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∂

∂t
u1(x, t) = d1

∂2

∂x2
u1(x, t) + r1u1(x, t)[1 − a1u1(x, t) − b1u2(x, t)],

∂

∂t
u2(x, t) = d2

∂2

∂x2
u2(x, t) + r2u2(x, t)[1 − b2u1(x, t) − a2u2(x, t)],

(1)u< u1(x, t), u2(x, t) b���Oj+.*$�< tJ8 x3E=�^R� d1, d2 ��Oj+.*EA�T-� di, ri, ai, bi (i = 1, 2)Q!0)-�$dj (1) Ek=PMwmHEz-<�m !��u$-wFZ	�Æ��E>}Q���vR�B�Uw*EsE [1−4].$[�E=�<�������|+'G_`E�_���:�CC!!;�_E�'kB��℄6�FE��:Z�A�_-m !Ez-� Schaaf[5] !Y|z-pQ3��2��℄r`�(�oSj℄{Db_-EP94�F|℄{Db_-E�FZz-R2� Huxley j| Fisher jEh<LEZ�A�_-m !E7$o|NOo� [6–10]G#D�W!�(�<LN;|!PJOFGz-RT?Ea\oa[Oh<L;� (QM)|5-h<L;� (EQM)�m !E7$o��� Lotka-Volterra+.T?�![O (QM) | (EQM);�� Li G [11] �&��N;i��J� Schauder !PJOF�LRa\oa[Oh<L;� (WQM) |5-h<L;� (EWQM) �m !E7$o����BW`+.A�T?






∂

∂t
u1(x, t) = d1

∂2

∂x2
u1(x, t) + r1u1(x, t)[1 − a1u1(x, t− τ1) − b1u2(x, t− τ2)],

∂

∂t
u2(x, t) = d2

∂2

∂x2
u2(x, t) + r2u2(x, t)[1 − b2u1(x, t− τ3) − a2u2(x, t− τ4)].

(2)E�BT? (1)| (2) 5� Laplace0LBa)=�$=�EA���V Laplace0L!j/&0L���S=%$/&\EfA��$�4w|Vm�wGS��K
p3X�y-� Laplace Z�A�_-�!gI�Ha)z-TE�=mH [12]. H4z-*��4�0LBa)=�A�y-�djk

∂ui(x, t)

∂t
= di[(Ji ∗ ui)(x, t) − ui(x, t)] + fi(ut(x)), x ∈ R, (3)u< i ∈ I = {1, 2, · · · , n}, di > 0, ui, t(x)(θ) = ui(x, t + θ), −τ ≤ θ ≤ 0, τ ��T?1[EP9�:� (Ji ∗ ui)(x, t) =

∫

R
Ji(x− y)ui(y, t) dy, Ji(x− y)��j95=� y 3B=� x3EgXb"{-�,D4�E^U�1	}Fo;'! [12–15]. T�dj (3)m !Ez-�~Uw*�Jl�Eh~� Pan G [13,16] $ (QM) | (EQM) ;�W1bRdj (3)m !E7$o�T�WIz>�P'�Yu, Yuan[14] | Zhang G [15] $&bh<L;�l1Rm !E7$o�Yu, Yuan[14] $h<L;� (WQM) |5-
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∂

∂t
u1(x, t) = d1[(J1 ∗ u1)(x, t) − u1(x, t)]

+r1u1(x, t)[1 − a1u1(x, t− τ1) − b1u2(x, t− τ2)],

∂

∂t
u2(x, t) = d2[(J2 ∗ u2)(x, t) − u2(x, t)]

+r2u2(x, t)[1 − b2u1(x, t− τ3) − a2u2(x, t− τ4)].

