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1 74SyKH)�1 (Markov Decision Processes,+%s MDPs) kMi�PI�f+BLH�qXT��q�IuV�)_�4RuV\JQ�
��&|eL��d[H"}L�sh� Z�uVL"{�O�
���6I#^*Y+B�a. [1–7] 7!VWLy��Z/LG���S�&i6A8/I7�t ��Z�l�PM�{1�m
k�Ml^kM�l℄m`�O�
�uVH~P��LuVa3�_~B�O;I�

� ?*�L�qz�3�Derman[1] Lq
� H�MaLI
sa��VL[2?* MDPs LO�
�uV�oM [3,4] ?3$L+PWsaR*I;�3L[2?*O�
����9o��M [2] 
wPWsaiojDLXT�yKH)�1LO�
�uV�3�*YLq�Ds inf
π

P π
i (τB ≤ λ) (M(�Ds sup

π
P π

i (τB > λ)) L
MDPs idQ�?uV [5,6] (�i i H4Csa� π H)u� λ H�d� τB HxT
� B LO�?). jM [6] JIhe%?* MDPs ~G)u>SL~Gi/��x6h~G)uL[a�oM [5] L+�Ds sup

π
P π

i (τB ≥ λ) L[2?* MDPs LG�|e�^�1
h~Gh1�
wh~G)uL�h�_�F~G�V PW (I
�Y�x 2009 � 7 P 15 ,LH�2011 � 4 P 21 ,LH�pt�
∗ �U:s�F! �8�*&�.#�wo��
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) 4 iR?~G�{)u>S�EZ/L~Gi/"8-_��S3�L!��~G�{)uP�">S��yL+�Ds inf
π

P π
i (τB ≤ λ) LPWsa��VR*L[2?* MDPs LG�|e�_L [5] iLuVÆZ�H [7] iuVLdQ�D�L [5,7] Æ���yI7�d3�

(i) �yLha� [5] "j�EL [7] YZ��yi
� H�Ma|/���3H�jL (�6,p 2.2);

(ii) �yi)u4Xsa��V��d λ, _ [5] iL)uX
J�d λ; (</4X�dL)uL�7P7<��L (iii) � (iv) J6)

(iii) ~�&S [5] i0#L~G�V PW (I
�Y�
) 4 iRLi/��S℄IL\�yK)uYi_�h~G�{)uL>S�	
(iv) [5] iLay 2.2 �� [5] L8���y8�L$� (�6,p 6.1).EfWY�~�O�</4Xsa��V��d λ L)uY�)�1
~Gh1��
w~G)uL�h7!~G�{)u>SLi/��x6X
J�dL~G)u>SL2k�0i/�z?3$�D [5] iLayY�~�8�L?D��yQ 2 %k<5PS��	Q 3 %k
wm

WL�h��1
~Gh1�Q 4 %k
w~Gi/�Q 5 %kx6[a��SQ 6 %kD3vWd[aY�.�?D8��

2 *�"2�y℄LqL[2?* MDPs L��.��
{S, (A(i) ⊆ A, i ∈ S), B, p(j|i, a)}, (2.1)�i S � A k�HPWLsaR*��VR*� B ⊂ S H3xTL
� � A(i) �ESsa i ∈ S ?LQ#�V �m K := {(i, a) : i ∈ S, a ∈ A(i)} HQ#sa - �V � (2.1) iL p(j|i, a) Hz{h1 ∑

j∈S

p(j|i, a) = 1 Lq5rs����Rm
rsuV�[2?*MDPsL,��1�H)YS?Q t = 0, 1, · · ·�+IPS\��lLsa�'7S4CH)?Q�l7Jsa i0, �H)YI3v
�
(�d) λ0,"^0�f���lS λ0 Dv?*�I�
� Lm
�JH�H)YyDF�sa i0 �^L
� λ0 &%3v�V a0,HJ�VL&%��l7rs p(i1|i0, a0)q5Isa i1,5v�LH)?Q`9�H)�17ZjhD,��<_~�P7JI[2?*MDPsLQ nvH)?QLQ#_A hn," hn = (i0, λ0, a0, i1, λ1, a1, · · · , an−1, in, λn).m Hn �E℄I_A hn |/L ����</)uLT:�
6 2.1 4XJ_AL\�)u π = {πn, n = 0, 1, · · ·}Hz{7�i/L\�
$i�}v πn HxT Hn ?T:S A 4L\�
�� πn(A(in)|hn) = 1, ∀hn ∈ Hn, n ≥ 0.℄I)u|/L �%s Π.



