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K�aW�W��9(4\Q-s�S�*�,D��:{E�u�?ERsY�Uh�O4\lP{,z	SE�v+Lqm [3] }:=��:{4\>!l)}>�{�\�w�X(0 [4] 
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�L2ZMx)wi6�<z 537�,0�	R>��;1m [6] h [4] 0ulP{,z58�0K{�O4\P{,zl�.,%� ��	W�O4\P{,zo;sl~N8l�45r;�gui��~}S0ul n ��O5Cl�OKz�~�Uh"l k �r;4\Y2rC (spanning) (<zl!P4\	℄Hw.Q-P�3�6�~ k < n, ��IY22J�^ k �r;a�h�Oz�*L\T�^	w1Q-NP�,lCJ�	��℄�o1}�l�O��&d9(/v�0ulu�?,��oC~.�=l�:�m	;Sw}Q-l�H�6i~ Huberman X Kandel[7] +K�T	 - �:rC� (mean-variance spanning)l''�'hf{>	lCJ	6A Cheung m [8] �H{T	 - �:rCl��� Glabadanidis[9]�H{T	 - �:rClE�58	�>SE�8}w1Q-�H*f��,PVEBX�℄R [10] nJT	 - �:rC�H{��4\X?,u�Q-�kNd [11] 9"ur;�gui�h HJ �uui?, (~ Hansen X Jagannathan[12] +Kl6w�:�uui?,) ^�hf{1}rC0�	�>;S�O4\P{,z}T	 - �:rCl�HTUh1}CJelQ-��℄he�;S�O4\P{,zl�H�� [4–6] hflP{,zl,u0�}� ��mw~J5B�:uyX��:{l�#{l�T�LS��BylQ-�w},u0�hu
CJ2>~T{l�R>�w�,u��k�PW�3�6�l�g	T	
- �:rC�TW�{3�6�l�gQ-�T�o;�HT~h��:{�ul0�>�l�aKi��:{:=s�S��i7�&0�	*~H�0��-*~�,0�	E{�(e�w}Pk��Nh:=��:{�HP{,zlUh0�}8��&���hf{1}�lP{,z,u0��'nJw}0�K{P{,z�i�&Q-l�6}o;�&8�yl!A��	�Np 2 .$0K�O4\P{,zl��#��p 3 .$KP{,zl1}�l,u0��'0K1}E�6��p 4 .T8�={l)y�HP{,zl8��&Q-�p 5 .0K{1}�u�"Xu�lp,�6b1.~3X	
2 �l�R���W�wBeri Sn = {1, 2, · · · , n} E9(v!W�lK. n ��O (�gpT�gl) 4Clz\�'A�E�OKz�rrr = (r1, r2, · · · , rn)′ E n��Ol�:�uy�7� ri #{p i��Ol�:� µ = (µ1, µ2, · · · , µn)′ E n ��Ol5B�:�uy�wl µi = E(ri)Ep i ��Ol5B�:�V = Var(rrr)E�:�uy rrr l��:{	A n ��Oel9(�puy ω = (ω1, ω2, · · · , ωn)′ E�O4\�wl ωi Ep i ��Oel9(�p�
1 ω1 + ω2 + · · · + ωn = 1. �OKz Sn el�O4\K.�E

W =
{
ω = (ω1, ω2, · · · , ωn)′ ∈ R

n | ω′1 = 1
}
, (2.1)7� 1 = (1, 1, · · · , 1)′. i ω ∈ W E Sn elU1�O4\�J rω = rrr′ω #{�O4\l�:�� µω = µ′ω #{�O4\l5B�:�� σ2

ω = ω′V ω #{�O4\l�g	
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Markowitz lr�Q-I~h0u�:x4\�g6w�pvm�n�h0u�gx4\�:6W	�OKzel Markowitzr�Q-Y��E℄lT	 - �:�	 





min σ2
ω = ω′V ω,

s.t. ω′1 = 1,

ω′µ = rp.

(2.2)�	 (2.2) l6AEA�E>!4\�>!4\lK.h7�g - �:3�elrzAE4\>!	4\>!h��:W��gw���lrzAEP{>!�P{>!!}Cl4\AEP{�O4\��AP{4\		���OKzelP{4\h�O,zeI�WTP{���.TnS�,Q�~�Uhw)l�O,z�xh7elP{4\h�OKz�WTP{Æ℄HPli�R℄Y,{X�&ÆE�w}Q-
zh�i Sk ⊂ Sn EU1NP k ��Ol,z�*�u Sk = {1, 2, · · · , k}, '� Sn−k = Sn \ Sk = {k + 1, k + 2, · · · , n}. �O,z Sk l�O4\K.�E
W (k) =

{
ω(k) = (ω1, ω2, · · · , ωk)′ ∈ R

(k)
∣∣ (1k)′ω(k) = 1

}
, (2.3)7� 1k E k FY�KE 1 l}uy	Wg� Sn = Sk ∪ Sn−k o}C�}�:�uy>��\

rrr =
((

rrr(k)
)′

,
(
rrr(n−k)

)′)′
,wl rrr(k) = (r1, r2, · · · , rk)′, rrr(n−k) = (rk+1, rk+2, · · · , rn)′ �%E rrr l> k F,uyXb

n − k F,uy�'� µ(k) = E(rrr(k)), µ(n−k) = E(rrr(n−k)).f�n�}��:{ V ->�oCl�\
V =

[
V11 V12

V21 V22

]
,7� V11 = Var(rrr(k)), V22 = Var(rrr(n−k)), V12 = Cov (rrr(k), rrr(n−k)), V21 = V ′

12.A Sk E Sn l ���Y ~
}U5 ω ∈ W , 0Uh ω(k) ∈ W (k), xh
E(rrr′ω) ≤ E((rrr(k))′ω(k)), Var(rrr′ω) ≥ Var((rrr(k))′ω(k)).hT	 - �:58� Sk E Sn lP{,zm�S Sk W Sn Po5l4\>!XP{>!�-I~��OKz Sn oCl4\>!YL Sk rC�T� Sn−k �Nl�OCE\T�O	?R�` Sn UhP{,z Sk, ��}S9(va���m9(h Sk eY.q1}(4�J	he�;S�O4\P{,zlu8�w�X(0 [5] hf{,u�O,z SkE Sn lP{,zlH,0�~
Rank [ V11 1k µ(k) ] = Rank

[
V11 1k µ(k)

V21 1n−k µ(n−k)

]
. (2.4)
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Kl~�LS�	3�6��gQ-�e�0�hu
�℄�CJ	�NS�$�H�O4\P{,zlm�0��'>1-�\P{,zl8�={��	LSN�,�S�hwl��1}�UlN5	}S0ulL{ A, M(A) #{L A l}uyrClm�[�� A− #{ A l>8#�~ A− 
1 AA−A = A; A+#{ A l Moore-Penrose #�~ A+ 
1� AA+A = A, A+AA+ = A+, (AA+)′ =

AA+, (A+A)′ = A+A.

