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1| /T%���t�d5a�M Coherent kb\Y 101 +=Y�l^ZN�)XRM�Je7bl�s��VN~R* [6] N z�*+~ANe7bl�s_N�y
`WD��� e7blN Coherent l^Z�+}uÆ� J t N Ft-Coherentl^ZN�)XR4�WD>j`<�iZN0^9u!4�?�� 0  JN Coherentl^ZXj+�VR 3 2LJ_k� [7] AnD 2.2 N3fj8N�)XR
Ye 3.1 %� φ0 *�yX�+e7b D 9�NgN Fatou v?� Relevant v?N Coherent lU5:^Z�qh?+�O+�/�3 A, A *�L��$L
φ0(D) = D0 +

1

R
inf

A∈A

N∑

k=1

E [Dk(Ak − Ak−1)] .~A�`Æ� A ∈ A, A0 = R, E(Ak − Ak−1) = R
(1+r)k , k ≥ 1.O��yB}l:N Ft-Coherent l^ZN�)XR ([6] ANXR 2.3), XjMb�9LJ_k� e7blN Ft-Coherentl^ZN�)XR�4�3�*�VNF��f�Ye 3.2 %� φk *�yX�+e7b D �NgN Fatou v?� relevant v?N

Fk- Coherent lU5:^Z�qh?+�OgN Fk- LvN/�3 Ak, $L
φk(D) =

1

Rk

ess.inf
A∈Ak

{ N∑

m=k

E[Dm(Am − Am−1)|Fk]
}
, �`Æ�N A ∈ A, G n < k  � An = 0, bG n ≥ k  � E(An − An−1) = Rk

(1+r)n−k ,~A R−1
k =

N∑
m=k

1
(1+r)m−k .

2 qmhk_u^Xy0`%X '�� I *P�N�� I = {0, 1, 2, · · · , N}. o�7�,-N"	Xv��y��NuK' (Ω,FN , {F}N
n=0,P) =X��~A F0 *{dN�JJ3+4�,-�{-7�J+9uP�JJ �>NP�K�{>DNN/� "M*EeQJ} ' N  N/��b*+i�y/Æ� n  � 0 ≤ n ≤ N , ZGv�<���QSqNUK�}�/Æ�q\z0�JJOO�}�/Æ� V,'Rb{JJ3DN�ye�~JJ<�Ne7b�q\z0�JJ� i}\zN7ob{JJ3DN�ye�~JJ/�Ne7b�>5��E�=Se7b�*�yX�+uK' (Ω,FN , {F}N

n=0,P) �N� #b F = {F}N
n=0 +�N�v�4N;��3 (� 'y℄), D = (D0, D1, · · · , DN ), ~A

D0 �)JJ3{-4�e7b=E�N7�K�N6&1��Dn �)+R n y/Æ� N<��=�Ne7bN���*=� F - +�N�v�4;��3N����R
D. D AN"I$9Xj��;�$���U� D1, D2 ∈ D i�E�Xy"INe7b���X� ‖D‖∞ = max{‖Dn‖∞ : 0 ≤ n ≤ N},qh+4�f59_ D *�nfiv



102 � � 2 | | � 35BK'�Xj*�9�	 D(k,N)=̂(0, · · · , 0, Dk, · · · , DN ) �)e7b D = (D0, D1, · · · , DN )+R k /Æ�9�Nh>�=�e7b+4Ch>9_N�E�R D(k,N). +"���lN�M_�Xj+ D(N,N) = (0, · · · , 0, DN) !J} N<� DN -QOI�qh+4COI��9_��� D(N,N) ! L∞(FN ) OI�=N�.5 r �),-YlT�_kXj`{9X�+e7b D �N Coherent l^ZN��X� [6], ��Bfe7b D �N Coherent l^ZN�)XR�! [6] ���Xj�*&� Coherent lU5:^Z4�1"N<RN�?! Coherent l^Zj*�yp	�Yz 2.1 ���yhiv�� φk : D → L∞(Fk) gN�_v?

(i) S#[Vv
 φk(D) = φk(D(k, N)), ∀D ∈ D.

(ii) Fk- 6�v
 φk(Z · D) = Z · φk(D), ∀Z ∈ L∞
+ (Fk).

(iii) �G$v
 φk(D1 + D2) ≥ φk(D1) + φk(D2), ∀D1, D2 ∈ D.

(iv) FUv
 φk(D1) ≥ φk(D2), �� D1
m ≥ D2

m, ∀m ≥ k.

