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 � � u u � 35{��D)�;K�qhBNI&�i}4�D)W�Mvp�℄r�kA�0 (SQP)vp [1], 9�vp [2] Y�izRk"�b�2D)W>4vpym'�p ( QA'�p ), Lt+m'�o�Wbm)�W+zA�izR+zWm)�y�_�>W�� Fletcher ) Leyffer ':W$+vp [3] �3�m'�pWV^�y�MÆ;�p℄+~�kW�y�$+�p�_��&"�<qdW'���D) (1.1) T22���;�b�2D)�D�{~^W{"&�n�;�'�=3�n�"�<qd�r[>4y�A2�W`J�$+�p,(ZE-�;�'�)"�.Y�Sf�m'�p���E�v4W�^�$o�m)�WA�i4�Ay,><TW	x
�`J&Wa�.Y�IQ����zK_G�WN�`J~�W
��AT�'Wy�Wätcher ) Biegler[4,5] ) Fletcher )
Leyffer[1,3] W$+�p?<e�':�$+R��vpizRk�0D)�>i (1.1)'��,(WJv�
>$+vp��*� Maratos `�� Wätcher ) Biegler �_�k
^9&wC Maratos `��$�v4� Fontecilla ) [2] J':W9�vp�yb2�WizRkYu"��2D)Wvp=����1&`JJ��& sk 
>��
E& hk )��?>& vk W)�
E& hk ) DFP = BFGS 9�^9J��^9u5 Bk, i vk ��._Rk2"�kH� Fontecilla ;6��)+zWPlJ��9�vp+mWr� {xk} t(k&
Q- 0Rk~��?�9�vp)$+R���pW�^��B':�izRkYu"��2D)W$+R��n99�vp�)1&`J��n99�vp+m��vZ sk, �9JR��5r+m&. αk, �$+V-}b{~&y~�$+Ba��M$+R��5rv~�9UDg&�ma����\W{~&p��Hk
^9G�Wn99��p+meW{~&��Bg�℄J�Jdkh��n99�vp)$+R��vp�':izRkYu"��2D)W?��p�\ 3 d|G��pW℄+~�k�\ 4 d�#,��py�Wt(~��(��Aq~Wg!)\ 5 d�:�
2 �l�BJ� gk �v;�'�%d ∇f(xk), Ak �v"�'� c(x) W%d ∇c(xk).n9W9��pD��JW`J�u��n I�b x0, λ0, B0. B k = 0 niJ4W%�

λk+1 = U(xk, λk, Bk), (2.1)

Bkwk = −∇xl(xk, λk+1), (2.2)

hk = P (xk)wk, (2.3)

vk = −A+(xk)ck, (2.4)

yk = ∇xl(xk + hk, λk+1)−∇xl(xk, λk+1), (2.5)
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Bk+1 = DFP/BFGS(hk, yk, Bk), (2.6)

sk = hk + vk, (2.7)

ssoc
k = −A+(xk)c(xk + sk), (2.8)

xk+1 = xk + sk + ssoc
k , (2.9)GJ l y (1.1) W Lagrange '�

l(x, λ) = f(x) + λT c(x), (2.10)

x ∈ Rn, λ ∈ Rm. (2.1) Jb,�W3Y^9�u�J4aMt+�
(i) 5�^9�

λP
k+1 = −(AT

k Ak)−1AT
k gk; (2.11)

(ii) "�R^9�
λS

k+1 = −(AT
k B−1

k Ak)−1AT
k B−1

k gk; (2.12)

(iii) Dg^9�
λN

k+1 = (AT
k B−1

k Ak)−1(ck −AT
k B−1

k gk). (2.13)

(2.3) JW5� P (xk) ._
AT

k P (xk) = 0, (2.14)���yb5�
PBk

= I −B−1
k Ak(AT

k B−1
k Ak)−1AT

k , (2.15)M Bk = I p��ry9\5��
Pk = I −Ak(AT

k Ak)−1AT
k . (2.16)

AT
k W��A A+(xk), �
2

A+
Bk

= B−1
k Ak(AT

k B−1
k Ak)−1, (2.17)M Bk yK?5 I p�r2>

A+
Ik

= Ak(AT
k Ak)−1. (2.18)S�� AT

k ��AWt+� vk �
2
vBk

= −B−1
k Ak(AT

k B−1
k Ak)−1c(xk) (2.19)=

vIk
= −Ak(AT

k Ak)−1c(xk), (2.20)
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 � � u u � 35{Bi AT
k vk + ck = 0. ._

c(xk + sk + ssoc
k ) = o(‖sk‖2) (2.21))

ssoc
k = o(‖sk‖) (2.22)W ssoc

k , 1>k
^9& [6]. D)^ xk + sk �"�.N���N& ssoc
k , �Vg$�ik�r`J��*� Maratos `�W�>�"<T���nW��vZ�4�W^9X�,GWt+s=�y+���J4�uTQ��b sk, k
^9& ssoc

k � (2.8) �:�g+ (2.17)–(2.18), ssoc
k �
2

ssoc
Bk

= −B−1
k Ak(AT

k B−1
k Ak)−1c(xk + sk), (2.23)` Bk = I, �r�2

ssoc
Ik

= −Ak(AT
k Ak)−1c(xk + sk). (2.24)

ssoc
k ._

AT
k ssoc

k + c(xk + sk) = 0. (2.25)` ssoc
k y��k
^9&�s̃soc

k y�NWk
^9& (D) (2.10)J� “c(xk +sk+ssoc
k )”J, “c(xk + sk)”), - ssoc

k + s̃soc
k f sk �M
��K�W (single)k
^9&���Z�E��sW^9&��
>K�^9&�) DFP = BFGS 9�^9�uJ� hk ��^9u5 Bk,

BDFP
k+1 = Bk +

(yk −Bkhk)yT
k + yk(yk −Bkhk)T

yT
k hk

− hT
k (yk −Bkhk)ykyT

k

(yT
k hk)2

,

BBFGS
k+1 = Bk +

ykyT
k

yT
k hk

− (Bkhk)(Bkhk)T

hT
k Bkhk

.