978 = B S ' ' Æ 34F�� 2.1 HJ_A hn 4X�d λn, sa in 7!�V an, 97L)uL [5] iL)u"j�EHL [7] iLÆZ�m Φ �E℄IxT S × Z+ (Z+ �Eio\WL �) ?T:S A 4L\�
 ϕ|/L ��\+9 (i, λ) ∈ S ×Z+, �z{ ϕ(A(i)|i, λ) = 1. F �EH)
W f a ��i f : S × Z+ → A z{\+9L (i, λ) ∈ S × Z+, f(i, λ) ∈ A(i). )u π = {πn} .s\�yKL�.�>S\�
$i {ϕn} (ϕn ∈ Φ), BJ\}v hn ∈ Hn � n ≥ 0,

πn(·|hn) = ϕn(·|in, λn). ~�
\�yK)u%s π = {ϕn}. \�yK)u π = {ϕn} .s\��{L�.� ϕn L n ���9?�~�2 π = {ϕ, ϕ, · · ·} %s ϕ. ?3$�\�yK)u π = {ϕn} .s'T�L�0>S$i {fn} BJ\}v (i, λ) ∈ S ×Z+, n ≥ 0,

ϕn({fn(i, λ)}|i, λ) = 1. ÆZO�~�%Z/L)us π = {fn}. d�O�'T�yK)u π = {fn} .s�{L�0 {fn} L n ���sh��~�2 π = {f, f, · · ·}. ~�k�D ΠRM ,ΠRS , ΠDM , ΠDS , �E℄I\�yK)u�\��{)u�'T�yK)u!'T��{)ua ��)� ΠRS ⊂ ΠRM ⊂ Π, ΠDS ⊂ ΠDM ⊂ Π.m Π0 �E℄I"4X�d λ L)ua �0)u π = {fn} ∈ ΠDM ∩ Π0, Æ|\℄IL (i, λ) ∈ S × Z+ � n ≥ 0, fn(i, λ) ≡ fn(i). \)u π = {ϕ0, ϕ1, · · ·} ∈ ΠRM !
m ≥ 1, (m)π := {ϕm, ϕm+1, · · ·} �E π L m- ;K)u�\}v (i, λ) ∈ S × Z+ � π ∈ Π, H [8] `�>Sr3LrsR* (Ω,F , P π

(i,λ)) �\��1 {xn, λn, ∆n, n ≥ 0} BJ\}v j ∈ S, a ∈ A(i) � n ≥ 0, I
P π

(i,λ)(x0 = i, λ0 = λ) = 1, (2.2)

P π
(i,λ)(∆n = a|hn) = πn(a|hn), (2.3)

P π
(i,λ)(xn+1 = j|hn, an) = p(j|in, an), (2.4)�i λn := λn−1 − 1. �Jrs*Y P π

(i,λ) L�q[y%s Eπ
(i,λ).xT
� B ⊂ S, T:

τB :=

{
inf {t ≥ 0 | xt ∈ B}, .� {t ≥ 0 | xt ∈ B} 6= ∅,

+∞, nVs
� B LO�?��)�F x0 ∈ B ?� τB = 0.
6 2.2 \}v (i, λ) ∈ S × Z+ � π ∈ Π, T:m
rs (m

W) s
Dπ(i, λ) := P π

(i,λ)(τB ≤ λ) (2.5)!Æ?L~Gd
W
D∗(i, λ) := inf

π∈Π
Dπ(i, λ), (2.6)�i λ �E�d�lo�)u π∗ ∈ Π .s~GL�0

Dπ∗

(i, λ) = D∗(i, λ), ∀ (i, λ) ∈ S × Z+. (2.7)
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(1) �yi
�sa"3TH�Ma�_ [7] iL
� H�Ma��.��lsas
�sa?�3s 0.