(v) Fk-{�"�v
φk(D+Z ·1{m}) = φk(D)+ Z
(1+r)m−k , ∀Z ∈ L∞(Fk), k ≤ m ≤ N ,~A 1{m} =

(
0, · · · , 0︸ ︷︷ ︸

m

, 1, 0, · · · , 0
)
.qh�0 φk *�yX�+e7b D �N Fk-Coherent lU5:^Z�G k = 0  �0 φ0 QX�+e7b D �N Coherent lU5:^Z�+4�X�A� k *.5�"*G �=N�G k = N  � FN -Coherent l^Z φN +OI��_*X�+ L∞(FN ) �NÆI���Yz 2.2 %� φk : D → L∞(Fk) *�yX�+e7b D �N Fk-CoherentlU5:^Z��� φk gN_kNv?
̀ Æ��=�4Ne7by℄ {Dn}n≥1, ��.5

M $L`Æ� n Z� ‖Dn‖∞ ≤ M , �� Dn
0 /WJ D0,  �`i�y k, 1 ≤ k ≤ N ,

Dn
k 	u/W Dk, qh E[φk(D)] ≥ lim sup E[φk(Dn)], ~A� D = (D0, · · · , DN ). qhXj�0 φk gN Fatou v?�Yz 2.3 %� φk : D → L∞(Fk) *�yX�+e7b D �N Fk-Coherent lU5:^Z���`Æ�N m, k ≤ m ≤ N , Am ∈ Fm, ~A P(Am) > 0, Z�

E[φk(−1(Am) · 1{m})] < 0, qh�0 φk gN Relevant v?�e+XjD&Bf_�nWD

(1) ` �yX�+e7b D �N Coherent lU5:^Z φ0, ?�!hs'N�)XRs
(2) }��P�` �yX�+e7b D �N Fk-CoherentlU5:^Z φk, ?��!hs'N�)XR

3 SjXdoV_�XjM%� φ0, φk, k = 1, 2, · · · , N *X�+e7b9�NgN Fatou v?�
Relevantv? CoherentlU5:^Z�e+�XjD&iZBf φ0, φk N�)XR�
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Ω̃ = {0, 1, · · · , N} × Ω,

F̃ = σ {{k} × Bk : 0 ≤ k ≤ N, Bk ∈ Fk} ,

P̃ = N× P,~A N .*�� {0, 1, · · · , N} �NC(i#=X�Nu)^��`Æ� t ∈ {0, 1, · · ·,

N}, N(t) = 1
N+1 . +i�ye7b D ∈ D, -Q*X�+ Ω̃ �N�5�qh�

D = L∞(Ω̃, F̃ , P̃)=̂L̃∞,�* (Ω̃, F̃ , P̃) �N=��v�4�5�1N���a��>X� 2.1 G8
 φ0 : D → R *X�+ L̃∞ �N Coherent lU5:^Z�"g� {Dn}n≥1 *�y�=�4Ne7by℄�`Æ�N n � s ∈ {0, 1, · · · , N} �
|Dn

s | ≤ 1, P-a.s., 4O& 
`Æ�N n, � |Dn| ≤ 1, P̃-a.s. 9�$��� Dn
s 	u

P /W Ds, qh�� Dn 	u P̃ /W e7b D. �= φ0 : L̃∞ → R *�ygN
Fatou v?N Coherent lU5:^Z��Q`Æ� A ∈ F̃ MGo1_kNs'


A =
⋃

t∈I

({t} × At),~A�`Æ� t ∈ I, 1L At ∈ Ft. �$ P̃(A) > 0, G�8G?+ t ∈ I $L P(At) > 0.= φ0 : L̃∞ −→ R *�ygN Relevant v?N Coherent lU5:^Z�� 1 = (1, · · · , 1) QFRe7b�qh|AX� 2.1 GL
φ0(1) =

N∑

m=0

1

(1 + r)m
=̂R−1._ α *Æ�".5�qhXj�

φ0(D + α1) = φ0(D) + αR−1.>b�
Rφ0(D + α1) = Rφ0(D) + α.�=|A Coherent l^ZN�)XR () [3] AXR 3.5) G8?+�O! P̃ O&Nu)^ P̃ , � P̃ *�L��$L

Rφ0(D) = inf
Q̃∈P̃

E
Q̃

(D).�Q
Rφ0(1{m}) =

R

(1 + r)m
= inf

Q̃∈P̃

E
Q̃

(1{m}) = inf
Q̃∈P̃

Q̃({m} × Ω),
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Rφ0(−1{m}) = −

R

(1 + r)m
= − sup

Q̃∈P̃

E
Q̃

(1{m}) = − sup
Q̃∈P̃

Q̃({m} × Ω),=`Æ�)^ Q̃ ∈ P̃, Z�
Q̃({m} × Ω) =

R

(1 + r)m
.46l\ {0, 1, · · · , N} ×Ω �NL)^� P̃ +�� I = {0, 1, · · · , N} ��1P�N�y��)^�e+`Æ� Q̃ ∈ P̃ , Xj+?� )^ P̃ N Radon-Nikodym H5�Q

dQ̃

dP̃
= f(k, ω),~A k ∈ I, 1L fk ∈ Fk,  � E(fk) = (N + 1) R

(1+r)k , qh
E

Q̃
(D) = E

P̃
(fD) =

1

N + 1

N∑

k=0

E(fkDk).��_
An =

n∑

k=0

fk

N + 1
,qh (An)n∈I *�y F - +�N/�3�~A A0 = R, b�

E
Q̃

(D) = D0A0 +

N∑

k=1

E
[
Dk(Ak − Ak−1)