(2.26)� (2.11)–(2.13), (2.15)–(2.18) J|�f�3Y^9�5��Y) AT
k ��AW$3t+��T� 2.1 J&M$3W�p�d 2.1 %L�o

Algorithm λk+1 P (xk) vk ssoc
k

ALG1 (2.12) I (2.20) (2.23)

ALG2 (2.12) I (2.19) (2.23)

ALG3 (2.11) PBk
(2.20) (2.24)

ALG4 (2.11) PBk
(2.19) (2.24)

ALG5 (2.13) Pk (2.20) (2.23)

ALG6 (2.13) Pk (2.19) (2.23)M ssoc
k = 0 p�e4W&M�pry Fontecilla ) [2] J':Wk&�p��BZ;6n9W9��p��g+$+R��vp�+my��(℄+~�k)	�t(~��(We�p�



3F :S��OR1��CyPjXt!��1C(U")P��l77	tn 487)��vZWb.���$+vp�Wb&. αk ∈ (0, 1) �<TJ�&`J�$+vpW?��Uy� (1.1)M
���;��2D)�b\2"�<qd θ(x) �Cb\2;�'� f(x), GJ θ(x) b�> ‖c(x)‖1. 
io�R{~&. αk,l ._��TK.Y��rT f = θ WA��J[�MY�4�W.Y$_�Æ;℄+~�k�iO��$�a�rT θ(xk(αk,l)) = f(xk(αk,l)) �[8|ao θ(xk) = f(xk) We{~^ xk(αk,l).>��34MP��oNLe{~^�p._W.Y��VWZÆ�M._.Y
θ(xk(αk,l)) ≤ (1− γθ)θ(xk) (2.27)=

f(xk(αk,l)) ≤ f(xk)− γfθ(xk) (2.28)p�ra�{~^ xk(αk,l) := xk + αk,lsk, GJ γθ, γf ∈ (0, 1). �4�$+V-���::M{~^1A℄y._"�<qd.Y (2.27) WP��4�r��~�Q���i^�i$yb�^�>�34MP����� f - fN6.YJ,e�.Y
mk(αk,l) < 0, [−mk(αk,l)]

sf [αk,l]
1−sf > δ[θ(xk)]sθ , (2.29)GJ δ > 0, sθ > 1, sf ≥ 1, mk(α) := αgT

k sk y;�'� f )vZ sk WRk8f�`.Y (2.29) ._� sk y;�'�WJ[vZ��r xk(αk,l) �a��{~^5�p._
Armijo .Y

f(xk(αk,l)) ≤ f(xk) + ηfmk(αk,l), (2.30)GJ ηf ∈
(
0, 1

2

)
.�p�Q��& (θ, f)- fW$+B Fk. `

(θ(xk(αk,l)), f(xk(αk,l))) ∈ Fk, (2.31)rÆ{~^$�MK$+Ba��9s$+Bb�>
F0 := {(θ, f) ∈ R2 : θ ≥ θmax}, (2.32)GJ θmax > θ(x0). )`J$5J�$+B�^9�u

Fk+1 := Fk ∪
{
(θ, f) ∈ R2 : θ ≥ (1 − γθ)θ(xk) ) f ≥ f(xk)− γfθ(xk)

}
(2.33)ni
1�M�a�W&.=3$._ f - fN6.Y (2.29), =3$._ Armijo .Y

(2.30) p�r� (2.33) 
1$+B�`�a�W&.J._ (2.29), �._ (2.30), $+BÆ6$��4MvuÆ;��p$:lmy4�){~&$._e4��V-WP�J���iC'�WRk8f�o��b\&. αmin
k ,

αmin
k := γα ·





min
{
γθ,

γfθ(xk)

−gT
k sk

,
δ[θ(xk)]sθ

[−gT
k sk]sf

}
, gT

k sk < 0,

γθ, gT
k sk ≥ 0,

(2.34)
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 � � u u � 35{GJ γα ∈ (0, 1]. M αk,l � αmin
k �\p��pTZ�ik7�
e�7�
eW;WyM9JR��5r$�r;�'�8|J[�&.�\p�2$Vg$�ik�+m��
1W$+B Fk+1 a�We`J�J4�:iD) (1.1) W$+R��n99�vp��n II �b9s^ x0; ,� θmax ∈ (θ(x0),∞]; γθ, γf ∈ (0, 1); 0 < τ1 ≤ τ2 < 1; δ >

0; γα ∈ (0, 1]; sθ > 1; sf ≥ 1; ηf ∈ (0, 1
2 ); ε; λ0; n× n f19bu5 B0.& 1. � (2.32) 9s2$+B F0. `JH� k ← 0.& 2. H� f0, g0, c0, A0, �C fk, gk, ck, wk, Ak.& 3. S~~�k�` ‖wk‖+ ‖ck‖ ≤ ε, 0C�~-�TJ�&�& 4. H���vZ�& 4.1. � (2.11)–(2.13) H�3Y�& 4.2. iRkv5 (2.2)–(2.4) TQ hk ) vk, H� sk = hk + vk.`RkH4y  W�T�ik7�
e�& 5. 9JR���& 5.1. 9s2R���l αk,0 = 1 O l ← 0.& 5.2. H�eW{~^�`{~&.�\�D αk,l < αmin

k , αmin
k � (2.34) �:�T\

10 &�ik7�
e�~-�H�{~^ xk(αk,l) := xk + αk,lsk.& 5.3. ` xk(αk,l) ∈ Fk, v~{~&.�T\ 5.5 &�& 5.4. S~MK`JW8|J[k�& 5.4.1 P� I: αk,l y f - f&.�D (2.29) ._�` Armijo .Y (2.30) ._�a�{~&�T\ 6 &�~-T\ 5.5 &�& 5.4.2. P� II: αk,l $y f - f&.�D (2.29) $._�` (2.27) ) (2.28) ._�a�{~&�T\ 6 &�~-T\ 5.5 &�& 5.5. H�k
^9&�℄! l 6= 0, T 5.8 &�~-�� (2.8) H�k
^9&�TQeW{~^ x̃k+1 = xk + sk + ssoc
k .& 5.6. S~$+BW�a�k�` x̃k+1 ∈ Fk, v~k
^9&�T\ 5.8 &�& 5.7. S~MK`JW8|J[k�& 5.7.1. P� I: N6.Y (2.29) ._�` Armijo .Y

f(x̃k+1) ≤ f(xk) + ηfmk(αk,l)._�a� xk+1 := x̃k+1, T\ 6 &�~-�T\ 5.8 &�



3F :S��OR1��CyPjXt!��1C(U")P��l77	tn 489& 5.7.2. P� II: N6.Y (2.29) $._�` θ(x̃k+1) ≤ (1− γθ)θ(xk) = f(x̃k+1) ≤
f(xk)− γfθ(xk) ._�a� xk+1 := x̃k+1, T\ 6 &�~-�T\ 5.8 &�& 5.8. l αk,l+1 ∈ [τ1αk,l, τ2αk,l], l← l + 1, 9Q\ 5.2 &�& 6. a�{~^�l αk := αk,l O xk+1 := xk(αk) = xk + αksk.& 7. ℄���
1$+B�℄! k $y f - f`J�
1$+B�~-�l Fk+1 := Fk.& 8. ^9 Bk+1. H� hk, yk, � DFP = BFGS 9�^9�u2$^9 Bk <T Bk+1.& 9. l k = k + 1, 9Q\ 3 &�& 10. �ik7�
e�2$J[$�i� θ H�eW`J xk+1, rT xk+1 ._ (2.27)–

(2.28), Bi��$+Ba��D (θ(xk+1), f(xk+1)) /∈ Fk. � (2.33) 
1$+B�B\ 9 &Ks`J�" 1 $+�FÆ;�f��W k, (θ(x), f(x)) /∈ Fk. \ 1 &W9s$+B)^9V- (2.33) Æ6�f��W k, ` θ ≤ θ O f ≤ f, - (θ, f) /∈ Fk ⇒ (θ, f) /∈ Fk." 2 )℄+~�k|GJ�m�R sf > 1, L)t(~��(W|GJ��R
sf > 2sθ.