(2) 0 B C��lL=�sa �V τB �E�lL=�?*�<_ Dπ(i, λ) �E'%)u π ?�lS λ Dv?*℄`9=�Lm
rs�p9I�\}v (i, λ) ∈ B ×Z+ � π ∈ Π �I Dπ(i, λ) = 1. s��Zj�b!���y~�
f�J Dπ(i, λ) L
w=SF (i, λ) ∈ Bc ×Z+ ?L!���i Bc := S −BH B L  �H [8] iLT\ 5.5.1 L8��~�I D∗(i, λ) = inf
π∈ΠRM

Dπ(i, λ). ;9�~�7�L
wC
J\�yK)uYi�
3 C9��Z3%k1
~Gh1��_�~Gd
WH~Gh1L:�s%�h��~�</3�[y�\+9L (i, λ) ∈ Bc × Z+, T:[y T a, T ϕ � T .��

T aD(i, λ) :=
∑

j∈B

p(j|i, a) +
∑

j∈Bc

p(j|i, a)D(j, λ − 1), (3.1)

T ϕD(i, λ) :=
∑

a∈A(i)

ϕ(a|i, λ)T aD(i, λ), (3.2)

TD(i, λ) := min
a∈A(i)

T aD(i, λ). (3.3)x6�_�n08�a��~�x6�i+DEk0L<\�8� 3.1 >SH)
W f ∈ F z{�ih1
T fD(i, λ) = TD(i, λ). (3.4)G ;s A(i) HI
L�>SA6 f : Bc ×Z+ → A BJ\+9L (i, λ) ∈ Bc ×Z+,I f(i, λ) ∈ A(i) � T f(i,λ)D(i, λ) = TD(i, λ).�� 3.1 sh��% Z+ − {1} s U .8� 3.2 7 (i, λ) ∈ Bc × U , π = (ϕ0, ϕ1, · · ·) ∈ ΠRM , I

Dπ(i, λ) = T ϕ0D
(1)π(i, λ). (3.5)d�O�F π = ϕ ∈ ΠRS ?� Dϕ(i, λ) = T ϕDϕ(i, λ).G H)u π LyK�7!�h (2.2)–(2.4), I

Dπ(i, λ) = P π
(i,λ)(τB ≤ λ) = 1 − P π

(i,λ)(τB > λ)

=1 − P π
(i,λ)(x0 ∈ Bc, x1 ∈ Bc, · · · , xλ ∈ Bc)

=1 − Eπ
(i,λ)

[
P π

(i,λ)(x0 ∈ Bc, x1 ∈ Bc, · · · , xλ ∈ Bc|x0, λ0, ∆0, x1, λ1)
]

=1 − Eπ
(i,λ)

[
1{x0∈Bc,x1∈Bc}P

π
(i,λ)(x2 ∈ Bc, · · · , xλ ∈ Bc|x0, λ0, ∆0, x1, λ1)

]
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=1 −

∑

a∈A(i)

ϕ0(a|i, λ)
∑

j∈Bc

p(j|i, a)P π
(i,λ)(x2 ∈ Bc, · · · , xλ ∈ Bc|x0 = i,

λ0 = λ, ∆0 = a, x1 = j, λ1 = λ − 1)

=1 −
∑

a∈A(i)

ϕ0(a|i, λ)
∑

j∈Bc

p(j|i, a)P
(1)π
(j,λ−1)(x0 = j, x1 ∈ Bc, · · · , xλ−1 ∈ Bc)

=
∑

a∈A(i)

ϕ0(a|i, λ)
[∑

j∈S

p(j|i, a) −
∑

j∈Bc

p(j|i, a)P
(1)π
(j,λ−1)(x0 ∈ Bc, x1 ∈ Bc, · · · , xλ−1 ∈ Bc)

]

=
∑

a∈A(i)

ϕ0(a|i, λ)
[ ∑

j∈B

p(j|i, a) +
∑

j∈Bc

p(j|i, a)

·
[
1 − P

(1)π
(j,λ−1)(x0 ∈ Bc, x1 ∈ Bc, · · · , xλ−1 ∈ Bc)