3 �l�R���WB�BjEx^1MP{,zlu8Y��Sk E Sn lP{,zm�S�O,z Sk elP{4\h�OKz�WT~P{4\	ERS�W�℄ZP_Æl�O4\�mQ-




min σ2
ω = ω′V ω,

s.t. ω′µ = rp,

ω′1 = 1,

ω(n−k) = 0.

(3.1)wl ω(n−k) E9(vh�O,z Sn−k el9(I�uy	�	 (3.1) u
~1�)�Æg_Æl�O4\�mQ-	eT�hw�_Æ0�lP{4\h�OKz Sn�I�W~P{l [13]. E}�	 (3.1) >�D6�9℄!l
v =

[
v(k)

v(n−k)

]
=

[
I V −

11V12

0 I

] [
ω(k)

ω(n−k)

]
, (3.2)7� I E�a,�l_KL{	f�^�U�

V22.1 = V22 − V21V
−

11V12, µ2.1 = µ(n−k) − V21V
−

11µ(k), 12.1 = 1n−k − V21V
−

111k,n*�hf
ω′V ω =

(
v(k)

)′
V11v

(k) + (v(n−k))
′V22.1v(n−k), ω′µ =

(
v(k)

)′
µ(k) + (v(n−k))

′µ2.1. (3.3)L (3.3) Y���	 (3.1) m�S





min
(
v(k)

)′
V11v

(k),

s.t.
(
v(k)

)′
µ(k) = rp,

(
v(k)

)′
1k = 1.

(3.4)�	 (2.2) m�S





min
(
v(k)

)′
V11v

(k) +
(
v(n−k)

)′
V22.1v(n−k),

s.t.
(
v(k)

)′
µ(k) + (v(n−k))

′µ2.1 = rp,
(
v(k)

)′
1k + (v(n−k))

′12.1 = 1.

(3.5)
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V11v

(k) − 1

λ
µ(k) − 1

λ1
1k = 0, (3.6)

(v(k))′µ(k) = rp, (3.7)

(v(k))′1k = 1. (3.8)f�n�}S�	 (3.5), 2J5k`-bYP�Yh℄�F
V11v

(k) − 1

λ
µ(k) − 1

λ1
1k = 0, (3.9)

V22.1v(n−k) −
1

λ
µ2.1 −

1

λ1
12.1 = 0, (3.10)

(v(k))′µ(k) + (v(n−k))
′µ2.1 = rp, (3.11)

(v(k))′1k + (v(n−k))
′12.1 = 1. (3.12)LS�N�S�} V l��9UYlÆ�~ V ≥ 0, T�-T�}�g�OXT�g�O>��%&�	eTRsPY�Uh
1 V π = 0 l�O4\�S�Aw)l�O4\ π E~�g4\�~�g4\lK.�E Wf , ~

Wf =
{
π = (π1, π2, · · · , πn)′ ∈ R

n | π′1 = 1, V π = 0
}
.hT'n�i�~�g4\l�:�To5�~E1.>���n$Uh'nun	)%n�` Sn ��N�:�E rf lT�g�O�n}U1~�g4\ π ∈ Wf , P

µπ = µ′π = rf Cq	;S~�g4\�L [14] S�P℄u.�i	Æb 3.1 }S�	 (2.2), ` 1 /∈ M(V ), n~�g4\K. Wf Y#{E
Wf =

{
π ∈ R

n
∣∣∣ π =

P⊥1

1′P⊥1
+

(
P⊥ − P⊥11′P⊥

1′P⊥1

)
ξ, ξ ∈ R

n
}
,�U0~�g4\ π ∈ Wf wP

µπ =
µ′P⊥1

1′P⊥1
, (3.13)7� P⊥ = I − V V +.Æb 3.2 }S�	 (2.2), *Uh'n4\a�<a2u.�1Cq

(i) 1 ∈ M(V ), µ ∈ M(V );

(ii) 1 /∈ M(V ), �U0 π ∈ Wf P µ − µπ1 ∈ M(V ).Fb 3.1 �i�=T'n��*Uh>�xh µ = c1, �� Sk E Sn lP{,zlH��,0�~} Sk elU5P{4\ ω(k), wP
η2.1 = µ2.1 − µzcp12.1 = 0, (3.14)7� µzcp E ω(k) l~��:})4\l5B�:�	I "�= L�i 3.2 Y��hT'n�ie�Q-�,�u�C
>�&�	
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(1) ` 1 ∈ M(V ), µ ∈ M(V ), i ω(k) E Sk elU1P{4\�� ω(n−k) = 0, nL (3.2) Yh v(k) = ω(k). �1���LS ω(k) EP{4\�?RUh λ, λ1 xh (3.6)Cq�T�P
v(k) =

1

λ
V −

11µ(k) +
1

λ1
V −

111k, (3.15)7� V −

11 E V11 l>8#	$ (3.15) \^f (3.7) X (3.8) YDh
1

λ1
=

Ck − Bkrp

AkCk − B2
k

,
1

λ
=

Akrp − Bk

AkCk − B2
k

, (3.16)7� Ak = 1′

kV −

111k, Bk = 1′

kV −

11µ(k), Ck = (µ(k))′V −

11µ(k).$ (3.16) \^f (3.15) Yh
v(k) =

1

λ
V −

11(µ(k) − µzcp1k), (3.17)7�
µzcp = − λ

λ1
=

Ck − Bkrp

Bk − Akrp#{WP{4\ ω(k) 
C})l>!4\ ω
(k)
zcp l5B�:��~
1 Cov(rp, rzcp) = 0,wl rp = (ω(k))′rrr(k), rzcp = (ω

(k)
zcp)′rrr(k). 2>A ω

(k)
zcp E ω(k) l~��:})4\�eT

µzcp = E(rzcp) E~��:})4\l5B�:�	�1���#5f 1 ∈ M(V ), µ ∈ M(V ) keN& 12.1 ∈ M(V22.1), µ2.1 ∈ M(V22.1).?RL�F (3.10), Yf�nhf
v(n−k) =

1

λ
V −

22.1(µ2.1 − µzcp12.1).` Sk E Sn lP{,z����TP
η2.1 = µ2.1 − µzcp12.1 = 0. (3.18)

(2) ` 1 /∈ M(V ), �U0 π ∈ Wf , P µ − µπ1 ∈ M(V ). Rs}S�O,z Sk, hT'n�iWUhu�C_�
(i) µ(k) ∈ M(V11), 1k ∈ M(V11);

