�lr℄ (1),(2) M>�d D8℄ 3.1 #5J} 1 0$e�: E = C2
0 [0, 1] = {u ∈ C2[0, 1] : u(0) = u′(1) = 0}, �5MhNY2i� ‖ u ‖=

max {‖u‖0, ‖u′‖0, ‖u′′‖0}, �t� ||u||0 = max
0≤t≤1

|u(t)|, �(� E = C2
0 [0, 1] 
9hN�/

Banach U+�u
P =

{

u ∈ C2
0 [0, 1] : u(t) ≥ ||u||0t, u′(t) ≥

1 − t2

2
||u′||0, −u′′(t) ≥ ||u′′||0t, 0 ≤ t ≤ 1

}

,�(� P F E = C2
0 [0, 1] tM-�ou�N��9� 3.3 -� u ∈ P, \ ||u||0 ≤ 1

2 ||u′′||0, ||u′||0 ≤ ||u′′||0, ‖ u ‖= ||u′′||0.d / u ∈ P, \ u(0) = u′(1) = 0, ;d u(t), u′(t) s�S/�Di�
u(t) =

∫ 1

0

G(t, s)(−u′′(s)) ds, u′(t) = −
∫ 1

0

u′′(t) dt,79�
||u||0 ≤ ||u′′||0 max

0≤t≤1

∫ 1

0

G(t, s) ds = ||u′′||0 max
0≤t≤1

(

t− 1

2
t2

)

=
1

2
||u′′||0, ||u′||0 ≤ ||u′′||0,T/� ‖ u ‖= ||u′′||0.Y2S� T i�

(Tu)(t) =

∫ 1

0

∫ 1

0

G(t, s)G(s, τ)f(τ, u(τ), u′(τ), u′′(τ)) dτ ds, 0 ≤ t ≤ 1,k^a?!-e29HNJ�
(Tu)′(t) =

∫ 1

t

∫ 1

0

G(s, τ)f(τ, u(τ), u′(τ), u′′(τ)) dτ ds, 0 < t < 1,

(Tu)′′(t) = −
∫ 1

0

G(t, s)f(s, u(s), u′(s), u′′(s)) ds, 0 < t < 1,

(Tu)′′′(t) = −
∫ 1

t

f(s, u(s), u′(s), u′′(s)) ds, 0 < t < 1,;�8℄ 3.2 Sh��lr℄ (1), (2) M>$iS� T M#\T�+0$e�9� 3.4 T : P → P F&e�M�Y2 P 5i� γ, θ, α, ψ -~�
γ(u) = ||u′′||0, θ(u) = ||u||0, α(u) = min

[ 1
4
, 3

4
]
u(t), ψ(u) = max

[ 1
4
, 3

4
]
u(t),



5� ^Z}N�+X
K2�dIK�4fj00~a<K<Y� 817�(�U�|�Y℄ 2.3 t�Æ&s^/�
4 C4�#�&?$Æ� 4.1 ):>[+N a, b, c, d |�� 0 < a < b ≤ 1

6c < c ≤ d, ��N f |��
(H1) ∀ (t, u, v, w) ∈ (0, 1) ×

(

0, d
2 ] × (0, d] × [−d, 0), f(t, u, v, w

)

≤ 2d;

(H2) ∀ (t, u, v, w) ∈
[

1
4 ,

3
4

]

×
[

b, d
2

]

× (0, d] × [−d, 0), f(t, u, v, w) ≥ 3072
47 b;

(H3) ∀ (t, u, v, w) ∈
[

1
4 ,

3
4

]

× (0, a] × (0, d] × [−d, 0), f(t, u, v, w) ≤ 64
15a.�}��lr℄ (1), (2) p6F2�
> u1, u2, u3 ∈ P (γ, d) |��

γ(ui) ≤ d, ∀ i = 1, 2, 3,

b < α(u1),

a < ψ(u2), α(u2) < b,

ψ(u3) < a.d ~�sv%We�Q-%�e� T : P (γ, d) → P (γ, d) F&e�S��D8℄ 3.3 /#8℄ 3.4, n�$e ∀u ∈ P (γ, d), ||(Tu)′′||0 ≤ d.: u ∈ P (γ, d), \ ||u|| ≤ d, T/ ||u||0 ≤ 1
2d, ||u′||0 ≤ d, ||u′′||0 ≤ d, JF` 0 ≤ t ≤ 1F� 0 ≤ u(t) ≤ 1