(4)�M�J� [14] �LEFZ��� Hutchinson _-nH[�|�Edj x′(t) =

rx(t)[1 − a1x(t) − a2x(t − τ)], 8W�jnH�Ea/&A�E Lotka-Volterra +.dj


























∂

∂t
u1(x, t) = d1[(J1 ∗ u1)(x, t) − u1(x, t)]

+r1u1(x, t)[1 − a1u1(x, t) − b1u1(x, t− τ1) − c1u2(x, t− τ2)],

∂

∂t
u2(x, t) = d2[(J2 ∗ u2)(x, t) − u2(x, t)]

+r2u2(x, t)[1 − a2u2(x, t) − b2u2(x, t− τ3) − c2u1(x, t− τ4)],

(5)u<1�'-Had-�Z��? a1 = a2 = 0 ��T? (5) �HT? (4), 
 (4) !R℄18WET? (5) E�=6&z>�
2 ~R�n$�M<�T�bP u = (u1, u2), v = (v1, v2). � u1 ≤ v1, u2 ≤ v2, '* u ≤ v.&�#�� u ≤ v, = u 6= v, '* u < v. 6�H�
w u ≤ v, = u1 6= v1, u2 6= v2,'* u ≪ v.  (u, v] = {w ∈ R

2, u < w ≤ v}, [u, v) = {w ∈ R
2, u ≤ w < v},,

[u, v] = {w ∈ R
2, u ≤ w ≤ v}. | · |�� R

2 Em#\-� ‖ · ‖�� C([−τ, 0],R2)<E��"\-�2��:Ea/&A�T?E�k�H [14]







∂

∂t
u1(x, t) = d1[(J1 ∗ u1)(x, t) − u1(x, t)] + f1(u1, t(x), u2, t(x)),

∂

∂t
u2(x, t) = d2[(J2 ∗ u2)(x, t) − u2(x, t)] + f2(u1, t(x), u2, t(x)),

(6)�<� t ≥ 0, x ∈ R, di > 0, ui,t(x)(θ) = ui(x, t+ θ), −τ ≤ θ ≤ 0, ,H τ ��T?<1[EP9�:�fi : R
2 → R!Nr{-�Ji : R → R!adn{-�[O ∫

R
Ji(y) dy = 1,

(Ji ∗ ui)(x, t) =
∫

R
Ji(x− y)ui(y, t) dy, i = 1, 2.� (6) Em !!k
 u1(x, t) = φ(x + ct), u2(x, t) = ψ(x + ct)E�T6!�u<

c�� /�� φ, ψ ;� (6) <��� t ;: x+ ct, ' φ, ψ [OW`E℄{Db_-
{

cφ′(t) = d1(J1 ∗ φ)(t) − d1φ(t) + f c
1(φt, ψt),

cψ′(t) = d2(J2 ∗ ψ)(t) − d2ψ(t) + f c
2(φt, ψt)

(7)
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lim

t→−∞

(φ(t), ψ(t)) = (0, 0), lim
t→∞

(φ(t), ψ(t)) = (k1, k2), (8)u< (0, 0)| (k1, k2)! (6) EOjr�J�y k1 > 0, k2 > 0. � (7) <� f c
i (φt, ψt)O�H fi(φ(t + cs), ψ(t + cs)), s ∈ [−τ, 0], i = 1, 2. (J1 ∗ φ)(t) =

∫

R
J1(t − y)φ(y) dy,

(J2 ∗ ψ)(t) =
∫

R
J2(t− y)ψ(y) dy.T�� (6) m !E7$P8� [14] <��LR�j/�w�u<}{a\oa[O5-h<L;� (EWQM)

(EWQM) 7$Oj)- β1 > 0, β2 > 0, �C
f1(φ1(s), ψ1(s)) − f1(φ2(s), ψ1(s)) + (β1 − d1)(φ1(0) − φ2(0)) ≥ 0,

f1(φ1(s), ψ1(s)) − f1(φ1(s), ψ2(s)) ≤ 0,

f2(φ1(s), ψ1(s)) − f2(φ1(s), ψ2(s)) + (β2 − d2)(ψ1(0) − ψ2(0)) ≥ 0,

f2(φ1(s), ψ1(s)) − f2(φ2(s), ψ1(s)) ≤ 0,u< φ1(s), φ2(s), ψ1(s), ψ2(s) ∈ C([−τ, 0],R); �y[O
(i) 0 ≤ φ2(s) ≤ φ1(s) ≤M1, 0 ≤ ψ2(s) ≤ ψ1(s) ≤M2, s ∈ [−τ, 0], u< Mi > ki (i =

1, 2);

(ii) eβ1s[φ1(s) − φ2(s)] � eβ2s[ψ1(s) − ψ2(s)]s� s ∈ [−τ, 0] Q!!�E�W`l1�g�}E��	
(A1) fi(0, 0) = fi(k1, k2) = 0, i = 1, 2;

(A2) 7$Oj)- Li > 0 (i = 1, 2), �C
|fi(φ1, ψ1) − fi(φ2, ψ2)| ≤ Li‖Φ − Ψ‖, i = 1, 2.�<	 Φ = (φ1, ψ1), Ψ = (φ2, ψ2) ∈ C([−τ, 0], R

2)[O 0 ≤ φi(s) ≤ M1, 0 ≤ ψi(s) ≤

M2, s ∈ [−τ, 0], u< Mi > ki (i = 1, 2).