(ii) 1k /∈ M(V11), �U0 π(k) ∈ W
(k)
f , P µ(k) − µπ(k)1k ∈ M(V11), wl W

(k)
f #{

Sk el~�g4\K.� µπ(k) #{ Sk e~�g4\�:��7��f�S (3.13).`Ki (i), #5f µ − µπ1 ∈ M(V ) eN&
µ(k) − µπ1k ∈ M(V11), µ2.1 − µπ12.1 ∈ M(V22.1).?R�f�p1�C
l��YhuiCq	`Ki (ii), $�F (3.6) u 5E P⊥

k Yh
1

λ
P⊥

k µ(k) +
1

λ1
P⊥

k 1k = 0,
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k = I − V11V
+
11 . hT'n�i>�P

λ

λ1
= − (µ(k))′P⊥

k 1k

(1k)′P⊥

k 1k

= −µπ(k) . (3.19)$7\^ (3.6), Y6h
v(k) =

1

λ
V −

11

(
µ(k) +

λ

λ1
1k

)
=

1

λ
V −

11(µ(k) − µπ(k)1k). (3.20)#5f π(k) ∈ W
(k)
f , � π =

((
π(k)

)′
, 0

)′
, neTP π ∈ Wf . L�i 3.1� µπ(k) = µπ,T� µ − µπ1 ∈ M(V ) eN&

µ(k) − µπ(k)1k ∈ M(V11), µ2.1 − µπ(k)12.1 ∈ M(V22.1).w#��F (3.10) o[��*�hf
v(n−k) =

1

λ
V −

22.1(µ2.1 − µπ12.1).?R�` Sk E Sn lP{,z�nP
η2.1 = µ2.1 − µπ12.1 = 0. (3.21)6b��,
Kl~�}Se�p 2 �C
�LSUh~�g4\�P{>!h

(σω , µω) 3�e~2J (0, µπ) lgm�?RUYP{4\l~��:})4\l5B�:TE~�g4\l�:��~ µzcp = µπ . fL (3.18) X (3.21) qh�,�Cq	#'= i ω(k) ∈ W (k) E Sk elU1P{4\�u8 ω =
(
(ω(k))′, 0

)′ ∈ W , '�
v =

[
v(k)

v(n−k)

]
=

[
I V −

11V12

0 I

] [
ω(k)

ω(n−k)

]
=

[
ω(k)

0

]
,nL ω(k) lP{���Uh λ, λ1 
1 (3.6)–(3.8). f�nY2��

1

λ1
= − 1

λ
µzcp,?R�}S Sk elU1P{4\ ω(k), `

η2.1 = µ2.1 − µzcp12.1 = 0,n*�&�e�u8l v, λ, λ1 
1 (3.9)–(3.12). ?R Sk E Sn lP{,z	��	~ 3.1 i W
(k)
f #{ Sk el~�g4\z�hui 3.1 0��S�P

(1) `*Uh Sk el~�g4\�~ W
(k)
f E[�n Sk E Sn lP{,zlH,0�~

µ2.1 = µ(n−k) − V21V
−

11µ(k) = 0, 12.1 = 1n−k − V21V
−

111k = 0. (3.22)
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(2) `Uh Sk el~�g4\ π(k) ∈ W
(k)
f , n Sk E Sn lP{,zlH,0�~

η2.1 = µ2.1 − µπ(k)12.1 = 0, (3.23)7� µπ(k) = (µ(k))′π(k) E~�g4\ π(k) l�:�	I }S (1), #5f (3.14) }U5>!4\ ω(k) l})4\l5B�:� µzcp wCq�weTeN& (3.22) Cq	}S (2), iUh~�g4\ π(k) ∈ W
(k)
f , L [13] �Rs4\>!Eu0o(lgm�?RU5>!4\l})4\TE~�g4\�T�

µzcp = µπ(k) . ��	~ 3.2 i�=�N 1 �T�g�OX n ��g�O�p n + 1 ��OET�g�O�7�:�E rf , � Sk+1 = Sk ∪ {n + 1}, Sn+1 = Sn ∪ {n + 1}, `�=T'n��*Uh>� c ∈ R xh µ = c1, n Sk+1 E Sn+1 lP{,zlH,0�~
η2.1 = µ2.1 − rf12.1 = 0. (3.24)I 1M=� 3.1 Y������ µπ(k+1) = rf ~Y	|ue��

Ṽ11 =

[
V11 0

0 0

]
, µ(k+1) =

[
µ(k)

rf

]
,neTP 1k+1 /∈ M(Ṽ11). 1M�i 3.2, �=T'na�<aU0 π(k+1) ∈ W

(k+1)
f , P

η(k+1) = µ(k+1) − 1k+1µπ(k+1) ∈ M(Ṽ11),wl W
(k+1)
f E Sk+1 el~�g4\K.� µπ(k+1) E~�g4\ π(k+1) l�:�	#5f π

(k+1)
0 = (0, 0, · · · , 0, 1)′ E1~�g4\�!2

η
(k+1)
0 = µ(k+1) − 1k+1µπ

(k+1)
0

∈ M(Ṽ11),T� P̃⊥η
(k+1)
0 = 0, wl P̃⊥ = I − Ṽ11Ṽ

+
11 . fL�i 3.1 ��U0 π(k+1) ∈ W

(k+1)
f , P

µπ(k+1) =
(µ(k+1))′P̃⊥1k+1

1′

k+1P̃
⊥1k+1

=
(η

(k+1)
0 )′P̃⊥1k+1

1′

k+1P̃
⊥1k+1

+ µ
π

(k+1)
0

=µ
π

(k+1)
0

= (µ(k+1))′π
(k+1)
0 = rf .� 3.1 ui 3.1 �l µzcp ~>!4\ ω(k) l})4\l5B�:�	|ue�} Sk elU51.>!4\ ω(k), 7h�g - �:3�ew}C&1.})4\�!&$4\h4\>!e9?mW5B�:�:"�el-OI~4\ ω(k) l5B�:� µω(k) . })4\u
e~1.?r4\�LS"W7}Cl})4\l�:�l��:E~�?R-�AE~ - ��:4\p~ -β 4\�h~ -β (�(<u��	�;&f�T�g�Ol9J	1Mur;�gui�?r4\W7})4\YrCK.l>!4\�?R9(vh>�9(R5s�W�K.�Ol4\WW�wu.r;4\l4\~1)l	



544 A H � � � � 35P� 3.2 ui 3.1 l3HeN&h5B�:��eU12 µzcp E-Ol?r4\h
Sn−k ��Ol9(�p$K.E~	|ue�LSh�OKz Sn ��h5B�:��e2 µzcp E-O!}Cl?r4\E

