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1 >B�U Pareto u" (Generalized Pareto Distribution, ?0 GPD) U[W Pareto u"
(Pareto Distribution, ?0 PD) OM����i Pickands m 1975 �\;ZA [1], n"�
?�'�WM#OB^�y�
�qf'�I(f�y&\n?�q��a�u�v��*��GnQ"9!+OB^�
[&f� GPD. yU<Æ#�q�Æ#HS��Æ#ZV
jw< GPD. yU<X-Ov��z�[_�q�~ �[/��v�℄��u�e Value at Risk(?0 VaR) U&�I���nK℄Ov�℄�	f�M�6�� 2010 � 10 v 17 :YI�2011 � 8 v 1 :YI7|��
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 ^ < < Æ 35gk VaR O+sU
6 GPD O)b�&fVHO}6qi
6)b%�LJ�J�6O VaR��<eW4v�$
��~ GPD )b
6?Ep4�-fkJ�Z℄Oqi_�Lh	�I��+����?�a GPD )b
6'�8
B^�9})b
6qi�/Bi9
6 (Maximum Likelihood Estimation, ?0 MLE) qi [2] �
i (Method of Moments,?0 MOM)[3], �
:3
 (Probability Weighted Moments, ?0 PWM) qi [4] P[LJ�n^f�m9�/
6qi�kgV�GJ>yMYOa#6�MLE NsmBG�6��ki Z�Np�L J/Bi9
6� MOM � PWM >yN{I02�)b�$MYwC�(	 PWM O$6%�� Hosking[5] s7� L 
 (L-moments)qi��n^fmd�*+Q�q�n"� Wang[6] WM#B^ LH 
 (Higher Order

L-moments), pk(U L 
O�U2R�	��(	 PWM O��2R� Haktanir[7] s7� self-determined �
:3
 (Self-Determined Probability Weighted Moments, ?0
SD-PWM). n"� Whalen[8] �0a SD-PWM qiW4B^��akiW4}W�Q(�:�m^f� Rasmussen[9] B^�U�
:3
 (Generalized Probability Weighted

Moments, ?0 GPWM) qi�sq�
6>yN2�)bO#�l��9e�QIB^[U�a�5G�O�eyd�2*+Q^f�q/7!M�G��M�G�O
6qio�5G� {�Wang[10,11] a9}O PWMW4}W�s7k"�
:3
 (Partial Probability Weighted Moments, ?0 PPWM). Bhattarai[12] ^f dM�G�l�k" L 
 (Partial L-moments), G�/qi[U~fM�G�B^�U/�u"O)b
6�	��9}O PWM J f��D6 [13], y/�B^�q��D6U��IOM��u�O7^f��/B)/,O�*�y/U Z6S*�)M�G�oz1��/�*�{(a(
6O�D6���O�OU~fM�G��s7M�pk.ADX/�a(O GPD )b
6qi���l��Uk"�
:3
i
(Generalized Partial Probability Weighted Moments, ?0 GPPWM), zk"qiampQ�����$bdO GPD eC�^fq�-fkJ�O
6Z℄��}U 2 NRJ GPD, U 3 N�7�Uk"�
:3

6O�?R�U 4, 5 NW4 Monte Carlo ��2�7#O�
2 Q:�JK X 	n-���G)b GPD YU��	

F (x|γ, µ, σ) =





1 −

(
1 + γ

x − µ

σ

)
−1/γ

, γ 6= 0,

1 − exp
(
−

x − µ

σ

)
, γ = 0,

(1)�| x > µ, σ > 0 - 1 + γ
x − µ

σ
> 0. H γ ≥ 0 N� µ ≤ x < ∞; H γ < 0 N�

µ < x < µ − σ/γ, (� µ 	ÆÆ)b� σ 	5℄)b� γ 	2�)b�H γ > 0 N�
GPD U!�O�y/�0 1/γ 	��b� GPD O�$2�n2�)b γ O�$e�$�q�S�H γ > 0 N� F (x|γ, µ, σ) U�0)b$O%y Pareto u"�(2�)b
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x(F ) =

{
µ −

σ

γ
[1 − (1 − F )−γ ], γ 6= 0,

µ + σ[− ln(1 − F )], γ = 0,
(2)

3 8WYL3G<NC5:\�� PWM[4] YU��	
Mp,r,s =

∫ 1

0

[x(F )]pF r(1 − F )s dF,(�� X Uw<u"�b	 F On-��� p, r � s U�YO��b�K X Uw< GPD On-���
 X1:n ≤ X2:n ≤ · · · ≤ Xn:n 	 X O;;}6��r� PWM YUqi� GPPWM �S	
M ′

