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lg-
∂u(t, x)

∂t
= △u(t, x) + f(t, x, u(t, x), u(t − τ, x)), (t, x) ∈ D∞ \ P∞, (1.1)

∂u(t, x)

∂ν
= 0, (t, x) ∈ Γ∞ \ Λ∞, (1.2)

u(θ, x) = φ(θ, x) ≥ 0, (θ, x) ∈ Dτ , (1.3)

u(t+k , x) − u(tk, x) = gk(u(tk, x)), x ∈ Ω, (1.4)�j� x ∈ Ω ⊂ Rn, Ω �A=���4 ∂Ω I=4D�B
 ∂
∂ν ="�? ∂Ω I`_�`� △ ≡ ∂2

∂x2 . �� S = {tk}∞k=1 ⊂ R qy� 0 < t1 < t2 < · · · < tk < · · · , lim
k→∞

tk = ∞;

τ > 0 �9h�qy� ∀ i ∈ N = {1, 2, · · ·}, ti − τ ∈ R \ S; X$*I:I T > 0, i(0, T )">�# [0, T ] j���� S jFMIwI�
DT = (0, T ] × Ω, ΓT = (0, T ] × ∂Ω, Dτ = [−τ, 0] × Ω, Dτ

T = Dτ ∪ DT ;

Pk =
{
(tk, x); x ∈ Ω

}
, PT =

i(0,T )⋃

k=1

Pk, P∞ =

∞⋃

k=1

Pk;

Λk =
{
(tk, x); x ∈ ∂Ω

}
, ΛT =

i(0,T )⋃

k=1

Λk, Λ∞ =

∞⋃

k=1

Λk.fb�kg��nvB{y5zwI%�n��9 PC1,2(Dτ
T , PT ) ="Q=qyzwX&I�I u(t, x):

(i) u(t, x) �? (t, x) ∈ D
τ

T \ (PT ∪ ΛT ) ^�I


(ii) uxx(t, x) �? (t, x) ∈ Dτ

T \ PT ;M�^�

(iii) v = (u, ut, ux, uxx) qyX$*I k ∈ N, x ∈ Ω =

lim
(s,y)→s<tk

(tk,x)
v(s, y) = v(tk, x), lim

(s,y)→s>tk
(tk,x)

v(s, y) = v(t+k , x);M��j
ux =

( ∂u

∂x1
, · · · , ∂u

∂xn

)
, uxx =

(∂2u

∂x2
1

,
∂2u

∂x1x2
· · · , ∂2u

∂x2
n

)
, ut =

∂u

∂t
.( T = ∞,  D = D−τ,∞, PC1,2 = PC1,2(D, P∞). S,J#

X =
{
u ∈ C1,2, ‖u‖ = sup

(t,x)∈D

|u(t, x)| < +∞
}
.Xw_ (1.1)–(1.4) nv<k"12<�I φ0(x) = φ(0, x) ∈ C(Dτ , R) qyM ∂Ω I|weB�ff�TM ∂Ω I|weB�=S,��^�I
I�h`�1 L > 0, 0 <

α < 1 f\'I�}'z"1�
(H1) X$*I k ∈ N, gk ∈ C(R, R), x + gk(x) M x ∈ R ->QNO
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(H2) f ∈ C(D×PC1,2×PC1,2, R);GX$*I (t, x), (s, y) ∈ R×R, z1, z̃1, z2, z̃2 ∈ R,=

∣∣f(t, x, z1, z2) − f(t, x, z̃1, z̃2)
∣∣ ≤ L

(
|z1 − z̃1| + |z2 − z̃2|

)
,

∣∣f(t, x, z1, z2) − f(s, y, z1, z2)
∣∣ ≤ L

(
|x − y|α + |t − s|α/2

)
.RL? [9, 10] IS,�nvy5w_ (1.1)–(1.4) I%w-z3XIS,��- 1 )�I (v, w) ∈ PC1,2 × PC1,2 � (1.1)–(1.4) I%w-z3X�( w, v qy�

(i) w ≥ v, (t, x) ∈ D;