3 #��~�r��B� A ⊆ N �v$+B�
1pS�`JWB�B�D Fk ⊂ Fk+1 ⇔ k ∈ A.

R ⊆ N �vn_�ik7�
eW��`JB�B�\ 10 &Æ;� R ⊆ A. R inc ⊆ R�vB\ 4&n_�ik7�
eW��`JB�B�LY�4aB+._ R inc ⊆ R ⊆
A ⊆ N .�TQ℄+~�kg!�oPl\ 10 &W�ik7�
e℄y2�KC�O�p)\ 3 &$0C�$85o�QJ4W�aPl�

(G1) f��W k /∈ Rinc E)��._ [xk, xk + sk] ∈ C W�B C ⊆ Rn, rT
f(x), c(x) ) C ey�;W��2W'�A�C�2W�
N��) C ey�jWOy
Lipschitz �sW�

(G2) u5 Bk )"Y�R N (A(x)T )eWb5�y�E9bW�DE),�MB > 0rTf��W k 6∈ Rinc,

hT [P (xk)BkP (xk)]h ≥MB‖h‖2, ∀h (3.1)2��iO� Bk yzH	Oys��jW�
(G3) u5 Ak ) C e�.G�f��W k, s�� {‖A+(xk)‖} y�jW�
(G4) B\ 4 &n_�ik7�
eW`J$:Z��o�i��6z3Æ�E),� θinc > 0, 1M θ(xk) ≤ θinc, r� k 6∈ Rinc.
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 � � u u � 35{b��� jd�
χ(xk) :=

{
‖wk‖2, k 6∈ Rinc,

∞, k ∈ Rinc,
(3.2)GJ wk S[ (2.2). �'._ lim

i
χ(xki

) = 0 ) lim
i

xki
= x∗ W`JY� {xki

}, GJ x∗y�iAO^�� χ(xk) Wb���Tf8|GW i, ki 6∈ Rinc. B lim
i

χ(xki
) = 0, (3.2),

(2.2) )Pl (G2), �T lim
i
‖gki

+ Aki
λki
‖ = 0. 
��)e�PlJ��4Mvub�W χ(xk) y�� jd��\��g,�� [2] W�� 4.1–4.2.�} 3.1 l hk, vk ) sk ��p II +m�- sk = hk + vk ._

sk = −B−1
k ∇xl(xk, λN

k+1) + τk(A+
Bk −A+

Ik
)ck, (3.3)GJ λN

k+1 � (2.13) �:�f�p ALG2, ALG4, ALG5, τk = 0, f�p ALG1, ALG3 )
ALG6, τk |�f� 1, 1,−1.�} 3.2 l hk, vk ) sk ��p II +m�-

AT
k hk = 0, (3.4)

gT
k hk = −hT

k Bkhk − vT
k Bkhk − τkcT

k A+T
Ik

BT
k hk, (3.5)

gT
k vk = −gT

k A+(xk)ck, (3.6)

gT
k sk = −hT

k Bkhk − vT
k Bkhk − τkcT

k A+T
Ik

BT
k hk − gT

k A+(xk)ck, (3.7)

AT
k sk = −ck. (3.8)( 
> AT
k P (xk) = 0, �� AT

k hk = AT
k P (xk)wk = 0. � (3.3) �g2>

gk = −Bkhk −Bkvk −AkλN
k + τkBk(A+

Bk
−A+

Ik
)ck.��33� hk, '� (3.4) <

gT
k hk =− hT

k Bkhk − vT
k Bkhk − (λN

k )T AT
k hk + τkcT

k (A+
Bk
−A+

Ik
)BT

k hk

=− hT
k Bkhk − vT

k Bkhk − τkcT
k A+T

Ik
BT

k hk.B (2.7), (2.4) ) (3.5) �TQ
gT

k vk = −gT
k A+(xk)ck,

gT
k sk = −hT

k Bkhk − vT
k Bkhk − τkcT

k A+T
Ik

BT
k hk − gT

k A+(xk)ck,

AT
k sk + ck = AT

k hk + AT
k vk + ck = AT

k vk + ck = 0.�} 3.3 Pl (G1)–(G4) 2��</E),� Md, Mλ, Mm > 0, rTf��W
k 6∈ R inc ) α ∈ (0, 1], � ‖sk‖ ≤Md, ‖λk‖ ≤Mλ, |mk(α)| ≤Mmα.



3F :S��OR1��CyPjXt!��1C(U")P��l77	tn 491( Pl (G1)–(G4) Æ;� Bk, Ak, Z� gk ) ck �E�j�
��� (2.11) )
(2.12), �T: ‖λk‖ ≤Mλ. �' (2.13), E) Mλ ≥ 0 rT

‖λk+1‖ ≤‖(AT
k B−1

k Ak)−1‖ ‖(ck −AT
k B−1

k gk)‖
≤‖(AT

k B−1
k Ak)−1‖

(
‖ck‖+ ‖AT

k B−1
k ‖‖gk‖

)

≤Mλ.