]]

=
∑

a∈A(i)

ϕ0(a|i, λ)
[ ∑

j∈B

p(j|i, a) +
∑

j∈Bc

p(j|i, a)D
(1)π(i, λ − 1)

]
,Z9uv (3.5) H℄'L�" Dπ(i, λ) = T ϕ0D

(1)π(i, λ). ~�3v8wH�)L�"S��L_�i)u ϕ ∈ ΠRS .�iT\x6~Gh1L:L�h�
� 3.3 (a) \+9 (i, λ) ∈ Bc × U , D∗(i, λ) z{~Gh1�
D∗(i, λ) = TD∗(i, λ). (3.6)

(b) >S3vH)
W f ∈ F BJ
D∗(i, λ) = T fD∗(i, λ). (3.7)G (a) H<\ 3.2, \+9 π = {ϕ0, ϕ1, · · ·} ∈ ΠRM , I

Dπ(i, λ) = T ϕ0D
(1)π(i, λ) ≥ T ϕ0D∗(i, λ) ≥ TD∗(i, λ). (3.8);s π H+9L�PJD∗(i, λ) ≥ TD∗(i, λ). �_
�"MD�F�4�H~Gd
WLT:�\+9 ε > 0, (i, λ) ∈ Bc×U ,>S (i,λ)π ∈ ΠRM BJ D

(i,λ)π(i, λ−1) ≤ D∗(i, λ−1)+ε.|T)u π ∈ ΠRM .��
π =

{
(i,λ)π, .� x0 = i ∈ Bc,+9, .� x0 = i ∈ B.PJ Dπ(i, λ−1) ≤ D∗(i, λ−1)+ε, �i i ∈ Bc.\}v (i, λ) ∈ Bc×U ,>S a(i,λ) ∈ A(i)BJ

∑

j∈B

p(j|i, a(i,λ)) +
∑

j∈Bc

p(j|i, a(i,λ))D
∗(j, λ − 1)

= min
a∈A(i)

[ ∑

j∈B

p(j|i, a) +
∑

j∈Bc

p(j|i, a)D∗(j, λ − 1)
]
.



6� n"^�Z1>)xJG(�0KN?��tU 981T: f(i, λ) = a(i,λ), �)� f ∈ F . m π̂ = (f, π), H<\ 3.2 PJ
Dπ̂(i, λ) =

∑

j∈B

p(j|i, f(i)) +
∑

j∈Bc

p(j|i, f(i))Dπ(j, λ − 1)

≤
∑

j∈B

p(j|i, f(i)) +
∑

j∈Bc

p(j|i, f(i))(D∗(j, λ − 1) + ε)

≤
∑

j∈B

p(j|i, f(i)) +
∑

j∈Bc

p(j|i, f(i))D∗(j, λ − 1) + ε

= min
a∈A(i)

[ ∑

j∈B

p(j|i, f(i)) +
∑

j∈Bc

p(j|i, a)D∗(j, λ − 1)
]

+ ε,"H
D∗(i, λ) ≤ min

a∈A(i)

[ ∑

j∈B

p(j|i, a) +
∑

j∈Bc

p(j|i, a)D∗(j, λ − 1)
]

+ ε,m ε → 0, PJ
D∗(i, λ) ≤ min

a∈A(i)

[ ∑

j∈B

p(j|i, a) +
∑

j∈Bc

p(j|i, a)D∗(j, λ − 1)
]
, (3.9)L (3.8) 3��PJ D∗(i, λ) = TD∗(i, λ).

(b) H (a) �<\ 3.1, >SH)
W f ∈ F BJ D∗(i, λ) = TD∗(i, λ) = T fD∗(i, λ).