(ii) X$� ϕ ∈ PC1,2, v ≤ ϕ ≤ w, (t, x) ∈ (−τ, +∞) × Ω =
∂w

∂t
≥ △w(t, x) + f(t, x, w(t, x), ϕ(t − τ, x)), (t, x) ∈ (t, x) ∈ D∞ \ P∞,

∂w

∂ν
≥ 0, (t, x) ∈ Γ∞ \ Λ∞,

∂v

∂t
≤ △v(t, x) + f(t, x, v(t, x), ϕ(t − τ, x)), (t, x) ∈ D∞ \ P∞,

∂v

∂ν
≤ 0, (t, x) ∈ Γ∞ \ Λ∞;

(iii) v(θ, x) ≤ φ(θ, x) ≤ w(θ, x), (θ, x) ∈ Dτ ;

(iv) w(t+k , x) ≥ w(tk, x) + gk(w(tk, x)), v(t+k , x) ≤ v(tk, x) + gk(v(tk, x)), x ∈ Ω.

2 �3'��Æ�6�M�/jnv*y5�-ST��\y��� 2 1 (v, w) �w_ (1.1)–(1.4) I%w-z3X�$1 (H1), (H2) *Z�Nw_ (1.1)–(1.4) ;Md%I[N3 u(t, x) qy
v(t, x) ≤ u(t, x) ≤ w(t, x), (t, x) ∈ D.C 1 m = inf

(t,x)∈D
v(t, x), M = sup

(t,x)∈D

w(t, x), N m ≤ φ0(x) ≤ M, ∀x ∈ Ω. $�
T > 0, S,

XT =
{
u ∈ PC1,2(Dτ

T , PT ), |u(t, x)| ≤ 2M
}
⊂ X.(M XT -S,
I ‖u‖[−τ,T ] = max

(t,x)∈D
τ

T

|u(t, x)|, NM
I ‖ · ‖[−τ,T ] I*,z XT f%
Banach J#�X$*I u ∈ XT ⊂ X S,�I Au = min {w, max{u, v}} ∈ XT , $1

f∗(t, x, u(t, x), u(t − τ, x)) = f(t, x, Au(t, x), Au(t − τ, x)).9 f∗ V=w_ (1.1)–(1.4) jI f , N�Iw_ f (1.1∗)–(1.4∗). zwnvB{\yw_ (1.1∗)–(1.4∗) ;Md%I)3 u ∈ XT .
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(Φu)(t, x) =






φ(t, x), ∀ (t, x) ∈ Dτ ,
∫ t

0

∫

S

G(t, x; r, ξ)ϕu(r, ξ) dSξ dr

+

∫ t

0

∫

Ω

G(t, x; r, ξ)f∗(r, ξ, u(r, ξ), u(r − τ, ξ)) dξ dr

+

∫

Ω

G(t, x; 0, ξ)φ0(ξ) dξ, ∀ (t, x) ∈ DT ,VV S = ∂Ω, dSξ f S I�wFM�
G(t, x; r, ξ) = (2

√
π)−n(t − r)−n/2 exp[−|x − ξ|2/4(t − r)], t > r,

ϕu(t, x) = 2Fu(t, x) + 2

∫ t

0

∫

S

M(t, x; r, ξ)Fu(r, ξ) dSξ dr,

Fu(t, x) =

∫

Ω

∂G(t, x; 0, ξ)

∂ν
φ0(ξ) dξ +

∫ t

0

∫

Ω

∂G(t, x; r, ξ)

∂ν
f∗(r, ξ, u(r, ξ), u(r − τ, ξ)) dξ dr,

M(t, x; r, ξ) =

∞∑

i=1

Mi(t, x; r, ξ), (r, ξ) ∈ ΓT ,

Mi+1(t, x; r, ξ) =

∫ t

0

∫

S

M1(t, x; σ, y)Mi(t, x; r, ξ) dSy dσ, (r, ξ) ∈ ΓT ,

M1(t, x; r, ξ) = 2
∂G(t, x; r, ξ)

∂ν
, (r, ξ) ∈ ΓT .; [11, §5.3]℄�(Nv Φ M XT j=%UP��ss%UP<�w_ (1.1∗)–(1.4∗) I)3�-7�.zPnv
�!\yNv Φ M XT -�w6/���PI�(�nv9

const. P">\y�-j5}IA9# t o�IQ='I�B{nv\yzw1m�
∫

Ω

1

|x − ξ|n+1−2µ
dξ < +∞,

1

2
< µ < 1. (2.1)RL? [3] M%PST 1 I\y�{~� ��( Ω∗ }f Ω M~� �zI��N=

∫

Ω

1

|x − ξ|n+1−2µ
dξ = const.