(2.3)–(2.4) Æ6� hk ) vk �E�j�g+ (2.7), f��W k 6∈ R inc, � ‖sk‖ ≤ Md.

mk(α) Wb��Pl (G1) ) ‖sk‖ ≤Md Æ6�E)9�,� Mm > 0, |mk(α)| ≤Mmα.�} 3.4 Pl (G1)–(G4) 2��` {xki
} y��`JY��._ χ(xki

) ≥ ε, ε > 0y� i E�W,��-E) ε1, ε2 > 0, rTf�� i,

θ(xki
) ≤ ε1 =⇒ mki

(α) ≤ −ε2α, (3.9)GJ α ∈ (0, 1].( �'._ χ(xki
) = ‖wki

‖2 ≥ ε W`JY� {xki
}. �Pl (G4), f��._

θ(xki
) ≤ θ inc W xki

, � ki 6∈ Rinc. iO�
> hk �E�j� υki
= O(‖c(xki

)‖), f
ki 6∈ Rinc, �T

mki
(α)/α =gT

ki
ski

(3.7)
= − hT

ki
Bki

hki
− vT

ki
Bki

hki
− τki

cT
ki

(A+
ki

)T BT
ki

hki
− gT

ki
A+(xki

)cki

(2.3)
= − wT

ki
P (xki

)Bki
P (xki

)wki
+ O(‖cki

‖)
(G2)

≤ − c1‖wki
‖22 + c2‖cki

‖
(3.2),(3.9)

≤ χ(xki
)
(
− c1ε +

c2θ(xki
)

ε

)
, (3.10)GJ� c1, c2 > 0, P (xki

) ye4'QWb5��b.��$Yu�Q χ(xki
) ≥ ε. b�

ε1 := min
{
θinc,

ε2c1

2c2

}
, -f��._ θ(xki

) ≤ ε1 W xki
, �

mki
(α) ≤ −α

εc1

2
χ(xki

) ≤ −α
ε2c1

2
.l ε2 := ε2c1

2 , �<7)2���} 3.5 Pl (G1) ._�-E),� Cθ, Cf > 0 rTf��W k 6∈ R inc ) α ≤ 1,

|θ(xk + αsk)− (1 − α)θ(xk)| ≤ Cθα
2‖sk‖2, (3.11)

|f(xk + αsk)− f(xk)−mk(α)| ≤ Cfα2‖sk‖2. (3.12)( 
>
|θ(xk + αsk)− (1− α)θ(xk)| =

∣∣ ‖c(xk + αsk)‖ − (1− α)‖ck‖
∣∣

=|‖ck + αAT
k sk + O(α2‖sk‖2)‖ − (1− α)‖ck‖|
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≤|‖ck − αck‖+ O(α2‖sk‖2)− (1− α)‖ck‖|
=O(α2‖sk‖2),
� (3.11) ._�\k�$Yu (3.12) >aB Taylor /�uTQ��e44a��>?<�� [5] Jb� 2 W;6$5S3���;6�'W�p�J4W℄+~�kg!�k} 3.1 Pl (G1)–(G4)2��- lim

k→∞

θ(xk) = 0O lim
k→∞

inf χ(xk) = 0. 6z3Æ���WAO^
y�i^�` {xk} �j�-E) {xk} WAO^ x∗, yYu"��2D) (1.1) W�
b�^�
4 ze�~��r�t(~��(|G;�Pl�pD+mW`J� {xk} ~�Q (1.1) Wt(i x∗8�5��Q�JPl�
(L1) '� f(x) ) c(x) �k
N��"O) x∗ W!�? Lipschitz �s�
(L2) x∗ ._k
8|b�.Y�

• x∗ yD) (1.1) W KKT ^�DE) λ∗ ∈ Rm, rT c∗ = 0, g∗ −A∗λ∗ = 0.

• x∗ y (1.1) W9-^�D A∗ �.G�
• Lagrange '�W Hessian 5 W∗ = ∇2

xxl(x∗, λ∗) | N (AT
∗
) 9b�

(L3) u5 Bk zH	Os��j�
(L4)

lim
k→∞

‖Pk(Bk −W∗)hk‖
‖hk‖

= 0, (4.1)GJ W (x, λ) = ∇2
xxl(x, λ), Wk = W (xk, λk), Pk y N (AT

k ) eW9\5��.Y
(4.1) �YQZ
2

hT
k Bkhk = hT

k Wkhk + o(‖hk‖2). (4.2)

(L5) E),� θinc > 0, ` θ(xk) ≤ θinc, -�p)\ 4 &$N6Q�ik7�
e��} 4.1 Pl (L1)–(L5) 2��-E) x∗ W!� U1, rTf�� xk ∈ U1, �
‖ssoc

k ‖ = O(‖sk‖2), (4.3)

‖c(xk + sk + ssoc
k )‖ = o(‖sk‖2). (4.4)( 
>

c(xk + sk) = c(xk) + AT
k sk + O(‖sk‖2)

(3.8)
= O (‖sk‖2),
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(2.8) )Pl (L3) ;6� (4.3) 2��
> xk → x∗,

c(xk + sk + ssoc
k ) =c(xk + sk) + A(xk + sk)T ssoc

k + O
(
‖ssoc

k ‖2
)

(2.8)
= c(xk + sk)−A(xk + sk)T A+(xk)c(xk + sk) + O(‖ssoc

k ‖2)
=− [A(xk + sk)−Ak]T A+(xk)c(xk + sk) + O(‖sk‖4)
=O(‖sk‖‖sk‖2) + O(‖sk‖4) = o(‖sk‖2).R�Q A(x) y Lipschitz �sW�LY�4���;6�M xk �ot(i x∗ p�`+& sk + s soc

k �9s& sk ��(W�$+vpa�W�:�J����;6�) x∗ W!�?�``+& sk + ssoc
k y�� f - f&��p II W\ 5.7.1 &y2�W��} 4.2 Pl (L1)–(L5)2��-E) x∗ W��!� U2 ⊆ U1, rTD�M αk,l = 1p (2.29) 2��r� Armijo .Y (2.30) ._�( �KWb hk, vk ) sk =RW�H�l U1 ��� 4.1 Wb�� (2.29), <

‖c(xk)‖ = θ(xk) < δ
−

1

sθ [−gT
k sk]

sf
sθ = o(‖sk‖2). (4.5)� (2.4) ) (4.5) �<

vk = O(‖ck‖) = o(‖sk‖2), sk = O(‖hk‖) + O(‖vk‖) = O(‖hk‖) + o(‖sk‖2),� sk = O(‖hk‖) O vk = o(‖hk‖2).J4W;6J�Z� v ∈ Rn W\ i �|�� vi �v�f ALG1 ) ALG2 �
gT

k ssoc
k

(2.23)
= − gT

k [B−1
k Ak(AT

k B−1
k Ak)−1]c(xk + sk)

(2.12)
= (λS

k+1)
T c(xk + sk)

=

m∑

i=1

λS
k+1,i

[
ci(xk) +∇ci(xk)

T
sk +

1

2
sT

k∇2ci(xk)sk + o(‖sk‖2)
]

=
1

2
sT

k

( m∑

i=1

λS
k+1,i∇2ci(xk)

)
sk + o(‖sk‖2).f ALG3 ) ALG4 �

gT
k ssoc

k

(2.24)
= −gT

k Ak(AT
k Ak)−1c(xk + sk)