]
.�=` φ0 : D → R, Xj�_kN�)XR�Ye 3.1 %� φ0 *�yX�+e7b D 9�NgN Fatou v?� Relevant v?N Coherent lU5:^Z�qh?+�O+�/�3 A, A *�L��$L

φ0(D) = D0 +
1

R
inf

A∈A

N∑

k=1

E [Dk(Ak − Ak−1)] .~A�`Æ� A ∈ A, A0 = R =
( N∑

m=0

1
(1+r)m

)−1
, E(Ak − Ak−1) = R

(1+r)k , k ≥ 1.O8 ` φ0 =RNiZ�` φk N6� E[φk(·)] : L̃∞ → R *�ygN Fatou v?� Relevant v?N Coherent lU5:^Z�> φk NS#[VvG8�
E[φk(1)] =

N∑

m=k

1

(1 + r)m−k
=̂R−1

k .9bXjLJ
RkE[φk(D + α1)] = RkE[φk(D)] + α.



1| /T%���t�d5a�M Coherent kb\Y 105�=|A Coherent l^ZN�)XR () [3] ANXR 3.5) G8?+�O! P̃ O&Nu)^ P̃k, $L
RkE[φk(D)] = inf

Q̃∈P̃k

E
Q̃

(D), �`Æ�N Q̃ ∈ P̃k, ?+ {0, 1, · · · , k − 1} × Ω �Yp
��`Æ�N j < k �
Q̃({j} × Ω) = 0,I G m ≥ k  �

Q̃({m} × Ω) =
Rk

(1 + r)m−k
,�� P̃k + I = {0, 1, · · · , N} �1P�N�y��)^�I�P` Q̃ ∈ P̃k, �

f(s, ω) =
dQ̃

dP̃
,qh

fj = 0, ∀ j < k,

E(fm) = (N + 1)
Rk

(1 + r)m−k
, ∀m ≥ k.��

An =

n∑

s=0

fs

N + 1
,qh (An)n∈I *�y F - +�N/�3�~AG n < k  � An = 0, bG n ≥ k  �

E(An − An−1) = Rk

(1+r)n−k ,  �
E

Q̃
(D) =

N∑

m=k

E
[
Dm(Am − Am−1)

]
.�=�`� )^� P̃k, XjLJ�O/�3 Ak, $L

RkE[φk(D)] = inf
A∈Ak

N∑

m=k

E
[
Dm(Am − Am−1)

]
, � Ak GgN_kN Fk- Lv [6]:`Æ�Xy/�3 A1, A2 ∈ Ak � B ∈ Fk, � 1BA1 + 1BcA2 ∈ Ak.� H(D) = {ηD,A : A ∈ Ak}, ~A

ηD,A = R−1
k

N∑

m=k

E[Dm(Am − Am−1)|Fk].



106 � � 2 | | � 35B� Ak N Fk- LvÆ8 H(D) � �h__):j���=|A [8, R 7 2R 6 2XR
6.2] (�v	4?+XR) ��k� E[φk(·)] N�A'GL


E[φk(D)] = inf
η∈H(D)

E(η) = E[ess.inf H(D)].=N�� φk(·) N Fk- 6�vG8`Æ�N B ∈ Fk �
E[φk(D)1B] = E[φk(D1B)] = inf

η∈H(D)
E(η1B),>bGL


φk(D) ≤ η, ∀ η ∈ H(D).QB�
φk(D) = ess.infH(D),�

φk(D) =
1

Rk

ess.inf
A∈Ak

{ N∑

m=k

E[Dm(Am − Am−1)|Fk]
}

.=` φk : D → L∞(Fk), XjLJ_kN�)XR�Ye 3.2 %� φk *�yX�+e7b D �NgN Fatou v?� Relevant v?N
Fk- Coherent lU5:^Z�qh?+�OgN Fk- LvN/�3 Ak, $L

φk(D) =
1

Rk

ess.inf
A∈Ak

{
N∑

m=k

E[Dm(Am − Am−1)|Fk]

}
, �`Æ�N A ∈ Ak, G n < k  � An = 0, bG n ≥ k  � E(An −An−1) = Rk

(1+r)n−k ,~A R−1
k =

N∑
m=k

1
(1+r)m−k .}v `o�wm�xH"C9N�6Y7Nxt�)�)=��vp�6*4n�);9\�V?+N�y"N9<�$LR3L� x6�t9�T b p t
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Abstract We discuss in this paper the representation theorem of coherent risk measures

defined on cash flows. The representation theorem of coherent risk measures at 0 time is

obtained, and the representation theorem of the Ft-coherent risk measures at any time t is

also solved explicitly.
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