∫

Ω∗

1

|x|n+1−2µ
dx = Jd + J0

d ,�j Jd fM� |x| ≤ d -Q�I�l&l�� d.l�;Gs��? Ω∗ j�J0
d f��&l�[ J0

d |"�=4I�-76�\ Jd < ∞. X$*I 1
2 < µ < 1 }�~! ��N=

Jd =
2πn/2

Γ(n
2 )

∫ d

0

xn−1 dx

xn+1−2µ
= const.

∫ d

0

dx

x2−2µ
< +∞.\ I} � x − ξ = η(t − r)

1

2 , nv=
∫

Ω

|G(t, x; r, ξ)| dξ ≤ const.

∫

Rn

e−const.η2

dη < +∞. (2.2)
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∣∣∣
∂G(t, x; r, ξ)

∂ν

∣∣∣ ≤ const.

|t − r|µ
1

|x − ξ|n+1+α−2µ
, (1 − α/2) < µ < 1,

M(t, x; r, ξ) ≤
∞∑

i=1

|Mi(t, x; r, ξ)| ≤ const.

|t − r|µ
1

|x − ξ|n+1+α−2µ
, (1 − α/2) < µ < 1.;-_w=v
= (2.1), � (1 − α/2) < µ < 1 9=

∫ t

0

∫

Ω

∣∣∣
∂G(t, x; r, ξ)

∂ν

∣∣∣dSr dξ ≤
∫ t

0

∫

Ω

const.

|t − r|µ
1

|x − ξ|n+1+α−2µ
dSr dξ ≤ const.t1−µ (2.3)
 ∫

S

|M(t, x; r, ξ)| dSr dξ ≤ const.(t − r)−µ. (2.4)B{ Φ JyM XT -�w6/�?:-�X$*I u ∈ XT , � 0 < t ≤ T 9�℄�-�I=v}��
‖Fu(t, x)‖[0,T ] ≤ const.t−µ(1 + t)


‖ϕu(t, x)‖[0,T ] ≤ const.t−µ(1 + t)(1 + t1−µ).-7=�
‖Φu‖[0,T ] ≤ const.t1−µ(1 + t + tµ + t1−µ + t2−2µ)‖u‖[0,T ] +

∣∣∣
∫

Ω

G(t, x; 0, ξ)φ0(ξ) dξ
∣∣∣.[; [11] M%PIST 1 ℄

lim
tց0

∫

Ω

G(t, x; 0, ξ)φ0(ξ) dξ = φ0(x), ∀x ∈ Ω,9[�� T .lI��nv=
‖Φu‖[0,T ] ≤ 2M. (2.5)X$*I u1, u2 ∈ XT , � max

{
1
2 , 1 − α

2

}
< µ < 1, ;"1 (H2), Fu IS,�= (2.3) IG

‖Fu1
(t, x) − Fu2

(t, x)‖[0,T ] ≤ const.‖u1 − u2‖[0,T ]t
1−µ,\ I�;-=� (2.4) (� ϕu IS,�nv=

‖ϕu1
(t, x) − ϕu2

(t, x)‖[0,T ] ≤ const.‖u1 − u2‖[0,T ]

[ ∫ t

0

(t − r)−µr1−µ dr + t1−µ
]
.1 t − r = ts, N=

∫ t

0

(t − r)−µr1−µ dr = t2−2µ

∫ 1

0

s(1−µ)−1(1 − s)(2−µ)−1 ds = t2−2µB(1 − µ, 2 − µ),
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‖ϕu1

(t, x) − ϕu2
(t, x)‖[0,T ] ≤ const.‖u1 − u2‖[0,T ]t

1−µ(1 + t1−µ). (2.6); (2.2), (2.6) (� Φu IS,�nv=
‖Φu1 − Φu2‖[0,T ] ≤ const.t(1 + t1−µ + t2−2µ)‖u1 − u2‖[0,T ].|"�
! T .lI��<= 0 < q(t) = t(1 + t1−µ + t2−2µ) < 1, ∀ t ∈ [0, T ] ;G (2.5)
z=\9*Z

