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min
X∈Vn,p

F (X), (1.1)+
� F : Vn,p → R1 S�!
�3 F ∈ C1; Vn,p  Q Stiefel �0�;	
Vn,p = {Xn×p|X

T X = Ip, n ≥ p}. (1.2)�/	��[����=sV$kvw�Stiefel �0FV��5Y/�~VA℄K7R�J��6�� 1998 " Edelman W;|=� Stiefel �0Flw�PV>'sE�^
� Stiefel �0FlwI�V5>�#m�sE�I�� Stiefel �0FV Newtonw$� ziw�M Stiefel �0FV Newton wsE�lV��!
 Hessian `y�l5�g
�lw��l5�9GNX�lwVZ�hi [8]. �*�=s�VA℄�E�:6T
\$�Vx
��!
V Stiefel �0FV��5Y/�~� 2006"yVCW;��� Stiefel �0FVrC�,�~TVx5�(VTVx5Tg Steifel �0FrC�&�~ [9]. 2008 " Yoo W;|=�|O��`y�T|w�Tg�I\|Oh_V�'r7�.�~ [6]. 2009 " Dodig W;L Stiefel �0FVrC�,�~�/	Æ|
�,�~�(V Matlab VÆ|
�,�
 AL6T [10].�
|=� Stiefel �0Fzi�Nw�z�F}��lw8_Z�5�
�VZ�5���*
�
b�TR_{l���$$�lwl���~v �lwS\)V�3
\QqVZ�hi�
2 StiefelIeM(W-a>1
2.1 <!Y/
�3l^�h_Y/�~�B
��!
 F (X) ∈ C1, zi�Nw5�d"S	DN/℄ Xk =s�7 F (X) m Xk ?�NV|&�	er|&�zi�Nw�l'� [11]:%u 1 �
:O℄ Xk, ��o�0
 ε > 0 $'3*
 t, � k = 0;%u 2 �l ∇F (Xk), � ‖∇F (Xk)‖ ≤ ε, ��aK�[= Xk, �oX2�J'�%u 3 7 pk = −∇F (Xk), Xk+1 = Xk + tpk, k = k + 1, �'� 2.

2.2 Y/
�38B;ol^ Stiefel �0FV��5Y/�~�zi�Nw#$��}�CaKN X ��
Stiefel �05��lzi�NwV
X�J^S�}�CaKN X �� Stiefel �05��	���F℄�J� X Rm Stiefel �0V,Y�FALaK�E"6R Stiefel �0F X ?V,Y���86m Stiefel �0F F (X) m X ?V2&� ∇̃F , 	��^6R ∇̃F , 
z 2.1 �=�%UnFV F (X) m X ?Vzi ∇F b ∇̃F V���,E 2.1[8] I F (X) S Stiefel �0FV�+!
�3 F (X) ∈ C1, X ∈ Vn,p S
Stiefel �0FV℄�∇F =

(
∂F

∂xij

) 	m%UnFV F (X)m X ?Vzi� ∇̃F m Stiefel
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∇̃F = ∇F − X(∇F )T X. (2.1)m Stiefel �0Fm X ?B� H = −∇̃F V,Y�|8	 X(t) = expX(tH), 	�IG�l�� [8] �=J
H��l|w�,E 2.2[8] I X $ H h	 n × p `y��� XT X = Ip $ A = XT H 	xl4`y�om Stiefel �0Fm X ?B� H = −∇̃F V,Y�|8	
X(t) = XM(t) + QN(t), (2.2)+
 (

M(t)

N(t)

)
= exp t

(
A −RT

R 0

) (
Ip

0

)
, (2.3)+
 Qn×p $ Rp×p 	 (I − XXT )H V QR �TsR`y�mzi�Nw
'3*
 t 97llwZ�hi,Qg
5�V�*
 t �G�m9hi|��MO�Z�$Q�YT�*
 t �'�O�Z�hi���O��lzi�NwV
X�rS*
 t V�TR_{�LD ��TR_{*
�\)AqlwVZ��maK�8
�TR_{*
V�o>�	

(1) � F (Xk) > F (Xk+1), o tk+1 = αtk, α > 1, > α = 1.01;

(2) � F (Xk) < F (Xk+1), o tk = αtk, α < 1, > α = 0.1.