4 C9���3=�$	:3�%k
w~G)uL�h!�>S��~���SIFLi/�>S~G�{)u���I~Gh1~�dL�{)uWH~GL�lo�~�1_�"4XJ�dL~G)uL>S��sQ�~G)u�\}v (i, λ) ∈ Bc × U �T:~G�V .�
A∗(i, λ) :=

{
a ∈ A(i)|D∗(i, λ) = T aD∗(i, λ)

}
, A∗(i) :=

⋂

λ∈U

A∗(i, λ). (4.1)�� 4.1 H A(i) LI
��T\ 3.3(a), A∗(i, λ) 6= ∅, E A∗(i) P�HR ��x6~G)uL3��h�
� 4.1 7 π = (ϕ0, ϕ1, · · ·) ∈ ΠRM H~G)u�
(a) \}v (i, λ) ∈ Bc × U , I Aϕ0(i, λ) ⊂ A∗(i, λ), ϕ0(A

∗(i, λ)|i, λ) = 1, �i
Aϕ0(i, λ) = {a ∈ A(i)|ϕ0(a|i, λ) > 0}.

(b) \}v (i, λ) ∈ Bc ×U , f ∈ F z{ f(i, λ) ∈ Aϕ0(i, λ), V f (1)π := {f, π0, π1, · · ·}H~GL�
(c) 0 ϕ ∈ Φ z{ D∗(i, λ) = T ϕD∗(i, λ) L\�
�V {ϕ, π} H~GL�G (a) ;s π = (ϕ0, ϕ1, · · ·) ∈ ΠRM H~G)u�H<\ 3.2 �T\ 3.3, PJ
D∗(i, λ) = Dπ(i, λ) = T ϕ0D

(1)π(i, λ) ≥ T ϕ0D∗(i, λ) ≥ TD∗(i, λ) = D∗(i, λ). (4.2)



982 = B S ' ' Æ 34F;9 T ϕ0D∗(i, λ) = D∗(i, λ), Z9uv
∑

a∈A(i)

ϕ0(a|i, λ)
[
T aD∗(i, λ) − D∗(i, λ)

]
= 0, (4.3)9Dd� T aD∗(i, λ) ≥ TD∗(i, λ) = D∗(i, λ) JI (a) iL8��

(b) Z%kL_�L (a) YZ�\}v (i, λ) ∈ Bc × U , I
D∗(i, λ) = Dπ(i, λ) = T ϕ0D

(1)π(i, λ) ≥ TD
(1)π(i, λ) ≥ TD∗(i, λ) = D∗(i, λ). (4.4);9 Dπ(i, λ) = TD

(1)π(i, λ), H9PJ
Dπ(i, λ) ≤ T aD

(1)π(i, λ). (4.5)shJI8��p_ Df(1)π(i, λ) = Dπ(i, λ). .�Z"/
�Æ|>S
� (i, λ) ∈ Bc×UBJ Df(1)π(i, λ) > Dπ(i, λ). ;s f(i, λ) ∈ Aϕ0(i, λ), H<\ 3.2 � (4.5), J
Dπ(i, λ) =

∑

a∈A(i)

ϕ0(a|i, λ)T aD
(1)π(i, λ)

=ϕ0(f(i, λ)|i, λ)T f(i,λ)D
(1)π(i, λ) +

∑

a∈A(i)−f(i,λ)

ϕ0(a|i, λ)T aD
(1)π(i, λ)

=ϕ0(f(i, λ)|i, λ)Df(1)π(i, λ) +
∑

a∈A(i)−f(i,λ)

ϕ0(a|i, λ)T aD
(1)π(i, λ)

>ϕ0(f(i, λ)|i, λ)Dπ(i, λ) +
∑

a∈A(i)−f(i,λ)

ϕ0(a|i, λ)Dπ(i, λ)

=
∑

a∈A(i)

ϕ0(a|i, λ)Dπ(i, λ) = Dπ(i, λ),ZH{℄L�℄7 Df(1)π(i, λ) = Dπ(i, λ) \℄IL (i, λ) ∈ Bc × U /
�" f (1)π H~G)u�
(c) H<\ 3.2� π L~G��I D{ϕ,π}(i, λ) = T ϕDπ(i, λ) = T ϕD∗(i, λ) = D∗(i, λ),<_ {ϕ, π} H~GL�s
_~G)uL>S�"0��L'7��& A \}v (i, λ) ∈ Bc × U � f ∈ ΠDS , P

f

(i,λ)(τB < ∞) = 1.�� 4.2 (1) ;sPS�lL{�?*I
�℄7'7 AS�^�&!U�/
�
(2) \}v (i, λ) ∈ Bc × U � f ∈ ΠDS , I