ω =
1

λ
V −(µ − µzcp1), (3.25)7� λ = B − Aµzcp, A = 1′V −1, B = 1′V −µ. 1M�\L{>8#

V − =

[
V −

11 + V −

11V12V
−

22.1V21V
−

11 −V −

11V12V
−

22.1

−V −

22.1V21V
−

11 V −

22.1

]
, (3.26)*�&��` (3.14) Cq�nP ω(n−k) = 0, wl ω(n−k) #{?r4\ ω �h�O,z

Sn−k el9(I�uy		��h�g - �:3�e�?r4\l Sharpe 
� (-A
Sharpe ��) ~6Wl�wl Sharpe 
�~
_K�g�ohl���:�7u8E

Sp =
µω − µb

σω

, (3.27)7� µb #{"(�:��3�2>�mT�g�:�	aT�9(v-Y21M.j�gG��r�m7""(�3 [15]. �i9(v�mh µb = µzcp 2J6Wh Sharpe
�a�m9(4\�-I~2J6Wh2 µzcp E-Ol?ml�� (wWT	�:�	u
~m�l�Y3V Glabadanidis[9]), ��ui 3.1l3H#� Sn−k �l�O~\Tl�T�E{.q(4�J�9(v*�W� Sn−k �l�O	R>�`J Sp(ω) #{?r4\ ω l Sharpe 
��'� η = µ − µzcp1, nL (3.25) } (3.27) S�kYhf
Sharpe 
�l3��~

S2
p(ω) =

(µω − µzcp

σω

)2

= η′V −η./eY��}S Sn elU1�O4\ ω, "E Sn el>!4\lH��,0�~7}Cl Sharpe 
�l3�mS η′V −η, wl η 5e� µzcp = (C − Bµω)/(B − Aµω) E ωl})4\l5B�:��7� C = µ′V −µ. ?RS�-YJ Sharpe 
�l3�a^y�O4\lP{�	f� ∆ = AC − B2, }S Sn el>!4\�S�kYh℄21�lr;�gui	Fb 3.2 (ar;�gui) i Sk E Sn l1.�O,z�nhT	 - �:�	
Sn elK.>!4\TYLa.r;4\rC�7�>u.r;4\L�O,z Sk �l�O5C�pa.r;4\L�OKz Sn �l�O5C�~}S Sn elU1>!4\ ω, S�P

(1) `*Uh Sk el~�g4\�n
ω = λAk

[
ω

(k)
g

0

]
+ γBk

[
ω

(k)
d

0

]
+ γ

[−V −

11V12

I

]
V −

22.1(µ2.1 − µzcp12.1), (3.28)
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�L2ZMx)wi6�<z 5457� µzcp = C−Bµω

B−Aµω

E ω l})4\l5B�:��
λ =

C − Bµω

∆
, γ =

Aµω − B

∆
,

ω(k)
g = A−1

k V −

111k, ω
(k)
d = B−1

k V −

11µk,

Ak = 1′

kV −

111k, Bk = 1′

kV −

11µk.

(2) `Uh Sk el~�g4\ π(k) ∈ W
(k)
f , n

ω = λGk

[
ω

(k)
π

0

]
+ γ

[
π(k)

0

]
+ λ

[−V −

11V12

I

]
V −

22.1(µ2.1 − µπ(k)12.1), (3.29)7�
λ =

µω − µπ(k)

H
, γ = 1 − λG,

G = B − Aµπ(k) , H = C − 2Bµπ(k) + Aµ2
π(k) ,

ω(k)
π = G−1

k V11η
(k), Gk = Bk − Akµπ(k) .I (1) 1Mur;�gui��OKz Sn el>!4\Y#{E

ω = θ
V −1

1′V −1
+ (1 − θ)

V −µ

1′V −µ
.L µω = µ′ω Yh θ = A(C − Bµω)/∆. �

λ = θ/A = (C − Bµω)/∆, γ = (1 − θ)/B = (Aµω − B)/∆.nJ (3.26)*�hf (3.28)Cq�7� ω
(k)
g , ω

(k)
d �%E Sk elu.r;4\�� (3.28)�lpatE Sn �l1.r;4\E21.I�_�	R>�#5f℄�6

A = Ak + A2.1, B = Bk + B2.1, (3.30)wl A2.1 = 1′
2.1V

−

22.112.1, B2.1 = 1′
2.1V

−

22.1µ2.1, 2}
γ1′

2.1V
−

22.1(µ2.1 − µzcp12.1) = λA2.1 + γB2.1,?R�S�kY2&�a.r;4\>�lI�_��XE
λAk + γBk + λA2.1 + γB2.1 = 1.LRY�� Sn elU1>!4\ ω wY2Je�a.r;4\rC	

(2) }SUh~�g4\lC
�1Mur;�gui�Rs Sn elU1>!4\TY#{E?r4\X~�g4\lÆg4\�~
ω = θωπ + (1 − θ)π, (3.31)
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1′V −η

V −η E?r4\� π ∈ Wf E Sn el~�g4\�wl η = µ − µπ1.L�\L{>8# (3.26), ��Yh
V −η =

[
V −

11η(k)

0

]
+

[−V −

11V12

I

]
V −

22.1(µ2.1 − µπ12.1). (3.32)�1���L'Q XYG� [14] Y��~�g4\-Y#{E π = T−1, wl
T = V + 11′ =

[
V11 + 1k1

′

k V12 + 1k1
′

n−k

V21 + 1n−k1
′

k V22 + 1n−k1
′

n−k

]
,

[
T11 T12

T21 T22

]
.LS T ≥ 0, ?R} T >�e��\b�7>8#eTYf� (3.26) hf�T�Yh

π =

[
π(k)

0

]
+

[−T−

11T12

I

]
T−

22.1(1n−k − T21T
−

111k), (3.33)wl T22.1 = T22 − T21T
−

11T12, π(k) = T−

111k E Sk el~�g4\	#5f 1k ∈ M(T11), M(V12) ⊂ M(T11), ?R V21T
−

111k, 1′

kT−

111k W>8# T−

11 l�mT;	�1���S�-#5f 1k /∈ M(V11), M(V12) ⊂ M(V11), ?R�m Moore-

Penrose # T +
11, nL'Q XYG� [14] �i 2.3 �

V21T
−

111k = V21T
+
111k = 0, 1′

kT−

111k = 1′

kT +
111k = 1,T�

1n−k − T21T
−

111k = 0, µπ = µπ(k) . (3.34)/\ (3.30)–(3.33) Yh (3.29) Cq	6b�LS
λ12.1V

−

22.1(µ2.1 − µπ(k)12.1) = λG2.1,7� G2.1 = B2.1 − A2.1µπ, ?R�*�&� (3.29) �a.r;4\>lI�_��XE
λGk + γ + λG2.1 = λ(Gk + G2.1) + 1 − λG = 1.w�� Sn elU1>!4\T~ (3.29) �la.r;4\lÆg4\	��	Tui 3.2 Y2VK�h�.�Ozeo�l�Ob��l�Ozel>!4\2>*�LZ�Ozlr;4\rC�L�Zal�Oz~�l�OzlP{,z	PHl~�S�kY&��℄H Sk E Sn lP{,z���}S�%a. Sn X Sk lu.Po55B�:�l>!4\�"�l})4\-$NPo5l5B�:�	�℄�}S*Uh~�g4\lC
�i ω X ω(k) E�%a. Sn X Sk lu.>!4\��

µω = µω(k) , nP
µzcp =

C − Bµω

B − Aµω

=
Ck − Bkµω(k)

Bk − Akµω(k)

. (3.35)|ue�� C2.1 = µ′

2.1V
−

22.1µ2.1, n} C Y>�f�S (3.28) l�6 C = Ck + C2.1. ?R�℄H Sk E Sn lP{,z�nL=� 3.1(1) 4� A2.1 = B2.1 = C2.1 = 0, T�qh
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(3.28)Cq	}SUh~�g4\lC
�LS!P>!4\l})4\TE~�g4\�?RhT'n0��~�g4\.TNPo5l�:��w13H-YT (3.33)�hf&�	� 3.3 ui 3.2 Tr;�gui)y0K{ui 3.1 l1}E�6�	|ue�℄HJ Merton[16] ;S�O4\�:�rCl''a#��ui 3.1 lE�O8khS�o�O*&!Z�Ozel4\>!�pv�*&!Z�Ozel0.��g - �:�%_lH��,0�~�o�Ol�:�YLZ�Oz�l�O�:�rC	!Jui 3.1 �l�U�I~��O,z Sk E�OKz Sn lP{,z5J&}U1�O
i ∈ Sn−k, Uhu�4 βi1, βi2, · · · , βik xh

ri − rzcp =
k∑

j=1

βij(rj − rzcp) + εi, i ∈ Sn−k, (3.36)wl rzcp EU19ul>!4\ ω(k) l})4\l�:�� εi E4:t�
1
E [εi|r1, r2, · · · , rk] = 0, Cov(εi, rj) = 0, j ∈ Sk.|ue�$ui 3.1 �l (3.14) &�E

µ(n−k) − µzcp1n−k = V21V
−

11(µ(k) − µzcp1k), (3.37)S�*��i (3.37) eNh (3.36) ��	�1���$ (3.36) &�C
ri =

(
1 −

k∑

j=1

βij

)
rzcp +

k∑

j=1

βijrj + εi, i ∈ Sn−k, (3.38)wY�E1.m�mA�	���f� Cheung m [8] X Steven[17] ;S��:{l35�\Y� V21V
−

11 !>nmS rk+1, rk+2, · · · , rn ;S r1, r2, · · · , rk lmA_�	R>�1M~�Uh Sk el~�g4\�} (3.37) kY>1-�h	�℄�}S*Uh~�g4\lC
�L rzcp lU5�Y�mA_� βi1, βi2, · · · , βik 
1
1 −

k∑

j=1

βij = 0, i ∈ Sn−k,woaS=� 3.1(1) �0� V21V
−

111k = 1n−k. }SUh~�g4\ π(k) ∈ W
(k)
f lC
�eTP rzcp = µzcp = µπ(k) , )%n�`UhT�g�O�n rzcp = µzcp = rf .6b�s_ Rothschild X Stigliz[18] 0Kl℄;S�u�:�l��;_�

ra � rb ⇐⇒ rb = ra + ε, E [ε|ra] = 0, (3.39)7� ε E�ujnt���ui 3.1 eNlE�O8$2�e	}S�g#�9(va��e���;_#� rb � ra 2P�g�pv� ra � rb 2S�?E rb � ra ~{1
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rp =

(
1 −

k∑

j=1

βij

)
rzcp +

k∑

j=1

βijrj (3.40)Po5l5B�:��T�LS4:�glZ?�~ ri = rp+εi,T�L (3.40)� rp � ri.|ue�LS rp !Æ{ ri l5B�:��'�L (3.39) Yh4:�gE
Var(ε) = V22 − V12V

−

11V12 = V22.1 ≥ 0,wl ε = (εk+1, εk+2, · · · , εn)′, w#� Sn−k �l�OlR�7!Æ4\2P�g�?R}S�g#�l9(va�� Sn−k �l�O$~\Tl	
4 �l�R���WBy[|G1MP{,zlu8�E�& Sk ~�E Sn lP{,z���W�}S Sk elU5P{4\ ω(k), 7rCl4\ ω =

(
(ω(k))′, 0

)′ ~�E Sn elP{4\	ER�S��,6Rw)u.��lQ-	1~}SU10ul�O4\ ω(k) ∈ W (k), ℄Y�&"h Sk elP{���~℄Y�& ω(k) rCl4\ ω h Sn elP{�	1M>1.l�\�E�& ω(k) lP{��Y�^℄l~�i
H0,1 = {∃λ ∈ R

+ : λV11ω
(k) = η(k)}. (4.1)f�n�}SU10ul ω ∈ W , E�&7P{��Y�^℄l~�i

H0,e = {∃λ ∈ R
+ : λV ω = η}, (4.2)wl R

+ E�u�z	}Se��i�&Q-�f� [13] S�P℄u.�6ui	Fb 4.1 }S�.0ul λ ∈ R
+, �~�i H0,e(λ) = {λV ω = η}, nP℄�6

H0,e(λ) = H0,1(λ) ∩ H0,2.1(λ), (4.3)7�
H0,e(λ) = {λV ω = η},
H0,1(λ) = {λV11v

(k) = η(k)},
H0,2.1(λ) = { λV22.1v(n−k) = η2.1}.I ` H0,e(λ) Cq�~ λ 
1 λV ω = η, ��

[
I 0

−V21V
−

11 I

] [
V11 V12

V21 V22

] [
ω(k)

ω(n−k)

]
=

[
I 0

−V21V
−

11 I

] [
η(k)

η(n−k)

]
,
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λ

[
V11 V12

0 V22.1

] [
ω(k)

ω(n−k)

]
=λ

[
V11 V12

0 V22.1

] [
I −V −

11V12

0 I

] [
v(k)

v(n−k)

]

=λ

[
V11 0

0 V22.1

] [
v(k)

v(n−k)

]
=

[
η(k)

η2.1

]
.LeY� H0,1(λ) X H0.2.1(λ) Cq�?R

H0,e(λ) ⊂ H0,1(λ) ∩ H0,2.1(λ).���` H0,1(λ) W H0,2.1(λ) Cq�n*�hf H0,e(λ) Cq�T�
H0,1(λ) ∩ H0,2.1(λ) ⊂ H0,e(λ),?RP (4.3) Cq	��	Fb 4.2 }S�i�&Q- H0,e, P℄l�6
H0,e = H0,1 ∩ H0,2.1 ∩ H0,λ, (4.4)7�

H0,1 = {∃λ1 : λ1V11v
(k) = η(k)},

H0,2.1 = {∃λ2.1 : λ2.1V22.1v(n−k) = η2.1},
H0,λ = {λ1 = λ2.1}.I w1uil��YLui 3.1 Xui 4.1 �+hf	ui 4.2*`0K{~�i H0,e l1.�6�5s-0K{P{4\l1.�6	Tw1�6Y2�i� Sk X Sn elP{4\�%W V −

11η(k) X V −η D�p;_�'�℄H Sk E Sn lP{,z���"���lw1�p_��T~oml	Lui 4.1 Xui 4.2 Y��E}P{,z>�8��&��K~�i H0,e l�&8�y	i rrr1, rrr2, · · · , rrrT E n ��O�:�uylxq)��n µ X V l)�6��%E
µ̂T =

1

T

T∑

t=1

rrrt, V̂T =
1

T

T∑

t=1

(rrrt − µ̂T )(rrrt − µ̂T )′. (4.5)Æb 4.1[13,19] ;S6�y µ̂T X V̂T , P℄3�Cq�
(1) µ̂T X V̂T �%~ µ X V l1�6��'�~!A�$l
(2)

√
T [µ̂T − µ]

d−→ N(0, V );

(3) ℄H�:�uyla,��LE~��� µ̂T X V̂T ~!Axql	Fb 4.3 h H0,1 � Wald 8�y
ξ̂1 = T

Ŝ1 − Ŝ1(ω)

1 + Ŝ1(ω)

d−→ χ2(q1 − 1),



550 A H � � � � 35Pwl Ŝ1 = (η̂(k))′V̂ −

11 η̂(k), Ŝ1(ω) = [(η̂(k))′v(k)]2

(v(k))′V̂11v(k)
, q1 = Rank (V11).I }S~�i H0,1, S��u-a5#7�&8�y	�d�S�9u λ, W�

H0,1(λ) = {λV11v
(k) = η(k)}l8��&y�TbfW� H0,1 l8��&	S�*��i

H0,1 =
⋃

λ>0

H0,1(λ).}S0ul λ, u84:
ê1T (λ) = λV̂11v

(k) − η̂(k),L�i 4.1, h H0,1(λ) � √
T ê1T (λ) !A�T�$�,�T	E~�!A�:E

Vas

[√
T ê1T (λ)

]
=Vas[

√
T η̂(k)] + λ2Vas[

√
T V̂11v

(k)]

=V11 + λ2
[
(v(k))′V11v

(k)V11 + V11v
(k)(v(k))′V11

]

=(1 + λ2(v(k))′V11v
(k))V11 + λ2V11v

(k)(v(k))′V11.?R� H0,1(λ) l Wald 8�yE
ξ̂1(λ) =

(√
T ê1T (λ)

)′(
V̂as[

√
T ê1T (λ)]

)−√
T ê1T (λ). (4.6)nJL{D#3zY�

[
V̂as(

√
T ê1T (λ))

]−
=

1

1 + λ2(v(k))′V̂11v(k)

[
V̂ −

11 − λ2v(k)(v(k))′

1 + 2λ2(v(k))′V̂11v(k)

]
. (4.7)$ (4.7) \^ (4.6) h

ξ̂1(λ) = T
(ê1T (λ))′V̂ −

11 ê1T (λ)

1 + λ2(v(k))′V̂11v(k)
− T

λ2[(ê1T (λ))′v(k)]2

(1 + λ2(v(k))′V̂11v(k))(1 + 2λ2(v(k))′V̂11v(k))
. (4.8)LS V11v

(k) ∈ M(V11), ?R
Rank(Vas[

√
T ê1T (λ)]) = Rank(V11).L Wald 8�yl���� ξ̂1(λ) !A�T χ2(q1) �,�wl q1 = Rank(V11).�W� H0,1 l�&Q-�i λ Y!�'�

ξ1 = min
λ

ξ̂1(λ). (4.9)�S���6�y
λ̂ =

(v(k))′η̂(k)

(v(k))′V̂11v(k)
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�L2ZMx)wi6�<z 551xh (4.9) !ACq	ER� λ1 = λ̂ + δ, nh H0,1 �P
(ê1T (λ̂1))

′v(k) =
[
(λ̂ + δ)V̂11v

(k) − η̂(k)
]′

v(k)

=(ê1T (λ̂))′v(k) + δ(v(k))′V̂11v
(k)

=δ(v(k))′V̂11v
(k).6b1.mUCq~?Eh H0,1 P (ê1T (λ̂))′v(k) = 0. 5i

(ê1T (λ̂1))
′V̂ −

11 ê1T (λ̂1) =[ê1T (λ̂) + δV̂11v
(k)]′V̂ −

11 [ê1T (λ̂) + δV̂11v
(k)]

=(ê1T (λ̂))′V̂ −

11 ê1T (λ̂) + δ(v(k))′V̂11V̂
−

11 ê1T (λ̂)

+ δ(ê1T (λ̂))′V̂ −

11 V̂11v
(k) + δ2(v(k))′V̂11V̂

−

11 V̂11v
(k)

=(ê1T (λ̂))′V̂ −

11 ê1T (λ̂) + δ2(v(k))′V̂11v
(k),?R�L (4.8) Yh

ξ̂1(λ̂ + δ) =T

(
ê1T (λ̂)

)′
V̂ −

11 ê1T (λ̂)

1 + λ2
1(v

(k))′V̂11v(k)
+ T

δ2(v(k))′V̂11v
(k)

1 + λ2
1(v

(k))′V̂11v(k)

− T
λ2

1δ
2[(v(k))′V̂11v

(k)]2

(1 + λ2
1(v

(k))′V̂11v(k))(1 + 2λ2
1(v

(k))′V̂11v(k))

=T
(ê1T (λ̂))′V̂ −

11 ê1T (λ̂)

1 + λ2
1(v

(k))′V̂11v(k)
+ T

δ2(v(k))′V̂11v
(k)

1 + 2λ2
1(v

(k))′V̂11v(k)
. (4.10)#5fh H0,1  (

ê1T (λ̂)
)′

V̂ −

11 ê1T (λ̂) ≈ 0, '�L (4.10) Y� δ2 >l_��"�?R!AnP δ = 0 s ξ̂1(λ̂ + δ) Gf6w	 ξ̂1(λ̂), T�qh (4.9) Cq	6b�S�$ λ̂ \^h (4.8), '#5fh H0,1 P (ê1T (λ̂))′v(k) = 0, Yh
ξ̂1(λ̂) = T

(
λ̂V̂11v

(k) − η̂(k)
)′

V̂ −

11

(
λ̂V̂11v

(k) − η̂(k)
)

1 + λ̂2(v(k))′V̂11v(k)
= T

Ŝ1 − Ŝ1(ω)

1 + Ŝ1(ω)
.Lui 4.3 � ξ̂1

d−→ χ2(q1 − 1), wl.LyE q1 − 1, ~?ExJ{ λ l6� λ̂. ��	)%n�hui 4.3 �G Sk = Sn, pm�n Sn−k = ∅, Yh℄=�	~ 4.1 h H0,e � Wald 8�y
ξ̂e = T

Ŝ − Ŝ(ω)

1 + Ŝ(ω)

d−→ χ2(q − 1),wl Ŝ = η̂′V̂ −η̂, Ŝ(ω) = [η̂′v]2

v′V̂ v
, q = Rank(V ).Fb 4.4 h H0,2.1 � Wald 8�y
ξ̂2.1 = T

Ŝ2.1

1 + Ŝ1

d−→ χ2(q2),wl Ŝ2.1 = (η̂2.1)
′V̂ −

22.1η̂2.1, q2 = Rank(V22.1).