1,0,s =

∫ 1−F1

F0

x(F ) · (1 − F )sdF = σ

∫ 1−F1

F0

x(F) − µ

σ
(1 − F)sdF + µ

∫ 1−F1

F0

(1 − F)sdF

= −
σ

γ

∫ 1−F1

F0

[1 − (1 − F )−γ ](1 − F )sdF + µ

∫ 1−F1

F0

(1 − F)sdF

= −
σ

γ

∫ 1−F1

F0

(1 − F )sdF +
σ

γ

∫ 1−F1

F0

(1 − F)s−γdF + µ

∫ 1−F1

F0

(1 − F)sdF

=(µ −
σ

γ
)

∫ 1−F1

F0

(1 − F )sdF +
σ

γ

∫ 1−F1

F0

(1 − F)s−γdF

=µ
(1 − F0)

s+1 − F s+1
1

s + 1
+

σ

γ

[
(1 − F0)

s−γ+1 − F s−γ+1
1

s − γ + 1
−

(1 − F0)
s+1 − F s+1

1

s + 1

]
,

(3)(� F0 = F (u0), F1 = F (u1), u0, u1 	�Y�� u0 0	�#�� x(F ) B
R (2). H
s > −1 2 γ < s + 1 Nz
>y�B s 	��b- F0 = 0, F1 = 1, { GPPWM �$	 PWM, B s > −1, F0 = 0, F1 = 1, { GPPWM �$	 GPWM, 3 GPPWM pk(
PWM � GPWM O�U2R�vim PWM, GPPWM OG�
 a′

s �S	 [14]:

a′

s =
1

n

n∑

i=1

X ′

i:n(1 − pi:n)s, (4)(�� n 	G�>�� pi:n = i/(n + 1) -
X ′

i:n =

{
0, Xi:n ≤ u0 ) Xi:n ≥ u1,

Xi:n, u0 < Xi:n < u1,(� Xi:n 	U i �;;}6�� F0 pi n0/n 
6� n0 UG���*�,mQm u0O�b� F1 pi n1/n 
6� n1 UG���*�BmQm u1 O�b�
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G�
Qm#v
�pL

6q3	
a′

s = µ
(1 − F0)

s+1 − F s+1
1

s + 1
+

σ

γ

[
(1 − F0)

s−γ+1 − F s−γ+1
1

s − γ + 1
−

(1 − F0)
s+1 − F s+1

1

s + 1

]
. (5)u�1 s = s1, s2, s3 > −1.y�$?pLQ� (6)–(8) R

c1 = µ +
σ

γ
· c1(γ), (6)

c1 − c2 =
σ

γ
[c1(γ) − c2(γ)], (7)

c1 − c2

c2 − c3
=

c1(γ) − c2(γ)

c2(γ) − c3(γ)
, (8)(�

ci =
(si + 1)a′

si

(1 − F0)si+1 − F si+1
1

, ci(γ) =
ci[(1 − F0)

si+1−γ − F si+1−γ
1 ]

a′

si
(si + 1 − γ)

− 1, i = 1, 2, 3.2�)b γ O
6iR (8) y�b�qiQ7�
 γ̂ 	 γ O
6�{ σ � µ O
6p�S	
σ̂ =

(c1 − c2)γ̂

c1(γ̂) − c2(γ̂)
, µ̂ = c1 −

σ̂

γ̂
c1(γ̂). (9)

4 JK)b
6O�%1hm�
Yj��	G�>��G�u"OÆÆ�5℄22�)b�kiO�Y6Q2
6qiOZ℄Q�
6.�pi", (Bias)�jq�, (mean

square error, ?0 MSE) rW4$;�",jbr*�o���<O,X3℄�jq�,jbr*�o���<OwH3℄��t,�f�
6t�6�",�jq�,
R��	 ", = E(θest − θtrue), jq�, = E[(θest − θtrue)
2], (10)(� θest, θtrue u�	)bO
6�������� θ C� µ, σ � γ.	�$;)b
6O.��am {G�>� n, F0 2 s1, s2, s3, ��W4 1000 ;

Monte Carlo ���� 1 �7u�1 n 	 15, 25, 50, 100, F1 = 0 Q2 {O F0, µ, σ, γ,

s1, s2, s3 %���G)b GPD O
6",2jq�,�����am {O2�)b
γ, s1 y/UxO-y (−0.3,−0.1)�<�	��y/H2�)b γ 	�N�k s2 → s3,6kN��&f s2 = s3 + 0.01. fvO�B� 1.
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#�{)t��T Pareto t!M�Tj ~�92b�4og 325* 1 F(` GPD N�5!+1ip�+F�=� F0 (s1, s2, s3) µ σ γ�
 !+ ip�+ �
 !+ ip�+ �
 !+ ip�+
15 0 (−0.25, 1.01, 1) 0.15 −0.0798 0.0089 0.4 0.1520 0.0603 0.2 −0.2110 0.1020