‖Φu1 − Φu2‖[0,T ] ≤ q(t)‖u1 − u2‖[0,T ].[� t ∈ [−τ, 0] 9�=
‖Φu1 − Φu2‖[−τ,T ] = 0 ≤ q(t)‖u1 − u2‖[−τ,T ].~=
‖Φu1 − Φu2‖[−τ,T ] ≤ q(t)‖u1 − u2‖[−τ,T ].9[ ΦM XT -f�P6/�~;M%UP u(t, x), �fg- (1.1∗)–(1.4∗)M D∗ -I)3�; [9]ST 3.3
 f qyX& (H2)℄�u(t, x)� (1.1∗)–(1.4∗)M DT -I[N3�'8V {z��nv<I(GD (1.1∗)–(1.4∗) M Dt1 -;Md%I[N3 u(t, x). q*DX& (1.4) �"1 (H2), �I(GD (1.1∗)–(1.4∗) M Dτ

∞ -;Md%I[N3 u(t, x).z\ u ∈ Bv,w = {u ∈ X : v ≤ u ≤ w ∈ PC1,2}. (%"�Nd.;M%P (t̃, x̃) ∈ Dqy u(t̃, x̃) < v(t̃, x̃) � u(t̃, x̃) > w(t̃, x̃). nv6\yM%w%K=�%[�I�M\wIRL\y�(znv"1;M%P (t̃, x̃) ∈ D qy
u(t̃, x̃) < v(t̃, x̃). (2.7)1 λ1 � {

−∆u(t, x) = λu(t, x),

u(t, x)|∂Ω = 0Iz�SXa� ϕ1 f λ1 X4ISX�I�N; [12] ℄ ϕ1, λ1 qy
λ1 > 0, ϕ1 > 0, ∀x ∈ Ω, � ∂ϕ1

∂ν
≤ 0, ∀x ∈ ∂Ω.X$*I ε > 0, η > 0, 1

q(t, x) = v(t, x) − ε(et + 1) + ηϕ1(x), (t, x) ∈ D.;= (2.7) ℄�nvI(� ε > 0, η > 0 y|I��qy m(t, x) = u(t, x) − q(t, x) M DjI(�Dqa$�=
ε

η
> σ = max

x∈Ω
|ϕ1(x)|.-7�( (2.7) *Z�N;MP (t̂, x̂) ∈ D qy'zKm�ÆjI%m�



1074 1 7 F � � � 34B�& (i) (t̂, x̂) ∈ Dτ , m(t̂, x̂) = 0, m(t, x) > 0, ∀ (t, x) ∈ (0, t̂) × Ω;�& (ii) X$*I k ≥ 1, t̂ 6= tk, �= m(t̂, x̂) = 0, m(t, x) > 0, ∀ (t, x) ∈ (0, t̂) × Ω;�& (iii);M k ≥ 1,;G t̂ = tk,�= m(tk, x̂) = 0, m(t, x) > 0, ∀ (t, x) ∈ (0, tk)×Ω;�& (iv);M k ≥ 1,;G t̂ = tk,�=m(t+k , x̂) ≤ 0, m(t, x) > 0, ∀ (t, x) ∈ (0, tk]×Ω.nv*l#\yVKm�MV�%[�I��Æ (i). ( (t̂, x̂) ∈ Dτ , N
0 = m(t̂, x̂) = u(t̂, x̂) − q(t̂, x̂) = φ(t̂, x̂) − v(t̂, x̂) + ε(et̂ + 1) − ηϕ1(x̂) ≥ ε − ησ > 0,rY��Æ (ii). ( (t̂, x̂) ∈ Γ∞. ; Hopf ��<aHT�IG

∂u(t̂, x̂)

∂ν
<

∂q(t̂, x̂)

∂ν
.[

∂u(t̂, x̂)

∂ν
− ∂q(t̂, x̂)

∂ν
= −∂v(t̂, x̂)

∂ν
− η

∂ϕ1(x̂)