(A3) 
w u, v ∈ C(R,R) y u ≥ v, ' (Ji ∗ u)(t) ≥ (Ji ∗ v)(t), i = 1, 2.

(A4) T�� λ ∈ R,
∫

R
Ji(y)e

λy dy <∞, i = 1, 2.[z 1[14] 
w7$)- Ti, i = 1, · · · ,m, �C Φ = (φ, ψ) | Φ = (φ, ψ) $
R\{Ti : i = 1, · · · ,m}�W�Nr;Dy[O

{

cφ
′

(t) ≥ d1(J1 ∗ φ)(t) − d1φ(t) + f c
1(φt, ψt

), t ∈ R\{Ti : i = 1, · · · ,m},

cψ
′

(t) ≥ d2(J2 ∗ ψ)(t) − d2ψ(t) + f c
2(φ

t
, ψt), t ∈ R\{Ti : i = 1, · · · ,m}|

{

cφ′(t) ≤ d1(J1 ∗ φ)(t) − d1φ(t) + f c
1(φ

t
, ψt), t ∈ R\{Ti : i = 1, · · · ,m},

cψ′(t) ≤ d2(J2 ∗ ψ)(t) − d2ψ(t) + f c
2(φt, ψt

), t ∈ R\{Ti : i = 1, · · · ,m},'* Φ = (φ, ψ)| Φ = (φ, ψ) ∈ C(R, R
2)H (7) E�T��W!�
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w (7)7$�T�W! (φ(t),

ψ(t)), (φ(t), ψ(t)) ∈ C[0, M](R, R
2)[O

(P1) (0, 0) ≤ (φ(t), ψ(t)) ≤ (φ(t), ψ(t)) ≤ (M1, M2);

(P2) lim
t→−∞

(φ(t), ψ(t)) = (0, 0), lim
t→+∞

(φ(t), ψ(t)) = lim
t→+∞

(φ(t), ψ(t)) = (k1, k2);

(P3) eβ1t[φ(t) − φ(t)]| eβ2t[ψ(t) − ψ(t)] s� t ∈ R !!�E�'T� c ≥ 1, (7) 7$m ![O�'�";�� (8).^� % [17] <5-h<L;�O�EwX�R℄E (EWQM) ~��H	7$Oj)- β1 > 0, β2 > 0 �C
f1(φ1(s), ψ2(s)) − f1(φ2(s), ψ1(s)) + (β1 − d1)(φ1(0) − φ2(0)) ≥ 0,

f2(φ2(s), ψ1(s)) − f2(φ1(s), ψ2(s)) + (β2 − d2)(ψ1(0) − ψ2(0)) ≥ 0,u< φ1(s), φ2(s), ψ1(s), ψ2(s) ∈ C([−τ, 0],R); �y[O
(i) 0 ≤ φ2(s) ≤ φ1(s) ≤ M1, 0 ≤ ψ2(s) ≤ ψ1(s) ≤ M2, s ∈ [−τ, 0], u< Mi > ki

(i = 1, 2);

(ii) eβ1s[φ1(s) − φ2(s)] � eβ2s[ψ1(s) − ψ2(s)]s� s ∈ [−τ, 0] Q!!�E�
3 tSaYX�v��R℄�� a1 + b1 > c2, a2 + b2 > c1, 'T? (5) �F�E0r�J E(k1, k2),u<

k1 =
a2 + b2 − c1

(a1 + b1)(a2 + b2) − c1c2
, k2 =

a1 + b1 − c2

(a1 + b1)(a2 + b2) − c1c2
.R℄��LN�r�4 O = (0,0)| K = (k1,k2)Em !�� u1(x, t) = φ(x +