0.1 (−0.25, 1.01, 1) 0.15 −0.0183 0.0063 0.4 0.0647 0.0442 0.2 −0.1289 0.0616

(−0.25, 1.01, 1) 0.3 −0.0192 0.0031 0.2 0.0681 0.0211 0.4 −0.2226 0.0883

(−0.15, −0.151, 1) 0.15 −0.0332 0.0054 0.4 0.0712 0.0304 −0.2 −0.0780 0.0372

25 0 (−0.25, 1.01, 1) 0.15 −0.0200 0.0018 0.4 0.0590 0.0242 0.2 −0.1128 0.0471

0.1 (−0.25, 1.01, 1) 0.15 0.0743 0.0090 0.4 −0.0620 0.0222 0.2 0.0047 0.0257

(−0.25, 1.01, 1) 0.3 −0.0145 0.0015 0.2 0.0558 0.0118 0.4 −0.1838 0.0662

(−0.15, −0.151, 1) 0.15 −0.0110 0.0026 0.4 0.0247 0.0150 −0.2 −0.0050 0.0208

50 0 (−0.25, 1.01, 1) 0.15 −0.0110 0.0009 0.4 0.0346 0.0107 0.2 −0.0653 0.0260

0.1 (−0.25, 1.01, 1) 0.15 −0.0175 0.0021 0.4 0.0464 0.0158 0.2 −0.0675 0.0266

(−0.25, 1.01, 1) 0.3 −0.0289 0.0015 0.2 0.0575 0.0083 0.4 −0.1598 0.0514

(−0.15, −0.151, 1) 0.15 −0.0090 0.0013 0.4 0.0020 0.0071 −0.2 0.0224 0.0126

0.2 (−0.25, 2.01, 2) 0.15 −0.0305 0.0033 0.4 0.0616 0.0183 0.2 −0.0878 0.0329

(−0.25, 2.01, 2) 0.3 −0.0401 0.0023 0.2 0.0701 0.0103 0.4 −0.1746 0.0628

100 0 (−0.25, 1.01, 1) 0.15 −0.0075 0.0004 0.4 0.0197 0.0058 0.2 −0.0439 0.0144

0.1 (−0.25, 1.01, 1) 0.15 −0.0115 0.0010 0.4 0.0261 0.0068 0.2 −0.0460 0.0154

(−0.25, 1.01, 1) 0.3 −0.0176 0.0006 0.2 0.0342 0.0036 0.4 −0.1113 0.0288

(−0.15, −0.151, 1) 0.15 −0.0010 0.0007 0.4 −0.0132 0.0040 −0.2 0.0421 0.0086

0.2 (−0.25, 2.01, 2) 0.15 −0.0179 0.0016 0.4 0.0347 0.0089 0.2 −0.0511 0.0170

(−0.25, 2.01, 2) 0.3 −0.0213 0.0008 0.2 0.0369 0.0038 0.4 −0.1112 0.0302<� 1 pQk7	 (i) am2�)b γ �5℄)b σ rf�am {OG�>�
n, jk F0 = 0.1 N)b
6Z℄&��-n�G�>�O|:�jq�,�EA,�
(ii) amÆÆ)b µ rf�HG�J, (n = 15 � 25) N�1 F0 = 0.1 
6.�&��HG�>� n = 50 � 100 N�1 F0 = 0 
6.�&��-n�G�>�O|B�
6Z℄�Es�� (iii) n� F0 O|:� s2 � s3 O&81� ^|:�

S 1 n = 10 M GPPWM � PWM h γ Nip�+`��
(a) n = 10, F0 = 0. (b) n = 10, F0 = 0.1.
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S 2 n = 25 M GPPWM � PWM h γ Nip�+`��
(c) n = 25, F0 = 0. (d) n = 25, F0 = 0.1.