2.3 Stiefel KgO*Y/
�3
Stiefel �0FVzi�Nw (Gradient Descent on the Stiefel Manifold, GDSM) �l'�	%u 1 �
:O℄ X0, ��o�0
 ε > 0 $'3*
:� t0, � k = 0;%u 2 �l ∇̃F = ∇F −X(∇F )T X , � ‖∇̃F (Xk)‖2 ≤ ε, ��aK�[= Xk, �oX2�J'�%u 3 m Xk ?B� H = −tk∇̃F VaK�P	

Xk+1 = XkM + QN,+
 M $ N Z�P6R
(

M

N

)
= exp

(
A −RT

R 0

) (
Ip

0

)
,+
FP Qn×p $ Rp×p 	 (I − XXT )H V QR �TsR`y�%u 4 � F (Xk) > F (Xk+1), o k = k + 1, tk+1 = αtk, α > 1, �'� 2. �o�

F (Xk) < F (Xk+1), o tk = αtk, α < 1, �'� 3.



722 P T ` : : � 35e
3 U1(QGh6_Z^ Stiefel �0S0?m%UnF
V���0�%UnFVJ*5�$
z�9TV^ Stiefel �0 [12]. Stiefel �0Fm X ?|oi�	 [8]:

gc(A, A) = tr
(
AT

(
I −

1

2
XXT

)
A

)
. (3.1)�R Xk, Xk+1 ℄V,Y�	 X(t), +
 X(0) = Xk, X(1) = Xk+1; m GDSM lw
aKV2&�|&	 −∇̃F .,E 3.1 I F : Vn,p → R1 S
Nm Stiefel �0FV1�!
�3 F ∈ C1, l

GDSM lw�����J6}	
(1) :O℄ X0 ∈ D;

(2) S = {X ∈ Vn,p|F (X) < F (X0)} Si�: D VJ��:�
(3) Em L ∈ R, NR F (X) ≥ L, ∀X ∈ S;

(4) Em0
 b > 0, NR HessF Vxz��� λj(X) ≤ b, j = 1, 2, · · · , n, ∀X ∈ S;

(5) Em tk > 0, NR F (Xk+1) − F (Xk) ≤ 0.o\	
(1) {F (Xk)} SZ�V�
(2) lim

k→∞

(
‖∇̃F (Xk)‖2

F

)
= 0;

(3) {Xk} VZ�℄ X∗ S F (X) V�'�℄�� (1) k-[ k CaKVS��I�R Xk, Xk+1 ℄V,Y�	 X(t), X(0) =

Xk, X(tk) = Xk+1. Z Taylor �P [12], \
F (Xk) − F (Xk+1) ≈− tkgc(∇̃F (X(0)),−∇̃F (X(0)))

−
1

2
t2kHessF (−∇̃F (X(s0)),−∇̃F (X(s0))), s0 ∈ [0, 1],+


∇̃F = ∇F − X(∇F )T X ;

HessF (△,△) = −tr ((∇F )T (△△T X + X△T (I − XXT )△)) + ∇2F (△,△);3 ∇2F =
(

∂2F
∂xij∂xkl

)
[8].Z�J (4) $,Y�5�~ ‖ − ∇̃F (X(s0))‖F = ‖ − ∇̃F (X(0))‖F , O�

F (Xk) − F (Xk+1) ≥ −tkgc(∇̃F (X(0)),−∇̃F (X(0))) −
t2k
2

b‖ − ∇̃F (X(0))‖2
F . (3.2)m Stiefel �0F\

gc(∇̃F,−∇̃F ) = −‖ − ∇̃F‖F ‖∇F‖F , (3.3)+
 ‖ · ‖F 	`yV Frobenias y
�
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F (Xk) − F (Xk+1) ≥ tk‖∇̃F (Xk)‖2

F −
t2k
2

b‖∇̃F (Xk)‖2
F =

(
tk −

t2k
2

b
)
‖∇̃F (Xk)‖2

F . (3.4)Z�J (5) ~ {F (Xk)} SL_\IV�Z�J (3) ~ {F (Xk)} \U�� {F (Xk)} SZ�V�
(2) l (3.4) P��79�R

lim
k→∞

(
‖∇̃F (Xk)‖2

F

)
= 0. (3.5)