ct), u2(x, t) = ψ(x+ ct), s = x+ ct ;� (5) <��� s H t, 'dj (5) �H
{

cφ′(t) = d1(J1 ∗ φ)(t) − d1φ(t) + r1φ(t)(1 − a1φ(t) − b1φ(t− cτ1) − c1 ψ(t− cτ2)),

cψ′(t) = d2(J2 ∗ ψ)(t) − d2ψ(t) + r2ψ(t)(1 − a2ψ(t) − b2ψ(t− cτ3) − c2 φ(t− cτ4))
(9)[O�'�";�

lim
t→−∞

(φ(t), ψ(t)) = (0, 0), lim
t→∞

(φ(t), ψ(t)) = (k1, k2). (10)T� φ, ψ ∈ C([−τ, 0],R), u< τ = max{τ1, τ2, τ3, τ4}, O�
f1(φ, ψ) = r1φ(0)(1 − a1φ(0) − b1φ(−τ1) − c1 ψ(−τ2)),

f2(φ, ψ) = r2ψ(0)(1 − a2ψ(0) − b2ψ(−τ3) − c2 φ(−τ4)).Z�� (f1, f2) [O;� (A1) | (A2).|j 1 
w τ1 | τ3 .bd�'{- (f1, f2)[O (EWQM).



6s X)F��C1�`.$?ÆD�9 Lotka-Volterra *-iDl� 1087 U (φ1(s), ψ1(s)), (φ2(s), ψ2(s)) ∈ C([−τ, 0],R2)[O (i) 0 ≤ φ2(s) ≤ φ1(s) ≤

M1, 0 ≤ ψ2(s) ≤ ψ1(s) ≤M2, s ∈ [−τ, 0]; (ii) eβ1s[φ1(s)−φ2(s)] 	 eβ2s[ψ1(s)−ψ2(s)]s� s ∈ [−τ, 0] Q!!�E�
w τ1 | τ3 .bd�'R℄;s& β1 > 0| β2 > 0�C
r1(1 − 2a1M1 − b1M1 − c1M2 − b1M1e

β1τ1) − d1 ≥ −β1,

r2(1 − 2a2M2 − b2M2 − c2M1 − b2M2e
β2τ3) − d2 ≥ −β2.�!�R℄�

f1(φ1, ψ2) − f1(φ2, ψ1)

=r1φ1(0)
[

1 − a1φ1(0) − b1φ1(−τ1) − c1 ψ2(−τ2)
]

− r1φ2(0)
[

1 − a1φ2(0) − b1φ2(−τ1) − c1 ψ1(−τ2)
]

≥r1(1 − 2a1M1 − b1M1 − c1M2 − b1M1e
β1τ1)[φ1(0) − φ2(0)].

≥(d1 − β1)[φ1(0) − φ2(0)].1��
f1(φ1, ψ2) − f1(φ2, ψ1) + (β1 − d1)[φ1(0) − φ2(0)] ≥ 0.D.H�R℄;�1b

f2(φ2(s), ψ1(s)) − f2(φ1(s), ψ2(s)) + (β2 − d2)(ψ1(0) − ψ2(0)) ≥ 0.�F1��H����OF 2, 6qq%�T�W![O;� (P1)–(P3). H4O�
∆1(λ, c) = d1

∫ +∞

−∞

J1(y)e
−λy dy − d1 − cλ+ r1, (11)

∆2(λ, c) = d2

∫ +∞

−∞

J2(y)e
−λy dy − d2 − cλ+ r2. (12)�{-E�o�2W`E�Z+L�|j 2 7$ c∗ > 0, �CT��E c > c∗, � (11) | (12) b��Oj!>E0m

λ1, λ2 | λ3, λ4, �y
∆1(λ, c) =















> 0, ? λ > λ2 �;

< 0, ? λ ∈ (λ1, λ2) �;

> 0, ? λ < λ1 �, ∆2(λ, c) =















> 0, ? λ > λ4 �;

< 0, ? λ ∈ (λ3, λ4) �;

> 0, ? λ < λ3 �.}O)- η [O	
η ∈

(

1, min
{

2,
λ2

λ1
,
λ4

λ3
,
λ1 + λ3

λ1
,
λ2 + λ4

λ2

}

)