∂ν
≥ 0.( (t̂, x̂) ∈ D∞, N;PI�_)℄

∂m(t̂, x̂)

∂t
≤ 0.[MP (t̂, x̂) 6�q*D Au(t̂ − τ, x̂) ≥ v(t̂ − τ, x̂) 
 Au(t̂, x̂) = v(t̂, x̂), nv=

∂m(t̂, x̂)

∂t̂
≥∆u − ∆v + f(t̂, x̂, v(t̂, x̂), Au(t̂ − τ, x̂)) − f(t̂, x̂, v(t̂, x̂), Au(t̂ − τ, x̂)) + εet̂

≥εet̂ > 0,rY�RL?�Æ (ii) I\y�nv"I(GD�Æ (iii) �%[�I��Æ (iv). q*D�I x + gk(x) M x ≥ 0 9NO�9[=
0 ≥m(t+k , x̂) = [u(tk, x̂) + gk(u(tk, x̂))] − [v(t+k , x̂) + gk(v(tk, x̂))] + ε(etk + 1) − ηϕ1(x̂)

≥ε − ησ > 0,rY�VJy u ∈ Bv,w, Au = u, 9[ u fw_ (1.1)–(1.4) I[N3�\��< 1 �w_ (1.1)–(1.4) %Cp15��T%�O+���T\9%Cp15��%�O+�9�nvIo!ST 2 "�[�I�< 2 (w_ (1.1)–(1.4) ;M%w-z3X (v, w) 9�N%�!��I f(t, x, y, z)X (y, z) qy�> Lipschitz X&�?:-�9ST 2 I\yjI(E5�(1
m = inf

(t,x)∈D
v(t, x), M = sup

(t,x)∈D

w(t, x),
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 SDi�Q(D�8gn/�p�aje+2H:L��ÆLl T[�iH17 10756�!��I f(t, x, y, z) X (y, z) ∈ [m, M ] × [m, M ] qy Lipschitz X&�I�
3 /1FkzwA=9hIp1	q
 Hematopoiesis {


∂u(t, x)

∂t
= △u(t, x) − δu(t, x) +

βu(t − τ, x)

1 + um(t − τ, x)
, (t, x) ∈ D∞ \ P∞, (3.1)

∂u(t, x)

∂ν
= 0, (t, x) ∈ Γ∞ \ Λ∞, (3.2)

u(θ, x) = φ(θ, x) ≥ 0, (θ, x) ∈ Dτ , (3.3)

u(t+k , x) − u(tk, x) = hk(u(tk, x)), x ∈ Ω. (3.4)�j� τ, δ, β Cf['I� m > 1, ��n�I�,
X `I!�AM\/% �fbxE�x�I`_�M� [9] B{T5bzwI Hematopoiesis {
 ( ��QG):

u′(t) = −δu(t) +
βu(t − τ)

1 + um(t − τ)
.FkD2q{
I:!�M����x�xI%I�AJ# `t=�w�WXV%?:�Xw_ (3.1)–(3.4) 7��;�
=�!I�[<nvQ℄�D~�fb��t=�TXw_ (3.1)–(3.4) 7���;�(nv"1X& 1 < β

δ < m
m−1 *Z�1 f(y) = βy

1+ym , )℄ f(x) qy�> LipschitzX&�[�79�= K =
(

β−δ
δ

) 1

m <
(

1
m−1

) 1

m = y0 ;G�I f(x) qy�
(f1) f(K) = β

1+Km = δ ��I f(x)M (0, y0)->QNO�M (y0,∞)->QN$�
f(y0) = max

x∈[0,∞)
f(x) = β

n (n − 1)
n−1

n .