552 A H � � � � 35PI f�ui 4.3 l���u84:
ê2.1,T (λ) = λV̂22.1v(n−k) − η̂2.1 = −η̂2.1.LS

η̂2.1 = η̂(n−k) − V̂21V̂
−

11 η̂(k) = (−V̂21V̂
−

11 , In−k)η̂,T�P
Vas(

√
T (η̂2.1 − η2.1)) =(−V21V

−

11 , In−k)Vas[
√

T (η̂ − η)]

[−V −

11V12

In−k

]

+ Vas

[√
T (V̂21V̂

−

11 − V21V
−

11)η̂(k)
]

=(−V21V
−

11 , In−k)V

[−V −

11V12

In−k

]
+ (η(k))′V −

11η(k) ⊗ V22.1

=(1 + (η(k))′V −

11η(k))V22.1.?R�~�i H0,2.1(λ) l Wald �&8�yE
ξ̂2.1(λ) =T (ê2.1,T (λ))′(V̂as(

√
T ê2.1,T (λ)))− ê2.1,T (λ)

=
T

1 + (η̂(k))′V̂ −

11 η̂(k)
η̂′

2.1V̂
−

22.1η̂2.1.� 4.1 ui 4.2 }P{��i H0,e >�{�6�|ue�7�&8�y ξ̂e -UhoCl�6�~P
ξ̂e = ξ̂1,e + ξ̂2.1 ∼ χ2(q − 1) (4.11)E H0,e l�&8�y�7�

ξ̂1 = T
Ŝ1 − Ŝ1(ω)

1 + Ŝ1(ω)
∼ χ2(q1 − 1),

ξ̂2.1 = T
Ŝ2.1

1 + Ŝ1

∼ χ2(q2)�%E H0,1, H0,2.1 l�&8�y�'� ξ̂1, ξ̂2.1 k~oxql	� 4.2 }Se��&8�y��S�0K1}E�6�	|ue�hT	 - �:�	�LS Sk E Sn lP{,zeN& Sk W Sn Po5l4\>!	1M# 3.2l�\Y��weT-m�S"�Po5l Sharpe 
�6K4\	?R�` Sk E SnlP{,z���hU5"(�:��3�9(vh Sk el6K4\Wh Sn el6K4\CPo5l Sharpe 
�����`hU5"(�:��3� Sk W Sn el>!4\TwPo5l Sharpe 
���� Sk -�TE Sn lP{,z	w��1.�O,z~�EP{,zYJ Sharpe 
�a^yX,{	ui 4.3 Xui 4.4 �l Ŝ(ω)X Ŝ1(ω) 7u�~ Sharpe 
�l3��~
S(ω) =

(η′ω)2

ω′V ω
, S1(ω) =

((η(k))′v(k))2

(v(k))′V11v(k)
, S2.1(ω) =

((η2.1)
′v(n−k))

2

(v(n−k))′V22.1v(n−k)
.
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"--�D{�O4\ ω l/v	$yy
"`W#� ω `+AP{4\	f�
S = η′V −η, S1 = (η(k))′V −

11η(k), S2.1 = (η2.1)
′V −

22.1η2.1,n*�hf℄�6
S = S1 + S2.1.` ω E Sn elP{4\�nP S = S(ω). T� S1 = S1(ω) 2} S2.1 = S2.1(ω) I�Cq�w~?E ω h Sk el9(I� ω(k) I�~ Sk elP{4\	`~�Ja` ω(k)E Sk elP{4\��7rCl�O4\ ω =

(
(ω(k))′, 0

)′ h Sn e-~P{l���
Sk E Sn lP{,z�Rs�TP

S1 = S1(ω), S = S(ω), S2.1 = 0.eT�ui 4.3 Xui 4.4 �l ξ̂e, ξ̂1, ξ̂2.1 �~�%�&w}mz~�Cql�&8�y	
5 tUfhQo�J��.S�$2J Matlab _�}>Nl3H>� Monte-Carlo �"u&�\�'3\SEdl8�(4�M>�u��\�2�&�N3Hl�R�	> 1 �%7�w ��+j Monte-Carlo �!�Z2G

p-value�9��+ n − k k T ξe ξ1 ξ2.1�#�+ 10 10 1 0.1778 0.5337 0.1014

3 0.6935 0.4020 0.2649

5 0.7900 0.3842 0.2218

50 1 0.1211 0.3254 0.0955

3 0.2669 0.3796 0.1013

5 0.3190 0.1244 0.1053

t �+ 10 10 1 0.1208 0.1832 0.0504

3 0.2144 0.1339 0.3506

5 0.3079 0.4064 0.5486

50 1 0.1031 0.2530 0.0000

3 0.2435 0.2499 0.0547

5 0.5360 0.3504 0.1042

5.1 uVgi�d�m�$�,�"�O�:��5sW�f�O�:��,l�H)}�S�-�J{ t�,9E�*�\�7��$�,l�	3� µ, σ �%~hF� [−0.05, 0.05]X [0.1, 0.5] e�uoC� t �,l.LyE 5. R>�E&��&8�y!A3HlO



554 A H � � � � 35P���S�} k X n 2})��yw8{*5l}�	}�C
T�!�" 200S�hf�&8�y ξe, ξ1 X ξ2.1 l 200 .�"3H	Tb2J Kolmogorov-Smirnov�&}8�y ξe, ξ1 X ξ2.1 l!A�,>�{�&�hf�,"\�&l p 	��\3H�# 1. #� k E�O,z Sk ��O�y� n E�OKz Sn ��O�y� T #{&�'�i&P 255 .(4Y	T# 1 Y2VK��&8�y ξe, ξ1, ξ2.1 l�"3HP��.)r�
(1) �,"\�&l p 	� n loWP�fE}�w���& n lo��&8�yl'��,/g7!A�,	
(2) �,"\�&l p	� T loWPoE}�w���&)�5 T ?yoW�!>3H"\{H`S	
(3) a�O�:��,2JP`Hivl t �,s��,"\�&l p 	P�fE}�"\{H*℄�$�,�`T#�3H-Y2VK�a)�y�aos�"\{H�hf&d�wW�Nl!A3H~1l	