.
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l1(t) = eλ1t − qeηλ1t, l2(t) = eλ3t − qeηλ3t.�27$d)- t1 	 t3,�C l1(t)| l2(t)b�$ t1 | t3 }B�/�94 m1 > 0 �	 m2 > 0,u< ti = 1
ηλi−λi

ln 1
qη

(i = 1, 3). "}.bdE0)- λ, '7$ ε2 ∈ (0, k1),

ε4 ∈ (0, k2),�C k1−ε2e
−λt1 = l1(t1) = m1, k2−ε4e

−λt3 = l1(t3) = m2. �� a1+b1 > c2,

a2 + b2 > c1, '7$ ε0, ε1 | ε3 �C
{

(a1 + b1)ε1 − c1ε4 > ε0, (a2 + b2)ε3 − c2ε2 > ε0,

(a1 + b1)ε2 − c1ε3 > ε0, (a2 + b2)ε4 − c2ε1 > ε0.
(13)T��`E'-�O�Nr{-

φ(t) =

{

eλ1t, t ≤ t2,

k1 + ε1e
−λt, t ≥ t2,

ψ(t) =

{

eλ3t, t ≤ t4,

k2 + ε3e
−λt, t ≥ t4,

φ(t) =

{

eλ1t − qeηλ1t, t ≤ t1,

k1 − ε2e
−λt, t ≥ t1,

, ψ(t) =

{

eλ3t − qeηλ1t, t ≤ t3,

k2 − ε4e
−λt, t ≥ t3,u< q .b9� λ.bd�	�71? q .b9��min{t2, t4}−cmax{τ1, τ2, τ3, τ4} ≥

max{t1, t3}. Vy��2 φ(t), ψ(t), φ(t), ψ(t) [O (P1)–(P3).  ���T�.bdE
λ, β > λ�� (P3) +L�W`6q{1 (φ(t), ψ(t)), (φ(t), ψ(t)) [O�W!EO��|j 3 �� a1 + b1 > c2, a2 + b2 > c1, y (A3)| (A4) +L�
w τ1, τ3 .bd�' (φ(t), ψ(t)) !� (9) E�!� (φ(t), ψ(t)) !� (9) EW!� T� (φ(t), ψ(t)) ∈ C(R, R

2), (i) 
w t ≤ t2, ' φ(t) = eλ1t, φ(t − cτ1) =

eλ1(t−cτ1), ψ(t− cτ2) ≥ 0. TB�_`� t ∈ R, φ(t) ≤ eλ1t. 	4�
d1(J1 ∗ φ)(t) − d1φ(t) − cφ̄′(t) + r1φ(t)[1 − a1φ(t) − b1φ(t− cτ1) − c1ψ(t− cτ2)]

≤d1

∫ +∞

−∞

J1(t− s)eλ1sds− d1e
λ1t − cλ1e

λ1t

+ r1e
λ1t[1 − a1e

λ1t − b1e
λ1(t−cτ1) − c1ψ(t− cτ2)]

≤d1

∫ +∞

−∞

J1(t− s)eλ1sds− d1e
λ1t − cλ1e

λ1t + r1e
λ1t

=eλ1t∆1(λ1, c) = 0.

(ii) 
w t2 < t ≤ t2 +cτ1, ' φ(t) = k1 +ε1e
−λt, φ(t−cτ1) = eλ1(t−cτ1), ψ(t−cτ2) =

k2 − ε4e
−λ(t−cτ2). 	HT t ∈ R, 0 < φ(t) ≤ k1 + ε1e

−λt2 , eλ1t2 = k1 + ε1e
−λt2 , 1�

d1(J1 ∗ φ)(t) − d1φ(t) − cφ̄′(t) + r1φ(t)[1 − a1φ(t) − b1φ(t− cτ1) − c1ψ(t− cτ2)]

≤d1(J1 ∗ (k1 + ε1e
−λt2)) − d1(k1 + ε1e

−λt) + cε1λe
−λt

+ r1(k1 + ε1e
−λt){1 − a1(k1 + ε1e

−λt) − b1e
λ1(t2−cτ1) − c1[k2 − ε4e

−λ(t−cτ2)]}
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=d1(k1 + ε1e
−λt2) − d1(k1 + ε1e