(f2) X$*I y ∈ (0, K) = f(y) > δy, [X$*I y ∈ (K,∞) = f(y) < δy.MX& inf
i∈N

{ti+1 − ti} = γ > 0 
 1 < β
δ < m

m−1 *ZI�Tz�X�I hk(x) nv}'z"1�
(H) X$*I k ∈ N , �I hk ∈ C(R+, R) �> Lipschitz^��x+hk(x)M x ∈ R+->QNO��qy

x ≥ x + hk(x) ≥ K, x ≥ K,

x ≤ x + hk(x) < K, 0 < x < K,

|hk(x)| ≤
(
y0 −

f(y0)

δ

)
(1 − e−δγ), x ≥ 0.�� 3 "1X& inf

i∈N
{ti+1 − ti} = γ > 0, 1 < β

δ < m
m−1 
 (H) *Z�Nzw1m*Z�

(i) w_ (3.1)–(3.4) Iu%w3 u(t, x) qy
0 ≤ lim sup

t→∞

u(t, x) ≤ y0, X x ∈ Ω %e*Z.
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(ii) w_ (3.1)–(3.4) Iu%w3 u(t, x) Vqy u(t, x) ≥ 0, (t, x) ∈ (0,∞) × Ω.

(iii) ( φ(θ, x) ≡/ 0, (t, x) ∈ Dτ , Nw_ (3.1)–(3.4) Iu%w3 u(t, x) Vqy
u(t, x) > 0, (t, x) ∈ (τ,∞) × Ω.C (i) 1 w(t) fzwp1
lg-I3






w′(t) = −δw(t) + f(y0), t ≥ 0, t 6= tk,

w(0) = max
(t,x)∈Dτ

φ(t, x), t ∈ [−τ, 0],

w(t+k ) = w(tk) + hk(w(tk)).

(3.5)-fX$*I (t, x) ∈ [−τ,∞) × Ω, =
∂w(t)

∂t
= △w(t) − δw(t) + f(y0) ≥ △w(t) − δw(t) + f(φ(t − τ, x)),-7;S, 1 &)℄E (0, w(t)) fw_ (3.1)-(3.4)I%w-z3X�9[z?ST 2 IG�w_ (3.1)–(3.4) ;M%w[N3qy

0 ≤ u(t, x) ≤ w(t), (t, x) ∈ D. (3.6)[g- (3.5) I3I(	*'zÆ=
w(t) =

f(y0)

δ
+ e−δt

(
w(0) − f(y0)

δ

)
+

∑

0<tk<t

e−δ(t−tk)hk(w(tk)), t ≥ 0. (3.7)%h1 tk < t < tk+1. ;X& inf
i∈N

{ti+1 − ti} = γ > 0 ℄
t − t1 > tk − t1 =

k−1∑

i=1

(ti+1 − ti) ≥ (k − 1)γ.9[=
∑

0<tk<t

e−δ(t−tk) ≤
∞∑

i=0

e−δγi =
1

1 − eδγ
.-7;-=� (3.6), (3.7) 
X& (H) IG

0 ≤ lim sup
t→∞

u(t, x) ≤ lim sup
t→∞

w(t) ≤ f(y0)

δ
+

|hk(w(tk))|
1 − eδγ

≤ y0.

(ii) ; (i) I\y�-)G�
(iii) ; (ii) ℄ u(t, x) ≥ 0, (t, x) ∈ D. Fkzw_m�Æ�
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X& (H) IG
∂u(t, x)

∂t
−△u(t, x) + δu(t, x) ≥ 0, (t, x) ∈ D∞ \ P∞,

∂u(t, x)

∂ν
= 0, (t, x) ∈ Γ∞ \ Λ∞,

u(0, x) = φ(0, x) ≥ 0, x ∈ Ω,

u(t+k , x) − u(tk, x) = hk(u(tk, x)), x ∈ Ω.nv*\y u(t, x) > 0, (t, x) ∈ (0,∞) × Ω. (%"�N;M (t0, x0) ∈ (0,∞) × Ω ;G
u(t0, x0) = 0. (X$*I k ≥ 1, t0 6= tk, (t0, x0) ∈ Γ∞. ; Hopf ��<aHT�IG

∂u(t0, x0)

∂ν
< 0.rY�(X$*I k ≥ 1, t0 6= tk, (t0, x0) ∈ D∞, N;z�aHT� u(t, x) ≡ 0, (t, x) ∈

[−τ, t0] × Ω. rY�(;M k ≥ 1, ;G t0 = tk, �= u(tk, x0) = 0. \ I(X9 Hopf ��<aHT
z�aHTA5rY�(;M k ≥ 1, ;G t0 = tk, �= u(t+k , x0) = 0. 79�;"1 (H) IG u(tk, x0) = 0. X9-wI1��>IA5rY��& 2 φ(0, x) ≡ 0, N�= u(t, x) ≡/ 0, (t, x) ∈ (0, τ ] × Ω. mN�;w_ (3.1)–