(2.11)
= (λP

k+1)
T c(xk + sk)

=
1

2
sT

k

( m∑

i=1

λP
k+1,i∇2ci(xk)

)
sk + o(‖sk‖2).f ALG5 ) ALG6 �

gT
k ssoc

k

(2.23)
= − gT

k [B−1
k Ak(AT

k B−1
k Ak)−1]c(xk + sk)

=[(AT
k B−1

k Ak)−1(ck −AT
k B−1

k gk)]T c(xk + sk)− [(AT
k B−1

k Ak)−1ck]T
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(2.13)
= (λN

k+1)
T c(xk + sk)− cT

k (AT
k B−1

k Ak)−1

=
1

2
sT

k

( m∑

i=1

λN
k+1,i∇2ci(xk)

)
sk + o(‖sk‖2).R�Qe4��&��pW�Hu�4�
2�

gT
k ssoc

k =
1

2
sT

k

( m∑

i=1

λk+1,i∇2ci(xk)
)
sk + o(‖sk‖2), (4.6)GJ� λk+1 y λP

k+1, λ
S
k+1 = λN

k+1 JW���
i
f(xk + sk + ssoc

k )− f(xk) = gT
k sk + gT

k ssoc
k +

1

2
sT

k∇2fksk + o(‖sk‖2)

(4.6)
= gT

k sk +
1

2
sk

( m∑

i=1

λk+1,i∇2ci(xk)
)
sk +

1

2
sT

k∇2fksk + o(‖sk‖2)

=gT
k sk +

1

2
sT

k Wksk + o(‖sk‖2).n�&�
f(xk + sk + ssoc

k )− f(xk)− ηgk
T sk

=gT
k (sk + ssoc

k ) +
1

2
sT

k∇2fksk + o(‖sk‖2)− ηgk
T sk

=(1− η)gT
k sk +

1

2
sT

k Wksk + o(‖sk‖2)
(3.7)
= (1− η)[−hT

k Bkhk − vT
k Bkhk − τkcT

k A+T
Ik

BT
k hk − gT

k A+(xk)ck]

+
1

2
sT

k Wksk + o(‖sk‖2)
(4.2)
=

(
η − 1

2

)
hT

k Bkhk + o(‖hk‖2)− (1− η)vT
k Bkhk − (1 − η)τkcT

k A+T
Ik

BT
k hk

− (1− η)gT
k A+(xk)ck +

1

2
hT

k Wkvk +
1

2
vT

k Wkvk + o(‖sk‖2)
(4.5)
=

(
η − 1

2

)
hT

k Bkhk + o(‖hk‖2) + O(‖vk‖‖hk‖)
+ O(‖vk‖2) + O(‖ck‖) + O(‖ck‖‖hk‖) + o(‖sk‖2)

≤
(
η − 1

2

)
hT

k Bkhk + o(‖hk‖2).
>M xk → x∗ p� hk → 0, ��f�'W&��p� Armijo .Y (2.30) ) α = 1 p._�GJ�QPl (L2) ) ηf < 1
2 .J4�pWm'� φρ(x) = f(x) + ρθ(x) )m'�W8f

qρ(xk, h, v) = f(xk) + gT
k h + gT

k v +
1

2
hT Bkh + vT Bkh + ρ‖AT

k h + AT
k v + ck‖ (4.7)
>G��e=�k
^9&W�V�i�pJ"0�'C�2�



3F :S��OR1��CyPjXt!��1C(U")P��l77	tn 495�} 4.3 Pl (L1)–(L5) 2��-E)!� U3 ⊆ U2 )9,� ρ, rTf��W
xk ∈ U3, �

φρ(xk)− φρ(xk + sk + ssoc
k ) ≥ 1 + γθ

2
(qρ(xk, 0, 0)− qρ(xk, hk, vk)) ≥ 0.( f9�9,� δ1,

qρ(xk, 0, 0)− qρ(xk, hk, vk)

(4.7)
= ρ‖ck‖ − gT

k hk − gT
k vk −

1

2
hT

k Bkhk − vT
k Bkhk − ρ‖AT

k hk + AT
k vk + ck‖

(3.8)
= ρ‖ck‖ − gT

k hk − gT
k vk −

1

2
hT

k Bkhk − vT
k Bkhk

(3.7)
= ρ‖ck‖+ hT

k Bkhk + vT
k Bkhk + τkcT

k A+T
Ik

BT
k hk + gT

k A+(xk)ck

− 1

2
hT

k Bkhk − vT
k Bkhk

=ρ‖ck‖ − λT
k+1ck +

1

2
hT

k Bkhk + τkcT
k A+T

Ik
BT

k hk

≥(ρ− ‖λk+1‖∞ − δ1)‖ck‖+
1

2
hT

k Bkhk, (4.8)4��Q� ‖hk‖ W�E�jk) Cauchy-Schwartz $Yu�N:b.W$Yu�t+
ρ ≥ ‖λk+1‖∞ + δ1, �T qρ(xk, 0, 0) − qρ(xk, hk, vk) ≥ 0, 4�;6�7)J\k�$Yu�n�&��T

φρ(xk)− φρ(xk + sk + ssoc
k )− 1 + γθ

2
(qρ(xk, 0, 0)− qρ(xk, hk, vk))

(4.8)
= f(xk) + ρθ(xk)− f(xk + sk + ssoc

k )− ρθ(xk + sk + ssoc
k )

− 1 + γθ

2

(
ρ‖ck‖ − λT

k+1ck +
1

2
hT

k Bkhk + τkcT
k A+T

Ik
BT

k hk

)

=− gT
k sk −

1

2
sT

k Wksk + o(‖sk‖2) +
1− γθ

2
ρ‖ck‖

− 1 + γθ

2

(
− λT

k+1ck +
1

2
hT

k Bkhk + τkcT
k A+T

Ik
BT

k hk

)

(4.2)
=

1− γθ

4
hT

k Bkhk + vT
k Bkhk +

1− γθ

2
τkcT

k A+T
Ik

BT
k hk +

γθ − 1

2
λT

k+1ck

− 1

2
hT

k Wkvk −
1

2
vT

k Wkvk +
1− γθ

2
ρ‖ck‖+ o(‖sk‖2) + o(‖hk‖2)

=
γθ − 1

2
λT

k+1ck +
1− γθ

4
hT

k Bkhk +
1− γθ

2
ρ‖ck‖

+ O(‖vk‖‖hk‖) + O(‖vk‖2) + o(‖sk‖2) + o(‖hk‖2)

=
γθ − 1

2
λT

k+1ck +
1− γθ

4
hT

k Bkhk +
1− γθ

2
ρ‖ck‖+ o(‖sk‖2) + o(‖hk‖2)