−λt) + cε1λe
−λt

+ r1(k1 + ε1e
−λt){1 − a1(k1 + ε1e

−λt) − b1e
−λ1cτ1(k1 + ε1e

−λt2) − c1[k2 − ε4e
−λ(t−cτ1)]}

= : I1(λ),�2 I1(λ)s� λ ∈ [0, 1]!�7NrE��y
I1(0) =r1(k1 + ε1)(1 − a1k1 − a1ε1 − b1k1e

−λ1cτ1 − b1ε1e
−λ1cτ1 − c1k2 + c1ε4)

=r1(k1 + ε1)[b1k1 − b1(k1 + ε1)e
−λ1cτ1 − a1ε1 + c1ε4].	H τ1 .bd�R℄;s} ε∗ (0 < ε∗ < ε0

b1(k1+ε1) ), �C e−λ1cτ1 > 1 − ε∗. �!�
I1(0) ≤r1(k1 + ε1)[b1k1 − b1(k1 + ε1)(1 − ε∗) − a1ε1 + c1ε4]

=r1(k1 + ε1)[c1ε4 − (a1 + b1)ε1 + b1(k1 + ε1)ε
∗]

<r1(k1 + ε1)[−ε0 + b1(k1 + ε1)ε
∗] < 0.��!m0 (13)CBE�m0 I1(λ)ENro�7$ λ∗1 > 0, �CT��E λ ∈ (0, λ∗1),Q� I1(λ) < 0.

(iii) 
w t ≥ t2 +cτ1, φ(t) = k1 +ε1e
−λt, φ(t−cτ1) = k1 +ε1e

−λ(t−cτ1), ψ(t−cτ2) =

k2 − ε4e
−λ(t−cτ2), '

d1(J1 ∗ φ)(t) − d1φ(t) − cφ̄′(t) + r1φ(t)[1 − a1φ(t) − b1φ(t− cτ1) − c1ψ(t− cτ2)]

≤d1(J1 ∗ (k1 + ε1e
−λt2)) − d1(k1 + ε1e

−λt) + cε1λe
−λt

+ r1(k1 + ε1e
−λt){1 − a1(k1 + ε1e

−λt) − b1[k1 + ε1e
−λ(t−cτ1)] − c1[k2 − ε4e

−λ(t−cτ2)]}

=d1(k1 + ε1e
−λt2) − d1(k1 + ε1e

−λt) + cε1λe
−λt

+ r1(k1 + ε1e
−λt)[−a1ε1e

−λt − b1ε1e
−λ(t−cτ1) + c1ε4e

−λ(t−cτ2)]

= : I2(λ).�� (13) � (a1 + b1)ε1 − c1ε4 > ε0, r I2(0) = r1(k1 + ε1)(c1ε4 − a1ε1 − b1ε1) < −r1(k1 +

ε1)ε0 < 0. 1��7$ λ∗2 > 0, �CT��E λ ∈ (0, λ∗2), Q� I2(λ) < 0. } λ∗ =

min{λ∗1, λ
∗

2}, N} (i)–(iii), �
d1(J1 ∗ φ)(t) − d1φ(t) − cφ̄′(t) + r1φ(t)[1 − a1φ(t) − b1φ(t− cτ1) − c1ψ(t− cτ2)] ≤ 0.D.H�R℄;1b
d2(J2 ∗ ψ)(t) − d2ψ(t) − cψ̄′(t) + r2ψ(t)[1 − a2ψ(t) − b2ψ(t− cτ3) − c2φ(t− cτ4)] ≤ 0.T� (φ(t), ψ(t)) ∈ C(R, R

2), (iv)
w t ≤ t1, ' φ(t) = eλ1t − qeηλ1t, φ(t − cτ1) =
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eλ1(t−cτ1) − qeηλ1(t−cτ1), ψ(t− cτ2) = eλ3(t−cτ2),

d1(J1 ∗ φ)(t) − d1φ(t) − cφ′(t) + r1φ(t)[1 − a1φ(t) − b1φ(t− cτ1) − c1ψ(t− cτ2)]

=d1

(

∫ +∞

t1

J1(t− s)φ(s) ds+

∫ t1

−∞

J1(t− s)φ(s) ds
)

− d1φ(t) − cφ′(t)

+ r1φ(t)
[

1 − a1φ(t) − b1φ(t− cτ1) − c1ψ(t− cτ2)
]