5.2 p�K�TSE A 8�=�m2Q/l 39 �81l�:�M>�u��\�w 39 �81l\	℄##!{�s�F�E 2000& 2 � 2010& 9 �4 128.mw�	1M##�l81�US�u8�O,z Sk = {1, 2, · · · , k}, �OKzE Sn = {1, 2, · · · , 39}.�me ��3 α = 0.05, nJ Matlab _�hf�\3H℄# 2 !{	> 2 �M*x Sk jNyÆ�%2G
k ξ2.1 χ2

1−α
(n − k) H k ξ2.1 χ2

1−α
(n − k) H

20 33.7172 30.1435 0 30 11.3187 16.9190 1

21 33.7028 28.8693 0 31 67.6430 15.5073 1

22 33.6899 27.5871 0 32 7.4830 14.0671 1

23 33.1016 26.2962 0 33 7.0031 12.5916 1

24 20.7205 24.9958 1 34 5.3313 11.0705 1

25 20.2632 23.6848 1 35 5.0442 9.4877 1

26 13.4158 22.3620 1 36 4.9513 7.8147 1

27 12.5248 21.0261 1 37 4.2288 5.9915 1

28 12.0760 19.6751 1 38 3.5742 3.8415 1

29 11.6367 18.3070 1 39 0 NaN 1# 2 � H = 0 #{ ξ2.1 > χ2
1−α(n− k), T�Y2VE Sk *~ Sn lP{,z���

H = 1 n#{ Sk ~ Sn lP{,z	�,
K~a k = 1, 2, · · · , 19 s�S�hf H = 0,lS.��w.�3H�P}K	T# 2 Y2VK�a k ≥ 24 s�Y2VE Sk E SnlP{,z	; 1 X; 2 �%}K{�O,z S15, S25 2}�OKz Sn lP{>!X�:��}l}�;�T;�Y2VK�O,z S25 o}S S15 a�2+AP{,z	u��\-#���O4\P{,z*C1�T# 2 aV S24 ~#�!N�O�y6wlP{,z	
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: 1 �MJxU�M*xjNy<� : 2 �MJxU�M*xj�9��|�1���S�#5f�O4\lP{,zC$NPNq��~` C ~ B lP{,z� B ~ A lP{,z��� C C~ A lP{,z	L# 2 Y��a k ≥ 24 s�
Sk TE Sn lP{,z�?R
1w1��	T��℄HS��s,u0� (2.4) >�,u�hfl3HQWw1��*��'��,h1ulX:1P58�3H℄; 3!{	
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556 A H � � � � 35P{h1uX:0�,uL{l�	T;Y2VK�X:By,D`*�P{,z�y`f��℄a tol=0.001 s��Pa k ≥ 36 s� Sk 1~ Sn lP{,z	�a tol oWs�P{,zl�y-o	�1���T;�-Y2VK�a k T 10 Uyof 39,P{,zl,u3HKi*Ouliv�'�*
1Nq�	�℄}S tol=0.05 lC
�a 13 ≤ k ≤ 17 s� Sk E Sn lP{,z��a 18 ≤ k ≤ 25 s� Sk *~ Sn lP{,z�Tba 26 ≤ k ≤ 39 s� Sk RCE Sn lP{,z	L> �OTnMq�=MkD	PZAd�T 70[� �T 70[� �T 70[�
1 000026 14 200056 27 600755

2 000028 15 600056 28 600774

3 000416 16 600058 29 600778

4 000417 17 600120 30 600807

5 000419 18 600128 31 600814

6 000516 19 600153 32 600821

7 000679 20 600628 33 600824

8 000759 21 600683 34 600826

9 000882 22 600693 35 600828

10 000889 23 600694 36 600830

11 000906 24 600697 37 600838

12 200026 25 600738 38 600859

13 200028 26 600739 39 600861

6 _s�h9(4\<ilu���9(v>>n�K.VEKtl�Oa>�4\9(�T�w}��Kal�K���O4\AA'�PKi9(v!5Bl/v#i	}Sw1Q-�SE�vw�X(0 [4] +K{P{,z''�~℄HUh�.�O,zxh}�g#�	9(va��h$�O,ze�m9(4\Wh�OKze�m9(4\T:=���w)l�O,z�AEP{,z	P{,zlN8hS�OKz�Y�Uh\T�O	h�N��S�nJL{>8#hf{�O4\P{,z,ul1}�l3H�'0K{P{,zl8��&���wxhP{,zhCJeCEY��T��({ [4] �3H�2�+CJlPk	�N-}�O4\P{,z>�{1}�u�"Xu��\	Tu�3HaV�P{,z'*C1�?R�Nl>1-�H$~℄YZf}� 6wP{,z�~!�Nl�O�y6wlP{,z	|ue�}Sw1Q-�1Mui 3.1 }# 3.3 l�\S�*����}S*Uh~�g4\lC
� Sk ~ Sn l6wP{,zla�<a}U1�O i ∈ Sn−k, Uh14� βi1, βi2, · · · , βik xh (3.36) Cq����:{ V l�mS Sk ��Ol�y�pm�n
V22.1 = V22 − V21V

−1
11 V12 = 0.
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(k)
f lC
� Sk ~ Sn l6wP{,zla�<aU0

i ∈ Sn−k, Uhu� βi1, βi2, · · · , βik xh
ri =

(
1 −

k∑

j=1

βij

)
µπ(k) +

k∑

j=1

βijrj + εi,���:{ V l�mS k − 1, wl µπ(k) E~�g4\ π(k) l�:�� εi l��5
(3.36). ℄HJ Szegö[1] X Merton[16] �l k r;�guia#��I~� Sk E Sn l6wP{,za�<a Sn−k �!P�Ol�:�TYL Sk � k � (r;) �OrC�5s Sk �!P�Ol�:�T*�LL.j2>l7" (r;) �OrC	)%n�`�u4:tmS~�n#� Sn−k �l�OYL Sk !Æhf	aT�2e<~}6wP{,z!
1l1})�0�lI-%&�;S72lZl0�}8�={��P℄>1-l^�H	�� S�}m,$�+Kl�B5�#{��l)��? ` � �
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Abstract This paper is concerned with the statistical inference of the portfolio efficient

subset under singular covariance matrice. Some new conditions for determining efficient

subset are obtained, and the statistics for testing efficient subset and its asymptotical prop-

erties are also derived by constructing a Wald statistic. Moreover, we give the economic

signification of statistic by decomposing of statistic and efficiency hypothesis. Finally, we

show some examples of random simulation and empirical investigation to prove the results

in this paper.
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