S 3 n = 50 M GPPWM � PWM h γ Nip�+`��
(e) n = 50, F0 = 0. (f) n = 50, F0 = 0.1.am {O2�)b γ, � 1–3 �7 GPPWM � PWM ��
6qi� γ Ojq�,a���fvqiU\��Y s1 � s2, p�O1��INsm2�)b γ, y���L7 γ 1 {�Na^O s1 � s2 O&8%��e"u�1G�>� n = 10, 25, 50, LM�6�1 µ = 0, σ = 0.3, F0 = 0, 0.1, F1 = 0. �� γ y (−0.5,0.5) ���
6qiOjq�,�<� 1–3 pQk7	 (i) a {OG�>� n, H2�)b γ < 0.2 N� GPPWMqiOjq�,,�3��qia2�)bO
6Z℄�m PWM qi� (ii) n�G�>�O|:�q�U n = 50 N� F0 = 0.1 NOjq�,,�Rm F0 = 0, 3 GPPWMqiO
6.��m GPWM qi�
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#�{)t��T Pareto t!M�Tj ~�92b�4og 327� 2 u�1 n = 20, 50 � 100, µ = 0, σ = 0.3, γ = 0.4 Q2 {O F0, F1, F��qio9} PWM� GPWM 
6iW4�J�y� 1000; Monte Carlo ���L7 {
6qiO",2jq�,�fvO�B� 2.* 2 �z�5phN!+1ip�+F�=� �5ph γ σ!+ ip�+ !+ ip�+
GPPWM

(F0, F1) = (0, 0.1) −0.532 0.315 −0.035 0.013

20 (F0, F1) = (0.05, 0) −0.022 0.0005 −0.130 0.020

(F0, F1) = (0.05, 0.1) −0.018 0.0015 −0.196 0.039

GPWM −0.282 0.159 0.068 0.024

PWM −0.103 0.086 0.030 0.016

GPPWM

(F0, F1) = (0, 0.15) −0.579 0.378 −0.054 0.009

(F0, F1) = (0.05, 0) −0.022 0.00050 −0.096 0.011

50 (F0, F1) = (0.05, 0.1) −0.016 0.00025 −0.188 0.036

(F0, F1) = (0.05, 0.15) −0.008 0.00011 −0.210 0.044

GPWM −0.153 0.051 0.0304 0.007

PWM −0.055 0.031 0.012 0.004

GPPWM

(F0, F1) = (0, 0.15) −0.642 0.456 −0.043 0.006

(F0, F1) = (0.05, 0) −0.022 0.00050 −0.075 0.007

100 (F0, F1) = (0.05, 0.1) −0.016 0.00025 −0.185 0.034

(F0, F1) = (0.05, 0.15) −0.007 6.46e-05 −0.209 0.044

GPWM −0.103 0.024 0.021 0.003

PWM −0.030 0.017 0.007 0.002<� 2 pQk7	 (i) a2�)b γ rf�HG�>�J, (n = 20), o9}O
PWM � GPWM qi%����qiy (F0, F1) = (0.05, 0)N
6Z℄&��HG�>�JB (n = 50, 100), GPPWM y (F0, F1) = (0.05, 0.15) N
6jq�,&,�3
6.�&�� (ii) n�G�>�O|:���qia2�)b γ 25℄)b σ O
6Z℄B$ujkos��amBG�.2 (n = 100), ��qih(a2�)b γ fkJ�O
6Z℄�
5 AI��~fM�G�B^G)b GPD O
6�u�,m PWM 
6g&�s7 GP-

PWM 
6qi�U9} PWM � GPWM 
6O����U2R�k.SADX/�Oa(�	=D��
6qiOZ66���F GPPWM 
6oLOO�o PWM �
GPWM 
6O�W4�J� Monte Carlo ���7 {)b
6qiO",�jq�,�y��Jf���qih(a2�)bfkJ�O
6Z℄�
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Parameter Estimation of Generalized Partial Probability

Weighted Moments for the Generalized Pareto Distribution

ZHAO Xu CHENG Weihu LI Jinglan

(College of Applied Science, Beijing University of Technology, Beijing 100124)

(E-mail: barbiezx@sina.com)

Abstract The generalized Pareto distribution (GPD) is one of the most important dis-

tribution in statistics analysis that has been widely used in finance, insurance, hydrology

and meteorology applications and so on. While traditional estimation methods, such as

maximum likelihood (ML), methods of moments (MOM) and probability weighted moments

(PWM) methods have been extensively applied, the use of these methods are often restricted.

Alternative approaches (e.g., generalized probability weighted moments, L-moments and LH-

moments) exist but they use complete or non-censored samples. However, censored samples

are often encountered in hydrology and meteorology fields. In this article, we propose a

computationally easy method from censored data for fitting the GPD, which is resistant

against extremely small or large outliers, i.e., they will be robust with the lower and upper

breakdown points. This method is based on probability weighted moments. Firstly, we

solve shape parameter estimator which has high estimated precision, then the location and

scale parameters are given for the GPD. Simulation studies show that the proposed method

performs well compared to traditional techniques.

Key words generalized Pareto distribution;

generalized partial probability weighted moments;

order statistics; censored samples; probability weighted moments
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