P
f

(i,λ)(τB < ∞) = P
f

(i,λ)

( ∞⋃

k=1

{xk ∈ B}
)
. (4.6);9'7 A ��i�D1M(

P
f

(i,λ)

( ∞⋃

k=1

{xk ∈ B}
)

= 1, �Y P
f

(i,λ)

( ∞⋂

k=1

{xk ∈ Bc}
)

= 0, ∀ (i, λ) ∈ Bc × U. (4.7)



6� n"^�Z1>)xJG(�0KN?��tU 983!- 4.2 0>S�W α > 0 z{
p(B|i, a) :=

∑

j∈B

p(j|i, a) ≥ α, ∀ i ∈ Bc, a ∈ A(i), (4.8)V'7 A /
�G D��a_��D
P

f

(i,λ)

( n⋂

k=1

{xk ∈ Bc}
)
≤ (1 − α)n. (4.9)F n = 1, H�e 4.2 Li/��h (2.2)–(2.4), I

P
f

(i,λ)(x1 ∈ Bc) = E
f

(i,λ)

[
P

f

(i,λ)(x1 ∈ Bc|x0, ∆0, λ0)
]

=P
f

(i,λ)(x1 ∈ Bc|x0 = i, ∆0 = f(i, λ), λ0 = λ)

=P (Bc|i, f(i, λ)) = 1 − P (B|i, f(i, λ)) ≤ 1 − α.�'7 (4.9) D\
v n ≥ 1 /
�H (4.7) D�Rn'7�PJ
P

f

(i,λ)

( n+1⋂

k=1

{xk ∈ Bc}
)

= E
f

(i,λ)

[
P

f

(i,λ)

( n+1⋂

k=1

{xk ∈ Bc}
∣∣∣x0, ∆0, λ0, · · · , xn, λn

)]

=E
f

(i,λ)

[
1{x1∈Bc} · · · 1{xn∈Bc}P

f

(i,λ)(xn+1 ∈ Bc|x0, ∆0, λ0, · · · , xn, λn)
]

=E
f

(i,λ)

[
1{x1∈Bc} · · · 1{xn∈Bc}P

f

(xn,λn)(x1 ∈ Bc)
]

≤(1 − α)Ef

(i,λ)

[
1{x1∈Bc} · · · 1{xn∈Bc}

]

=(1 − α)P f

(i,λ)

( n⋂

k=1

{xk ∈ Bc}
)
≤ (1 − α)n+1.1" (4.9) D\ n + 1 1/
�;9 (4.9) D\℄IL n ≥ 1 /
�m (4.9) Di n → ∞,PJ

P
f

(i,λ)

( ∞⋂

k=1

{xk ∈ Bc}
)

= lim
n→∞

P
f

(i,λ)

( n⋂

k=1

{xk ∈ Bc}
)
≤ lim

n→∞
(1 − α)n = 0,9Dd� (4.7), P`'7 A /
���x6\~G)u>S�i,�-L3v<\�O�</3�%��\}v (i, λ) ∈ Bc × U � f ∈ F ,

T̂ fD(i, λ) :=
∑

j∈Bc

P (j|i, f(i, λ))D(j, λ − 1). (4.10)8� 4.3 0'7 A /
�m f ∈ ΠDS ,

(a) 0 (D − G)(i, λ) ≤ T̂ f(D − G)(i, λ), V D(i, λ) ≤ G(i, λ);

(b) Df Hh1 D(i, λ) = T fD(i, λ) Lr3:�



984 = B S ' ' Æ 34FG sh_� (a), O�D��a_� (T̂ f)n(D − G)(i, λ) ≤ P
f

(i,λ)

( n⋂
k=1

{xk ∈ Bc}
)
. F

n = 1 ?-8-_4D/
�F�4�m (i, λ) ∈ Bc ×U , HJ D(i, λ)−G(i, λ) ≤ 1, PJ
T̂ f(D − G)(i, λ) =