(3.4) �X& (H) IG φ(t, x) ≡ 0, (t, x) ∈ Dτ , VA"1X& ϕ(θ, x) ≡/ 0, (t, x) ∈ DτrY�-7�;M t0 ∈ (0, τ ] ;G u(t0, x) ≡/ 0. RL?�Æ 1 I\y�nvI(ID
u(t, x) > 0, (t, x) ∈ (t0, x) × Ω. \���� 4 "1X& inf

i∈N
{ti+1 − ti} = γ > 0, 1 < β

δ < m
m−1 
 (H) *Z�Nw_

(3.1)–(3.4) Iu%w3 u(t, x) qy
lim

t→∞
u(t, x) = K, X x ∈ Ω %e*Z,�3 u(t, x) = K ��>s0I�C ;ST 3(i), %6%
��"1 u(t, x) qy
0 ≤ u(t, x) ≤ y0, (t, x) ∈ D. (3.8)1 U(t) = min

x∈Ω
u(t, x), U(t) = max

x∈Ω
u(t, x), U = lim inf

t→∞
U(t) 
 U = lim sup

t→∞

U(t). ;=
(3.8),

0 ≤ U ≤ U ≤ y0. (3.9);ST 3(iii), I1
z0 = min

{
min

(t,x)∈[2τ,∞)×Ω
u(t, x),

K

2

}
> 0. (3.10)S,�
 {zn} 
 {yn} l#qy

zn =
f(zn−1)

δ
, n ∈ N,

yn =
f(yn−1)

δ
, n ∈ N.



1078 1 7 F � � � 34Bnv*\y�
 {zn} 
 {yn} >Q=4�B{�nv\y�
 {zn} >QNO=z�-4 K. q*DX$*I y ∈ (0, K) = f(y) > δy 
 z0 < K � f(y) M [z0, K] ⊂ [0, y0] ->QNO�IG
z1 =

f(z0)

δ
> z0, z1 =

f(z0)

δ
<

f(K)

δ
= K.[���
^.I�NIG

0 < z0 < z1 < · · · < lim
n→∞

zn = K. (3.11)\ Ig_IG
0 > y0 > y1 > · · · > lim

n→∞
yn = K. (3.12)%h1 t1 > 3τ, l#S, v1(t) 
 w1(t) fzwg-I3





v′1(t) = −δ[v1(t) − z1], t ≥ 3τ, t 6= tk,

v1(θ) = z0 < K, θ ∈ [2τ, 3τ ],

v1(t
+
k ) = v1(tk) + hk(v1(tk))

(3.13)
 




w′
1(t) = −δ[w1(t) − y1], t ≥ 3τ, t 6= tk,

w1(θ) = y0 > K, θ ∈ [2τ, 3τ ]

w1(t
+
k ) = w1(tk) + hk(w1(tk)).

(3.14); (3.8) 
 (3.10) ℄X$*I (t, x) ∈ [2τ,∞) × Ω = z0 ≤ u(t, x) ≤ y0. 9[X$*I
(t, x) ∈ [2τ,∞) × Ω, =

∂v1(t)

∂t
= △v1(t) − δv1(t) + f(z0) ≤ △v1(t) − δv1(t) + f(u(t − τ, x)),

∂w1(t)

∂t
= △w1(t) − δw1(t) + f(y0) ≥ △w1(t) − δw1(t) + f(u(t − τ, x)).-7�;S, 1 ℄ (v1(t), w1(t)) �w_ (3.1)–(3.4)I%w-z3X�9[;ST 2 IG

v1(t) ≤ u(t, x) ≤ ω1(t), (t, x) ∈ [2τ,∞] × Ω. (3.15)� t ∈ [3τ, t1] 9�;g- (3.13) �= (3.11) IG
v1(t) = z1 + e−δ(t−3τ)(z0 − z1) ≥ z0,

z0 ≤ v1(t1) = z1 + e−δ(t1−3τ)(z0 − z1) ≤ z1 < K.9[;"1 (H) IG
z0 ≤ v1(t1) ≤ v1(t

+
1 ) = v1(t1) + h1(v1(t1)) < K. (3.16)
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v1(t) = z1 + e−δ(t−t1)(v1(t