= d1

∫ +∞

−∞

J1(t− s)(eλ1s − qeηλ1s) ds+

∫

∞

t1

J1(t− s)
[

k1 − ε2e
−λs − (eλ1s − qeηλ1s)

]

ds

− d1(e
λ1t − qeηλ1t) − c(λ1e

λ1t − qηλ1e
ηλ1t)

+ r1(e
λ1t − qeηλ1t)

{

1 − a1(e
λ1t − qeηλ1t) − b1

[

eλ1(t−cτ1) − qeηλ1(t−cτ1)
]

− c1e
λ3(t−cτ2)

}

≥d1

∫ +∞

−∞

J1(t− s)eλ1s ds− d1e
λ1t − cλ1e

λ1t + r1e
λ1t

− d1

∫ +∞

−∞

J1(t− s)qeηλ1s ds+ d1qe
ηλ1t + cqηλ1e

ηλ1t − r1qe
ηλ1t

+

∫

∞

t1

J1(t− s)
[

k1 − ε2e
−λt1 − (eλ1t1 − qeηλ1t1)

]

ds

− r1(e
λ1t − qeηλ1t)

{

a1(e
λ1t − qeηλ1t) + b1

[

eλ1(t−cτ1) − qeηλ1(t−cτ1)
]

+ c1e
λ3(t−cτ2)

}

=∆1(λ1, c)e
λ1t − ∆1(ηλ1, c)qe

ηλ1t

− r1(e
λ1t − qeηλ1t)

{

a1(e
λ1t − qeηλ1t) + b1[e

λ1(t−cτ1) − qeηλ1(t−cτ1)] + c1e
λ3(t−cτ2)

}

≥− ∆1(ηλ1, c)qe
ηλ1t − r1e

λ1t
[

(a1 + b1)e
λ1t + c1e

λ3t
]

= − qeηλ1t
{

∆1(ηλ1, c) +
r1

q

[

(a1 + b1)e
(2λ1−ηλ1)t + c1e

(λ3+λ1−ηλ1)t
]

}

≥− qeηλ1t
{

∆1(ηλ1, c) +
r1

q

[

(a1 + b1)e
(2λ1−ηλ1)t1 + c1e

(λ3+λ1−ηλ1)t1
]

}

= − qeηλ1t
{

∆1(ηλ1, c) +
r1

q

[

(a1 + b1)e
(2λ1−ηλ1)

ln 1
ηq

λ1(η−1) + c1e
(λ3+λ1−ηλ1)

ln 1
ηq

λ1(η−1)

]}

≥0.��!m0 q | η Es}CBE�
(v) 
w t1 < t < t1+cτ1, ' φ(t) = k1−ε2e

−λt, φ(t−cτ1) = eλ1(t−cτ1)−qeηλ1(t−cτ1),

ψ(t− cτ2) = eλ3(t−cτ2). E� eλ1t1 − qeηλ1t1 = k1 − ε2e
−λt1 , eλ3t4 = k2 + ε3e

−λt4 .

d1(J1 ∗ φ)(t) − d1φ(t) − cφ′(t) + r1φ(t)
[

1 − a1φ(t) − b1φ(t− cτ1) − c1ψ(t− cτ2)
]

≥d1

∫ +∞

t1

J1(t− s)(k1 − ε2e
−λs) ds− d1(k1 − ε2e

−λt) − cλε2e
−λt

+ r1(k1 − ε2e
−λt)

[

1 − a1(k1 − ε2e
−λt) − b1(e

λ1t1 − qeηλ1t1) − c1e
λ3t4

]

=d1

∫ +∞

t1

J1(t− s)(k1 − ε2e
−λs) ds− d1(k1 − ε2e

−λt) − cλε2e
−λt

+ r1(k1 − ε2e
−λt)

[

a1ε2e
−λt + b1ε2e

−λt1 − c1ε3e
−λt4

]

= : I3(λ).
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w q > 1.b9�' −t1 ~.b9�'T� ε′ (0 < ε′ < r1ε0

d1
),7$.b9E T (q) > 0�C? t1 < −T (q) ��

∫

∞

t1

J1(s) ds >

∫

∞

−∞

J1(s) ds− ε′ = 1 − ε′.	4�
I3(0) =d1

∫ +∞

t1

J1(t− s)(k1 − ε2) ds− d1(k1 − ε2) + r1(k1 − ε2)
[

(a1 + b1)ε2 − c1ε3
]

≥d1(k1 − ε2)(1 − ε′) − d1(k1 − ε2) + r1(k1 − ε2)ε0

=(k1 − ε2)(r1ε0 − ε′d1) > 0.,|�7$ λ∗3 > 0�CT� λ ∈ (0, λ∗3), I3(λ) > 0.