(4.5)

≥ 1− γθ

2
(ρ− ‖λk+1‖∞)‖ck‖+

1− γθ

4
hT

k Bkhk + o(‖hk‖2) + o(‖sk‖2)

≥1− γθ

2
(ρ− ‖λk+1‖∞)‖ck‖+ o(‖hk‖2).b.W$Yu�� γθ < 1 )Pl (L3) T:�b� ρ ≥ ‖λk+1‖∞, �<7)2��
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ρ1 = ρ > ‖λk+1‖∞,

ρ2 =
1 + γθ

1− γθ

ρ1 +
3γf

1− γθ

,

ρ3 = (1− γθ)ρ2 − γf .�} 4.4 Pl (L1)–(L5) 2��-E)!� U3 ⊆ U2 ),� ρ1, ρ2, ρ3 > 0, rTf��W xk ∈ U3, �
2γθρ2 < (1 + γθ)(ρ2 − ρ1)− 2γf ,

2ρ3 ≥ (1 + γθ)ρ1 + (1− γθ)ρ2,

ρi > ‖λk+1‖∞, i = 1, 2, 3.( � ρi (i = 1, 2, 3) Wb���T
(1 + γθ)(ρ2 − ρ1)− 2γf − 2γθρ2 = (1 − γθ)ρ2 − (1 + γθ)ρ1 − 2γf

=(1 + γθ)ρ1 + 3γf − (1 + γθ)ρ1 − 2γf = γf > 0.Bi� 2γθρ2 < (1 + γθ)(ρ2 − ρ1)− 2γf . B
(1 + γθ)ρ1 + (1− γθ)ρ2 − 2ρ3 =(1 + γθ)ρ1 + (1− γθ)ρ2 − 2(1− γθ)ρ2 + 2γf

=(1 + γθ)ρ1 − (1− γθ)ρ2 + 2γf

=(1 + γθ)ρ1 − (1 + γθ)ρ1 − 3γf + 2γf

=− γf < 0,<\k�$Yu2��R�Q ρ2 − ρ1 = 2γθρ1

1−γθ
ρ1 +

3γf

1−γθ
O ρ3 − ρ1 = γθρ1 + 2γf > 0. 
�� ρ2, ρ3 > ρ1. g+ ρ1 Wb��T ρi > ‖λk+1‖∞, i = 1, 2, 3.J44���y�� 4.3 W7��P�W$3)�k
^9&Wt+�
2K4W|G��G�Wk
^9& s̃soc

k Wb�����W s̃ soc
k Wt+�)J4�

s̃soc
k = ssoc

k , s̃soc
k = σkssoc

k + sk+1 + σk+1s
soc
k+1,

s̃soc
k = σkssoc

k + sk+1 + σk+1s
soc
k+1 + sk+2 + σk+2s

soc
k+2,

s̃soc
k = σkssoc

k + sk+1 + σk+1s
soc
k+1 + sk+2 + σk+2s

soc
k+2 + sk+3 + σk+3s

soc
k+3,GJ σk, σk+1, σk+2, σk+3 ∈ {0, 1}.�} 4.5 Pl (L1)–(L5) 2��-E)!� U3 ⊆ U2, f��W xk ∈ U3, D�

xl+1 = xl + sl + σls
soc
l , l ∈ {k, · · · , k + j}, j ∈ {−1, 0, 1, 2}, r�

φρi
(xk)− φρi

(xk + sk + s̃soc
k ) ≥ 1 + γθ

2
(qρi

(xk, 0)− qρi
(xk, sk)) ≥ 0,GJ i = 2, 3, s̃soc

k ye4�:Wt+JZ���



3F :S��OR1��CyPjXt!��1C(U")P��l77	tn 497� [4] Jb� 4.7 S3W;6GM)vp��;6J4Wb���)t(~�|GJ�}�N�W℄b�k} 4.1 Pl (L1)–(L5) 2��</�f8|GW k, �ST xk+1 = xk + sk =
xk+1 = xk + sk + ssoc

k guW9U&.�>�|Gt(~��(�o�_J4Wb�)���
> W∗ |W N (AT
∗
) 9b�E)9,� c, rTf��W c ≥ c, W c

∗
= W∗ + cA∗A

T
∗y9bW��' U : Rn × Rm × Rn×n → Rm. ℄!E)z�,� φ < 1, rTf
&)

(x∗, λ∗, W
c
∗
)W�!�N1JW1� (x, λ, B), λ+ = U(x, λ, B)._ ‖(W c

∗
)−1A∗(λ+−λ∗)‖ ≤

φ‖x− x∗‖, GJ φ ��� c, rÆ3Y^9 U y x- 0�W () W c
∗
). R�Q` U y x- 0�W�</E)z�,� φ, rT ‖A∗(λ+ − λ∗)‖ ≤ φ‖x− x∗‖, GJ φ ��� c.�Ja���� Fontecilla ) [2] J�:��} 4.6 l F : Rn → Rn )
& x∗ W�6B D ⊂ Rn �y�s�;W�Pl F ′) D ey Lipschitz �sW�iO [F

′

(x∗)]
−1 E)�</E),� ε > 0, ρ > 0, rTf��W u, v ∈ D, max {‖v − x∗‖, ‖u− x∗‖} ≤ ε, 1

ρ
‖v − u‖ ≤ ‖F (v)− F (u)‖ ≤ ρ‖v − u‖.�} 4.7 Pl (L1)–(L2) 2��</E)9,� C1, C2, ) ε > 0, rTfZ�W

λ ∈ Rm ) σ(x, x+) ≤ ε, �
‖∇xl(x+, λ) −∇xl(x, λ)−W∗(x+ − x)‖ ≤ [C1σ(x, x+) + C2‖λ− λ∗‖]‖x+ − x‖.�} 4.8 Pl (L1)–(L4) 2��O {xk} � [2] Jk&�p+m�-r� {xk} k&0Rk~�Q x∗.k} 4.2 Pl (L1)–(L5) 2��-��p II +mWr� {xk} k&0Rk~�Q

x∗, D
lim

k→∞

‖xk+1 − x∗‖
‖xk−1 − x∗‖

= 0.( 
2b� 4.1,f8|GW k,�p IIST xk+1 = xk +sk = xk+1 = xk +sk +s soc
kguW9U&.�)ST xk+1 = xk + sk guW9U&.WP�J���� 4.8 �Tg,�J4�'9U&.> xk+1 = xk + sk + s soc

k guWP��� (3.3) �<�
Bkdk = Bksk + Bkssoc

k = −∇xl(xk, λN
k+1) + τkBk(A+

Bk
−A+

Ik
)ck −BkA+(xk)c(xk + sk),GJ� dk = sk + ssoc

k . � Pk 34�v5�iO
> PkBkA+
Bk

= 0, �T
PkBkdk =− Pk∇xl(xk, λN

k+1) + PkτkBk(A+
Bk
−A+

Ik
)ck − PkBkA+(xk)c(xk + sk)