2d, 0 ≤ u′(t) ≤ d, −d ≤ u′′(t) ≤ 0, ;�^/ (H1) SJ� ||(Tu)′′||0 =

max
0≤t≤1

∫ 1

0 G(t, s)f(s, u(s), u′(s), u′′(s)) ds =
∫ 1

0 sf(s, u(s), u′(s), u′′(s)) ds ≤ 2d
∫ 1

0 s ds = d.Qe%�e� {u ∈ P (γ, θ, α, b, c, d) : α(u) > b} 6= Φ.u u(t) = 5b(t− 1
2 t

2), 0h u ∈ P ; t
� α(u) = u
(

1
4 ) = 35

32b > b, θ(u) = u(1) = 5b
2 ≤

c, γ(u) = ||u′′||0 = 5b < d, JF {u ∈ P (γ, θ, α, b, c, d) : α(u) > b} 6= Φ.Q2%�e� α(Tu) > b, ` ∀u ∈ P (γ, θ, α, b, c, d).

∀u ∈ P (γ, θ, α, b, c, d), �L^/ (H2) SJ�
α(Tu) =(Tu)

(1

4

)

=

∫ 1

0

∫ 1

0

G(t, s)G(s, τ)f(τ, u(τ), u′(τ), u′′(τ)) dτ ds
∣

∣

∣

t= 1

4

>

∫ 1

0

∫ 1

0

tsG(s, τ)f(τ, u(τ), u′(τ), u′′(τ)) dτ ds
∣

∣

∣

t= 1

4

=
1

4

∫ 1

0

∫ 1

0

sG(s, τ)f(τ, u(τ), u′(τ), u′′(τ)) dτ ds

=
1

4

[

∫ 1

4

0

∫ 1

0

sG(s, τ)f(τ, u(τ), u′(τ), u′′(τ)) dτ ds

+

∫ 1

1

4

∫ 1

0

sG(s, τ)f(τ, u(τ), u′(τ), u′′(τ)) dτ ds
]

≥1

4

[

∫ 1

4

0

∫ 1

0

s · sτf(τ, u(τ), u′(τ), u′′(τ)) dτ ds

+

∫ 1

1

4

∫ 1

0

1

4
sτf(τ, u(τ), u′(τ), u′′(τ)) dτ ds

]
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=

1

4

( 1

192
+

15

128

)

∫ 1

0

τf(τ, u(τ), u′(τ), u′′(τ)) dτ

=
47

1536

∫ 1

0

τf(τ, u(τ), u′(τ), u′′(τ)) dτ

≥ 47

1536
· 3072

47
b

∫ 1

0

τ dτ

=b.QQ%�e� α(Tu) > b, ` ∀u ∈ P (γ, α, b, d) # θ(Tu) > c.

∀u ∈ P (γ, α, b, d),

θ(Tu) = ‖Tu‖0 = max
0≤t≤1

∫ 1

0

∫ 1

0

G(t, s)G(s, τ)f(τ, u(τ), u′(τ), u′′(τ)) dτ ds

=

∫ 1

0

∫ 1

0

sG(s, τ)f(τ, u(τ), u′(τ), u′′(τ)) dτ ds

≤
∫ 1

0

∫ 1

0

s · τf(τ, u(τ), u′(τ), u′′(τ)) dτ ds

=
1

2

∫ 1

0

τf(τ, u(τ), u′(τ), u′′(τ)) dτ,

α(Tu) = (Tu)
(1

4

)

=

∫ 1

0

∫ 1

0

G(t, s)G(s, τ)f(τ, u(τ), u′(τ), u′′(τ)) dτ ds
∣

∣

∣

t= 1

4

>

∫ 1

0

∫ 1

0

ts · sτf(τ, u(τ), u′(τ), u′′(τ)) dτ ds
∣

∣

∣

t= 1

4

=
1

12

∫ 1

0

τf(τ, u(τ), u′(τ), u′′(τ)) dτ,7 θ(Tu) > c, � α(Tu) > c
6 ≥ b.Qv%�e� 0∈R(γ, ψ, a, d), �`)1M u ∈ R(γ, ψ, a, d), ψ(u) = a, \ ψ(Tu) < a.�(� 0∈R(γ, ψ, a, d), D^/ (H2) J�

ψ(Tu) =(Tu)
(3

4

)