∑

j∈Bc

P (j|i, f(i, λ))(D − G)(j, λ − 1)

≤
∑

j∈Bc

P (j|i, f(i, λ)) = P (Bc|i, f(i, λ)) = P
f

(i,λ)(x1 ∈ Bc).'7\
3v n ≥ 1 ?�I (T̂ f)n(D − G)(i, λ) ≤ P
f

(i,λ)

( n⋂
k=1

{xk ∈ Bc}
)
, VHRn'7�I

(T̂ f)n+1(D − G)(i, λ) =T̂ f(T̂ f)n(D − G)(i, λ)

=
∑

j∈Bc

P (j|i, f(i, λ))(T̂ f )n(D − G)(j, λ − 1)

≤
∑

j∈Bc

P (j|i, f(i, λ))P f

(j,λ−1)

( n⋂

k=1

{xk ∈ Bc}
)

=P
f

(i,λ)

( n+1⋂

k=1

{xk ∈ Bc}
)
.~�3vMDH (2.2)–(2.4)JI�;9 (T̂ f )n(D−G)(i, λ) ≤ P

f

(i,λ)(
n⋂

k=1

{xk ∈ Bc})\ n+11/
�9o�\}v (i, λ) ∈ Bc × U , b5$[P7JI
(D − G)(i, λ) ≤ (T̂ f )n(D − G)(i, λ) ≤ P

f

(i,λ−1)

( n⋂

k=1

{xk ∈ Bc}
)
. (4.11)p9I'7 A 9uv P

f

(i,λ)

( ∞⋂
k=1

{xk ∈ Bc}
)

= 0. ;9�m (4.11) Di n → ∞, \}v
(i, λ) ∈ Bc × U , PJ (D − G)(i, λ) ≤ 0. ;9 (a) J_�

(b) '7 D(i, λ) Hh1 D(i, λ) = T fD(i, λ) L:�H<\ 3.2, P` Df (i, λ) =

T fDf (i, λ), ;9 D(i, λ) − Df (i, λ) = T̂ f(D − Df )(i, λ), 9Dd� (a) PJ D(i, λ) =

Df (i, λ).��x6�yLl3vk08��
� 4.4 0'7 A /
�V
(a) +9z{ D∗(i, λ) = T fD∗(i, λ) L)uH~GL�
(b) >S3v~G�{)u�
(c) >S)u π ∈ Π0 BJ Dπ(i, λ) = D∗(i, λ) F�=F\℄IL i ∈ Bc, A∗(i) 6= ∅.G (a) '7>S f ∈ ΠDS BJ D∗(i, λ) = T fD∗(i, λ), H'7 A �<\ 4.3 (b), PJ Df (i, λ) = D∗(i, λ), ;9 f H~GL�
(b) F A(i) I
?�\℄IL (i, λ) ∈ Bc × U , >S f z{ f(i, λ) ∈ A∗(i, λ). ;9

D∗(i, λ) = T fD∗(i, λ). H (a) P` f H~G)u�
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(c) 7 π = {ϕ0, ϕ1, · · ·} ∈ Π0 H~GL�" Dπ(i, λ) = D∗(i, λ). \}v (i, λ) ∈ Bc×U ,HT\ 4.1 (a) `�\℄IL (i, λ) ∈ Bc × U , Aϕ0(i) ≡ Aϕ0(i, λ) ⊂ A∗(i, λ), <_I
Aϕ0(i) ⊂ A∗(i, λ) = A∗(i). p9I Aϕ0(i) 6= ∅, ~\℄IL i ∈ BcA∗(i) 6= ∅. �_�
�"MD�7 A∗(i) 6= ∅, f : Bc×N → A BJ\}v (i, λ) ∈ Bc×U , f(i, λ) ≡ f(i) ∈ A∗(i).JH f ∈ Π0, � D∗(i, λ) = T fD∗(i, λ). H (a) P` f H~GL�
5 +Æ�%k~�x6[a.��DJ$[~G)u�
Step I: \}v i ∈ Bc � λ = 1, 7 D∗(i, 1) = 0.