=− Pk∇xl(xk, λ∗)− τkPkBkA+
Ik

ck − PkBkA+(xk)c(xk + sk).��3pNe −P∗∇xl(xk+1, λ∗)−A∗ck+1, 6��T
−P∗∇xl(xk+1, λ∗)−A∗ck+1 =− P∗[∇xl(xk+1, λ∗)−∇xl(xk, λ∗)−W∗dk]

+ (Pk − P∗)[∇xl(xk, λ∗)−∇xl(x∗, λ∗)] + (Pk − P∗)W∗dk
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+ Pk(Bk −W∗)dk + τkPkBkA+

Ik
ck

+ PkBkA+(xk)c(xk + sk)−A∗ck+1. (4.9)J4�� Ki (i = 1, 2, · · ·) �v9,����� 4.1–4.2, �
‖ssoc

k ‖ = O(‖sk‖2), (4.10)

‖ck+1‖ = ‖c(xk + sk + ssoc
k )‖ = o(‖sk‖2), (4.11)

‖ck‖ = o(‖sk−1‖2), (4.12)

‖c(xk + sk)‖ = O(‖sk‖2), (4.13)

‖vk‖ = O(‖ck‖) = o(‖sk−1‖2). (4.14)
> dk = sk + ssoc
k = hk + vk + ssoc

k , ��
‖Pk(Bk −W∗)dk‖
≤‖Pk(Bk −W∗)hk‖+ ‖Pk(Bk −W∗)vk‖+ ‖Pk(Bk −W∗)s

soc
k ‖

(4.10),(4.14)
= ‖Pk(Bk −W∗)hk‖+ o(‖sk−1‖2) + O(‖sk‖2), (4.15)"O ‖dk‖ = ‖sk + O(‖sk‖2)‖. 
��

‖sk‖ −O(‖sk‖2) ≤ ‖dk‖ ≤ ‖sk‖+ O(‖sk‖2),
∣∣∣
‖dk‖
‖sk‖

− 1
∣∣∣ = o(‖sk‖).Bi

‖dk‖ = O(‖sk‖). (4.16)��� 4.7, �T
‖∇xl(xk+1, λ∗)−∇xl(xk, λ∗)−W∗dk‖ ≤ K1ε‖dk‖ = o(‖dk‖) = o(‖sk‖). (4.17)�'9\5� Pk. f�� x∗ !�?W xk, � ‖Pk − P∗‖ ≤ K2‖xk − x∗‖. �� f(x) )

c(x) y Lipschitz �s�;W��T
∥∥(Pk − P∗)[∇xl(xk, λ∗)−∇xl(x∗, λ∗)]

∥∥ ≤ K3‖xk − x∗‖2 (4.18))
‖(Pk − P∗)W∗dk‖ ≤ K4‖xk − x∗‖‖dk‖ = K5‖xk − x∗‖‖sk‖. (4.19)b��Y Hc : Hc(x) = P∗∇xl(x, λ∗) + cA∗c(x), ��;6 Hc(x∗) = 0 O H

′

c(x) yzH	W [7]. ) (4.9) JSs���a℄$Yu�'��� 4.7 �� Hc, �T
1

ρ
‖xk+1 − x∗‖ ≤K1ε‖dk‖+ K3‖xk − x∗‖2 + K5‖xk − x∗‖‖sk‖

+ ‖Pk(Bk −W∗)dk‖+ K6‖ck‖+ K7‖ck+1‖+ K8‖ck + sk‖
=K3‖xk − x∗‖2 + K5‖xk − x∗‖‖sk‖+ ‖Pk(Bk −W∗)hk‖

+ o(‖sk‖) + o(‖sk−1‖2) + o(‖sk‖2) + O(‖sk‖2). (4.20)
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‖xk+1 − x∗‖ = ‖dk + xk − x∗‖ ≤ O(‖sk‖) + ‖xk − x∗‖ ≤ K9‖xk − x∗‖. (4.21)�
‖sk‖

(2.7)
= ‖hk + vk‖

(2.2)−(2.4)
= ‖ − PBk

B−1
k ∇xl(xk, λk+1)−A(xk)+ck‖

=
∥∥PBk

B−1
k [∇xl(xk, λk+1)−∇xl(x∗, λk+1)]

+ PBk
B−1

k [∇xl(x∗, λk+1)−∇xl(x∗, λ∗)] + A(xk)+(ck − c∗)
∥∥)3Y^9y x- 0�Wwq� (4.21) �CPl (L1), �T

‖sk‖ ≤ K10‖xk − x∗‖, (4.22)

‖sk−1‖ ≤ K10‖xk−1 − x∗‖. (4.23)
> sk = hk + vk = hk −A+(xk)ck. � Pk 34�v5��� AT
k hk = 0, Bi

Pksk = Pkhk = [I −Ak(AT
k Ak)−1AT

k ] = hk. (4.24)� PBk
34�v5��3�Wg!����=3 Pksk = hk =3 PBk

sk = hk, f4�MP��
�
‖hk‖ ≤ ‖sk‖

(4.22)

≤ K10‖xk − x∗‖. (4.25)� ‖xk−1 − x∗‖ ; (4.20), O� (4.22), (4.23) ) (4.25), �T
‖xk+1 − x∗‖
‖xk−1 − x∗‖

≤K11
‖Pk(Bk −W∗)hk‖

‖hk‖
+ K12

‖xk − x∗‖2
‖xk−1 − x∗‖

+ K13
‖xk − x∗‖‖sk‖

‖sk‖

+
o(‖sk‖)
‖sk‖

+
o(‖sk‖2)
‖sk‖

+
o(‖sk−1‖2)
‖sk−1‖

+
O(‖sk‖2)
‖sk‖

=K11
‖Pk(Bk −W∗)hk‖

‖hk‖
+ K14‖xk − x∗‖

+
o(‖sk‖)
‖sk‖

+
o(‖sk‖2)
‖sk‖

+
o(‖sk−1‖2)
‖sk−1‖

. (4.26)f (4.26) ��3pSAO�� (4.1) ) xk → x∗, �<7)2��J4b��6�)�LW.YJ��p ALG2, 4, 5 y�t(�& Q- 0Rk~��(�k} 4.3 Pl (L1)–(L3) 2��O {xk} � ALG2, ALG4 �C ALG5 JW��+m�℄!
lim