+
1 ) − z1) ≥ z0,

v1(t2) = z1 + e−δ(t2−t1)(v1(t
+
1 ) − z1) ≤ z1(1 − e−δ(t2−t1)) + e−δ(t2−t1)K < K.;"1 (H) IG

z0 ≤ v1(t2) ≤ v1(t
+
2 ) = v1(t1) + h2(v1(t2)) < K.'8}z�IG�&)℄E�g- (3.13)I3 v1(t) M [3τ,∞) -NO�I;z=">�

v1(t) = z1 + e−δ(t−3τ)(z0 − z1) +
∑

3τ<tk<t

e−δ(t−tk)hk(v1(tk)), t ≥ 3τ.9[=
z1 ≤ lim

t→∞
v1(t). (3.17)\ I�� t ∈ [3τ, t1] 9�;g- (3.14) � (3.12) IG

w1(t) = y1 + e−δ(t−3τ)(y0 − y1) ≤ y0,

y0 ≥ w1(t1) = y1 + e−δ(t1−3τ)(y0 − y1) ≥ y1(1 − e−δ(t2−t1)) + e−δ(t2−t1)K > K.;-=�"1 (H) �IG
y0 ≥ w1(t1) ≥ w1(t1) + h1(v1(t1)) = v1(t

+
1 ) > K. (3.18)� t ∈ (t1, t2] 9�;g- (3.14) � (3.12), (3.18) IG

w1(t) = y1 + e−δ(t−t1)(w1(t
+
1 ) − y1) ≤ y0,

y0 ≥ w1(t2) = y1 + e−δ(t2−t1)(w1(t
+
1 ) − y1) ≥ y1(1 − e−δ(t2−t1)) + e−δ(t2−t1)K > K.;-=�"1 (H) IG

y0 ≥ w1(t2) = w1(t1) + h2(w1(t2)) ≥ w1(t
+
2 ) > K.'8}z�IG��IGD�g- (3.14)I3 w1(t) M [3τ,∞) -N$�I;z=">�

w1(t) = y1 + e−δ(t−3τ)(y0 − y1) +
∑

3τ<tk<t

e−δ(t−tk)hk(w1(tk)), t ≥ 3τ.9[IG
lim

t→∞
w1(t) ≤ y1. (3.19); v1(t), w1(t) I>Q��= (3.15), (3.17) 
 (3.19) IG

z1 ≤ U ≤ U ≤ y1.
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 wn(t) fzwg-I3




v′n(t) = −δ[vn(t) − zn], t ≥ 3τ, t 6= tk,

vn(θ) = zn−1 < K, θ ∈ [2τ, 3τ ],

vn(t+k ) = vn(tk) + hk(vn(tk))
 



w′
n(t) = −δ[wn(t) − yn], t ≥ 3τ, t 6= tk,

wn(θ) = yn−1 > K, θ ∈ [2τ, 3τ ],

wn(t+k ) = wn(tk) + hk(wn(tk)).\ Ino-wI�-�nv<I(GD
z0 < z1 < · · · < zn ≤ U ≤ U ≤ yn < · · · < y1 < y0. (3.20); (3.11), (3.12) � (3.20) IG

K = lim
n→∞

zn ≤ U ≤ U ≤ lim
n→∞

yn = K,V*hs
lim

t→∞
u(t, x) = K, X x ∈ Ω %e*Z.\��< 3 �w_ (3.1)–(3.4) %Cp15��T%�O+���T\9%Cp15��%�O+�9�ST 3 
ST 4 "�[�I�[��w_ (3.1)–(3.4)%Cp15�9�ST 3 
ST 4 "��I1�� � � " $
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Existence Theorem for Impulsive Parabolic Equations with Delay

and Applications to the Population Model
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Abstract In this paper, by means of a pair of lower-upper solution, a new existence

theorem of solution under Neumann boundary condition for impulsive parabolic equations

with delay is obtainied. As an example, when applicated to a population model, sufficient

conditions are provided for global attractivity of the equilibrium for this system.
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