Step II: \+9 i ∈ Bc � λ ≥ 2, :h1
D∗(i, λ) = min

a∈A(i)

{ ∑

j∈B

P (j|i, a) +
∑

j∈Bc

P (j|i, a)D∗(j, λ − 1)
}
, (5.1)PJ D∗(i, λ).

Step III: d� Step II, D λ + 1 Cg λ.

6 �B�%kx6ayY�~�8�L?D�Z℄Lay� [5] iLa 2.2 Æj�d�O� [5] ia 2.2 L~G)u">S�EHS~�Li/�~G)u>S�7saR*
S = {0, 1, 2}, 
� B = {0}, Q#�V A(0) = A(1) = {1}, A(2) = {1, 2}, q5rss p(0|0, 1) = 1, p(0|1, 1) = 0.25, p(1|1, 1) = 0.5, p(2|1, 1) = 0.25, p(0|2, 1) = 0.15,

p(1|2, 1) = 0.15, p(2|2, 1) = 0.7, p(0|2, 2) = 0.1, p(1|2, 2) = 0.6, p(2|2, 2) = 0.3. -8-_'7 A /
�Wd8�,m 1. HJsa 1 eI3v�V�℄797"
w_�<m 1�$[�1�~�I7�8w�
(1) m 1b i� T 1D∗(2, 20) = T 2D∗(2, 20) = 1. �)�
W T aD∗(2, λ) �J λ Hi3L��\ λ > 20, I T 1D∗(2, λ) = T 2D∗(2, λ) = 1.

(2) m 1b i�F λ ∈ {3, · · · , 20}, T 1D∗(2, λ) S T 2D∗(2, λ) �h�EH T 1D∗(2, 2)S T 2D∗(2, 2) 4h�Z9uvF λ ∈ {3, · · · , 20}, �V 1 ��V 2 IzNLm
rs�"~G�V4X�d λ.

(3) :~Gh1 F ∗(i, λ) = min
a∈A(i)

{T aD∗(i, λ)}, JI
D∗(1, λ) = T 1D∗(1, λ), λ ∈ {1, · · · , 20}, (6.1)

D∗(2, λ) =






T 1D∗(2, λ) = T 2D∗(2, λ), λ = 1,

T 2D∗(2, λ), λ = 2,

T 1D∗(2, λ), λ ∈ {3, · · · , 20}.

(6.2)
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(4) Hh1 (6.1)–(6.2), T:)u f∗ s

f∗(1, λ) = 1, λ ∈ {1, · · · , 20},

f∗(2, λ) =

{
2, λ ∈ {1, 2},

1, λ ∈ {3, · · · , 20},H (6.1)–(6.2), \J i = 1, 2, λ ∈ {1, · · · , 20}, JI D∗(i, λ) = T f∗

D∗(i, λ), HT\ 4.4 P` f∗ H~G�{)u�

/ 1 	U T aD∗(i, λ).lo�H~G�V A∗(i, λ) LT:�I
A∗(1, λ) = {1}, λ ∈ {1, · · · , 20},

A∗(2, λ) =






{1, 2}, λ = 1,

{2}, λ = 2,

{1}, λ ∈ {3, · · · , 20},

A∗(2) =
⋂

λ∈Z+

A∗(2, λ) = ∅, "S Π0 i\Jsa 2 ~G)u">S�� 6.1 p9I [5] ibI n L~G)u">S�)_��yi~G�{)u>S�n0HHJZ℄L)u4X�d λ.
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Discrete-time Markov Decision Processes

with First Passage Models

LIU Qiuli

(School of Mathematical Sciences, South China Normal University, Guangzhou 510631)

(E-mail: liuql2007@yahoo.cn)

Abstract This paper deals with risk probability for first passage models in discrete-time

Markov decision processes with a denumerable state space. The criterion to be minimized

is the risk probability (risk function) that a first passage time to a given target set is less

than a threshold value. We first establish the optimality equation and show that solutions

of the equation correspond to optimal value functions. Then, we discuss some properties

of optimal policies and further give suitable conditions under which there exists an optimal

stationary policy. Finally, in order to illustrate applications of our results, an example is

also displayed.

Key words target set; first passage time; risk probability
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