(vi) 
w t > t1 + cτ1, ' φ(t) = k1 − ε2e
−λt, φ(t − cτ1) = k1 − ε2e

−λ(t−cτ1),

ψ(t− cτ2) ≤ k2 + ε3e
−λt4 .

d1(J1 ∗ φ)(t) − d1φ(t) − cφ′(t) + r1φ(t)
[

1 − a1φ(t) − b1φ(t− cτ1) − c1ψ(t− cτ2)
]

≥d1

∫ t1

−∞

J1(t− s)(eλ1s − qeηλ1s)ds+ d1

∫ +∞

t1

J1(t− s)(k1 − ε2e
−λs) ds

− d1(k1 − ε2e
−λt) − cε2λe

−λt

+ r1(k1 − ε2e
−λt)

[

1 − a1(k1 − ε2e
−λt) − b1(k1 − ε2e

−λ(t−cτ1)) − c1(k2 + ε3e
−λt4)

]

≥d1

∫

∞

t1

J1(t− s)(k1 − ε2e
−λs) ds− d1(k1 − ε2e

−λt) − cε2λe
−λt

+ r1(k1 − ε2e
−λt)

[

a1ε2e
−λt + b1ε2e

−λ(t−cτ1) − c1ε3e
−λt4

]

.

= : I4(λ).�!�
I4(0) =d1

∫ +∞

t1

J1(t− s)(k1 − ε2) ds− d1(k1 − ε2) + r1(k1 − ε2)
[

(a1 + b1)ε2 − c1ε3
]

≥d1(k1 − ε2)(1 − ε′) − d1(k1 − ε2) + r1(k1 − ε2)ε0

=(k1 − ε2)(r1ε0 − ε′d1) > 0.�!�7$ λ∗4 > 0 �CT� λ ∈ (0, λ∗4), I4(λ) > 0. N}#A (iv)–(vi), �} λ′ =

min{λ∗3, λ
∗

4},R℄�
d1(J1 ∗ φ)(t) − d1φ(t) − cφ′(t) + r1φ(t)[1 − a1φ(t) − b1φ(t− cτ1) − c1ψ(t− cτ2)] ≥ 0.D.H�R℄;�1b
d2(J2 ∗ ψ)(t) − d2ψ(t) − cψ′(t) + r2ψ(t)(1 − a2ψ(t) − b2ψ(t− cτ3) − c2φ(t− cτ4)) ≥ 0.�F1��



1092 � � * t t � 343=y��OF 2 |���F 1 | 3, R℄CB�MEB}�w	[j 2 �� a1 + b1 > c2, a2 + b2 > c1 | (A3), (A4)+L�? τ1, τ3 .bd��'T��F 2 <E c∗, T��E c > max{c∗, 1}, (9) 7$N� (0, 0)| (k1, k2)Em ! (φ(x + ct), ψ(x+ ct)). Vy� lim
ξ→−∞

φ(ξ)e−λ1ξ = lim
ξ→−∞

ψ(ξ)e−λ3ξ = 1.V f q r
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Abstract In this paper, we consider the existence of traveling waves for a competitive

Lotka-Volterra model with nonlocal diffusion and time delays



























∂

∂t
u1(x, t) = d1[(J1 ∗ u1)(x, t) − u1(x, t)]

+r1u1(x, t)[1 − a1u1(x, t) − b1u1(x, t− τ1) − c1u2(x, t− τ2)],

∂

∂t
u2(x, t) = d2[(J2 ∗ u2)(x, t) − u2(x, t)]

+r2u2(x, t)[1 − a2u2(x, t) − b2u2(x, t− τ3) − c2u1(x, t− τ4)].

By a crossing interation technique, we reduce the existence of traveling waves to looking

for a suitable upper-lower solutions. The result in the present paper extends some known

results.
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nonlocal diffusion; time delay
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