=

∫ 1

0

∫ 1

0

G(t, s)G(s, τ)f(τ, u(τ), u′(τ), u′′(τ)) dτ ds
∣

∣

∣

t= 3

4

=

∫ 3

4

0

∫ 1

0

sG(s, τ)f(τ, u(τ), u′(τ), u′′(τ)) dτ ds

+

∫ 1

3

4

∫ 1

0

3

4
G(s, τ)f(τ, u(τ), u′(τ), u′′(τ)) dτ ds

<

∫ 3

4

0

∫ 1

0

sτf(τ, u(τ), u′(τ), u′′(τ)) dτ +
3

4
· 1

4

∫ 1

0

τf(τ, u(τ), u′(τ), u′′(τ)) dτ

=
( 9

32
+

3

16

)

∫ 1

0

τf(τ, u(τ), u′(τ), u′′(τ)) dτ

≤15

32
· 64

15
a

∫ 1

0

τ dτ

=a.
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K2�dIK�4fj00~a<K<Y� 819JFDY℄ 2.3 M Avery-Peterson #\TY℄Sh��lr℄ (1), (2) p6F2�
>>[�
5  E�*$! Px�lr℄

{

u(4)(t) = f(t, u(t), u′(t), u′′(t)), 0 < t < 1,

u(0) = u′(1) = u′′(0) = u′′′(1) = 0,�t
f(t, u, v, w) =



























1

10
sin

1

t(1 − t)
+ arctan

√
1.69u−

1

2 +
1

10
cos(v−

1

2 + w− 1

2 ), 0 < u ≤ a;

1

10
sin

1

t(1 − t)
+
π

4
(u− 0.69)19 +

1

10
cos(v−

1

2 + w− 1

2 ), a ≤ u ≤ b;

1

10
sin

1

t(1 − t)
+
π

4
1.3119 +

1

10
cos(v−

1

2 + w− 1

2 ), b ≤ u ≤ 1

2
d.u a = 1.69, b = 2, c = 100, d = 200, �(�X� f(t, u, v, w) [ t = 0, t = 1, u = 0, v =

0, w = 0 7�5��+N a, b, c, d |� 0 < a < b ≤ 1
6c < c ≤ d, ~�$e�N f |�Y℄ 4.1 tM-�^/�

(H1) ∀ (t, u, v, w) ∈ (0, 1)×(0, 100]×(0, 200]× [−200, 0), f(t, u, v, w) ≤ 0.1+ π
4 ·1.3119+

0.1 ≈ 132.95 ≤ 400 = 2d;

(H2) ∀ (t, u, v, w) ∈
[

1
4 ,

3
4

]

× [2, 100] × (0, 200] × [−200, 0), f(t, u, v, w) ≥ −0.1 + π
4 ·

1.3119 − 0.1 ≈ 132.55 ≥ 130.7 ≈ 3072
47 b;

(H3) ∀ (t, u, v, w) ∈
[

1
4 ,

3
4

]

×(0, 1.69]×(0, 200]× [−200, 0), f(t, u, v, w) ≤ 0.1+ π
2 +0.1 =

1.77 ≤ 7.21 ≈ 64
15a.JF5J�lr℄p6>[2�
> u1, u2, u3 |� γ(ui) ≤ 12, ∀ i = 1, 2, 3,

2 < α(u1), 1 < ψ(u2), α(u2) < 2, ψ(u3) < 1.+% `JH^-Cg-d�^��\(�(|M�5hl2�lr℄
{

u(4)(t) = f(t, u(t), u′(t), u′′(t)), 0 < t < 1,

u(1) = u′(0) = u′′(1) = u′′′(0) = 0,�tX� f(t, u, v, w) [ t = 0, t = 1, u = 0, v = 0, w = 0 7�5�_��%�GM�
K, `A Avery-Peterson#\TY℄SZRJ5�2�
>>[�M;z�
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Existence of Triple Positive Solutions to a Class of

Singular Beam Equations with Corner and Bending Moment
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Abstract By applying the technique of Green function and a fixed point theorem due

to Avery and Peterson, we studied the existence of triple positive solutions for a class of

nonlinear fourth-order two-point boundary value problems:

{

u(4)(t) = f(t, u(t), u′(t), u′′(t)), 0 < t < 1,

u(0) = u′(1) = u′′(0) = u′′′(1) = 0,

where the nonlinear term f(t, u, v, w) is allowed to be singular at t = 0, t = 1, u = 0, v =

0, w = 0. In mechanics, the problem describes an elastic beam simply supported at left and

clamped at right by sliding clamps. Since the nonlinear term involve not only corner but

also bending arguement, main results are useful for the stability analysis of the beam. A

detailed example is given to validate our results at last.

Key words an elastic beam equation; positive solutions; singularity
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