(3) Z^ {Xk} VZ�℄ X∗, o X∗ 	 F (X) V�℄�;�� ‖∇̃F (X∗)‖2
F = 0, �

‖∇̃F (X∗)‖2
F 6= 0, o lim

k→∞

(
‖∇̃F (Xk)‖2

F

)
= ‖∇̃F (X∗)‖2

F 6= 0 b (3.5) P�n�Z F (X) S1�!
~�m<M℄? HessF S|
V�� {Xk} VZ�℄ X∗ S
F (X) V�'�℄�
4 Ss4qUF�
V 3 �l|0\h		 CPU 	 Q9400@2.66GHz,�E	 4G, +���	 Win-

dows XP, �80\	 Matlab 7.0.

4.1 RHi7`k-L�Y/�~	
min

X∈Vn,p

1

2
‖AX − B‖2

F , (4.1)+
 An×n, Bn×p K~��~ (4.1)  ℄		
F (X) =

1

2

[
tr (XT AT AX) − 2tr (BT AX) + tr (BT B)

]
.O��m%UnFV F (X) m X ?Vzi		

∇F = AT AX − AT B. (4.2)m Stiefel �0F F (X) m X ?V2&�		
∇̃F = (AT AX − AT B) − X(AT AX − AT B)T X. (4.3)7 n = 5, p = 3, A 	m [0, 1] o7/J 5 × 5 `y�p B = AI5,3, O���~V�YT	 X = I5,3, '3*
:O� t0 = 0.1, s(VVZ�5(C��	 ‖X − I5,3‖F . wl�~ (4.1), GDSM VZ�5��>� 1 sQ�
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℄ 1 juTX�4D� 1 m~� GDSM lwZ�Q�YT�3Z�hiQq�
4.2 &T9,nwPm+r0"7`wl�~ (4.1), k-m GDSM lw
'3*
�
 (Fixed Parameters, GDSM-FP)b�TR_{ (Adaptive Adjustment Parameters, GDSM-AAP) �
4t��llwVZ�hiS#Vl���> 1 sQ�D 1 mLj= GDSM-FP lwo�*
 t0 97V$��aKC
$��*
 t097$.N9GS#lwVZ�hi�GDSM-AAP lwo�*
 t0 97V$��aKC
.!$��� �m GDSM-AAP 
�*
 t0 :�V97lZ�hiVS#$G�f�)qZ�Q�YT�# 1 GDSM-FP ` GDSM-AAP X�gh��%1)b t0 9�`JBb 0.15 0.10 0.01 0.001

GDSM-FP 759 1143 11518 115301

GDSM-AAP 1171 1079 1223 1448

4.3 $[V30"i7`wl�~ (4.1), k- Stiefel �0FVzi�Nw (GDSM), Stiefel �0FV#mw
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[8] (Newton on the Stiefel Manifold, NSM) $ Stiefel �0FV� ziw [8] (Conjugate

Gradient on the Stiefel Manifold, CGSM), o��~��VpG��Q GDSM, NSM $
CGSM Vk2hi�>� 2 sQ�
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℄ 2 GDSM, NSM # CGSM gh�P��D� 2 mLj=�o��~��VpG�p (; An×p, p = (n+1)/2)�pG�GDSM�l^ NSM $ CGSM Z�hi�/�Q'1� NSM o��~��VpG� NSM $
CGSM Z�hi�eOm^ NSM 7E�l Hessian `y�p CGSM 7EÆ+(6aK|&�p GDSM �7�l ∇̃F ;m�O��GDSM � NSM $ CGSM 
\QqVZ�hi�
5 AL5^ Steifel�0FlwV>'sE��
|=�J
 Stiefel�0FVzi�Nw��=�lwZ�5
z�B�
�~vl| �lwS\)V�3
\QqVZ�hi�
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Abstract This paper presents gradient descent on the Stiefel manifolds based on algorith-

mic geometrical framework on the Stiefel manifolds. Theoretically, convergence theorem of

this algorithm is given. Three numerical simulations are shown to verify the efficiency of

the proposed algorithm, and to have faster convergence rate compared with other methods.
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