k→∞

‖Pk(Bk −W∗)sk‖
‖sk‖

= 0, (4.27)</ {xk}Q- 0Rk~�Q x∗, D
lim

k→∞

‖xk+1 − x∗‖
‖xk − x∗‖

= 0.
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 � � u u � 35{( �b� 4.1,f8|GW k,�p IIST xk+1 = xk +sk = xk+1 = xk +sk +s soc
k guW9U&.��K�'9U&.> xk+1 = xk +sk +s soc

k guWP��M {xk}� ALG2,

ALG4 �C ALG5 JW��+mp�� (3.3) � Bksk = −∇xl(xk, λN
k+1). � Pk 3�4�Yu����T PkBksk = −Pk∇xl(xk, λN

k+1) = −Pk∇xl(xk, λ∗). � −P∗∇xl(xk+1, λ∗) −
A∗ck+1 NQYu��"6��T

− P∗∇xl(xk+1, λ∗)−A∗ck+1

=− P∗[∇xl(xk+1, λ∗)−∇xl(xk, λ∗)−W∗(sk + ssoc
k )]

+ (Pk − P∗)[∇xl(xk, λ∗)−∇xl(x∗, λ∗)]

+ Pk(Bk −W∗)sk + (Pk − P∗)W∗sk − P∗W∗s
soc
k −A∗ck+1. (4.28))J4W7N$5J�� Ci (i = 3, 4, · · ·) �v9,��� (4.20)Wvp�f (4.28) Ss��T

‖xk+1 − x∗‖ ≤C3ε‖sk + ssoc
k ‖+ C4‖xk − x∗‖2 + ‖Pk(Bk −W∗)sk‖

+ C5‖xk − x∗‖‖sk‖+ C6‖ssoc
k ‖+ C7‖ck+1‖

≤C4‖xk − x∗‖2 + ‖Pk(Bk −W∗)sk‖
+ C5‖xk − x∗‖‖sk‖+ o(‖sk‖) + o(‖sk‖2), (4.29)GJ�Q (4.3), (4.4). � ‖xk − x∗‖ ; (4.29) �T

‖xk+1 − x∗‖
‖xk − x∗‖

(4.22)

≤ C8
‖Pk(Bk −W∗)sk‖

‖sk‖
+ C9‖xk − x∗‖+

o(‖sk‖)
‖sk‖

+
o(‖sk‖2)
‖sk‖

. (4.30)f (4.30) ��3pSAO�� (4.27) ) xk → x∗, �< {xk}Q- 0Rk~�Q x∗.M s soc
k = 0 p�ry xk+1 = xk + sk WP���; {xk}Q- 0Rk~�Q x∗." 3 ;K5$�;6)S3.YJ ALG1,3,6 �y��& Q- 0Rk~��(��';60Rk~��(W�W�& (4.9) W���uJ�& ‖ck‖ WX�) ALG2,4,5 J

τk = 0, Bi (4.9) u�[T ‖ck‖ X�i ALG1,3,6 J τk 6= 0, � (4.9) J℄&� ‖ck‖ X��� ‖ck‖ = o(‖sk−1‖2), 4a�pW�& Q- 0Rk~��(>�TQ;6�
5 ��yuf�p II ni�9&W�Aq~)�_���W5r
� Matlab 7.0 �
�)
PentiumIV H��e%i��BJ,�WSAP�> τ1 = τ2 = 0.5, ηf = 0.35, γθ =

γf = 0.5, sθ = 1.5, sf = 3.2, B0 SK?5�JC.Y> ‖wk‖ + ‖ck‖1 ≤ 10−6. *{)S[ [8] J Example 1–Example 4.� 5.1�_�n9W&M�p�����)W%ig!�GJ Nt, Na, Nfg ) f∗ |��v`JA��$+B
1A�� f ) g WH�A���C;�'�) x∗ WA��
5.1 �6�':W&��p
y�`W�
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Algorithm

Example 1 Example 2

Nt Na Nfg f∗ Nt Na Nfg f∗

ALG1 6 4 13 0.015172 15 13 36 3.4774e-012

ALG2 6 4 13 0.015172 18 4 51 1.6411e-025

ALG3 19 15 33 0.015172 15 8 36 3.4774e-012

ALG4 12 9 26 0.015172 18 14 51 1.6411e-025

ALG5 12 9 26 0.015172 18 14 51 1.6411e-025

ALG6 7 5 14 0.015172 13 18 31 9.3551e-013

Algorithm
Example 3 Example 4

Nt Na Nfg f∗ Nt Na Nfg f∗

ALG1 17 15 84 0.05395 31 26 114 0.029311

ALG2 11 11 24 0.05395 31 23 141 0.029311

ALG3 17 14 84 0.05395 32 26 122 0.029311

ALG4 11 11 24 0.05395 33 22 118 0.029311

ALG5 16 15 52 0.05395 31 23 141 0.029311

ALG6 57 53 355 0.05395 26 23 86 0.029311��pDJ ALG3 H��)JW Example 2 (9s^ x0 = [1.65,−0.8165]T , b�^
x∗ = [

√
2, 0]T ), �T� 5.2 JW�Ag!��wLv���py�6LWk& Q- 0Rk~��(� d 5.2 �o ALG3 V
�f 

Nt ‖xk − x∗‖ fk Nt ‖xk − x∗‖ fk Nt ‖xk − x∗‖ fk

1 8.011e-001 5.215e-001 6 8139e-004 3.006e-008 11 5.878e-005 4.88e-009

2 1.668e-001 1.59e-002 7 1.452e-004 2.98e-008 12 1.792e-005 4.543e-010

3 1.034e-001 1.515e-002 8 5.326e-004 4.011e-007 13 2.578e-005 9.404e-010

4 4.742e-002 3.181e-003 9 6.393e-005 5.780e-009 14 1.925e-006 5.242e-012

5 4.743e-002 3.179e-003 10 7.869e-005 8.758e-009 15 1.568e-006 3.477e-012f { Æ �
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Abstract This paper proposes a new class of line search filter improved secant methods for

general nonlinear equality constrained optimization. The feature of these new algorithms

is that one of the improved secant algorithms is used to produce a search direction, a

backtracking line search procedure to generate step size, some filtered rules to determine

step acceptance, second order correction technique to reduce infeasibility and overcome the

Maratos effects. Under mild assumptions the global convergence is established. Moreover,

it is also established that the Maratos effect are overcome in our new approaches by adding

second order correction steps so that two-step Q-superlinear convergence to second order

sufficient local solution is achieved. The results of numerical experiments are reported to

show the effectiveness of these proposed algorithms.

Key words constrained optimization; filter method; secant algorithm; Maratos effect;

second order correction
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