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1 +��p`�Y{-|X7t�<Z\jÆv7^}5T*r�jxt2,xHRBH�	
dF (t, xt) = AF (t, xt) dt+ f(t, xt) dt+ σ(t, xt) dw(t), t ∈ J := [0, T ], (1.1)

△x(tk) = Ik(xtk
), k = 1, 2, · · · ,m, (1.2)

x0 = φ ∈ B. (1.3)NfeW x(·)  T9"�=℄xxj"Z^8 H , ��,�pOx k (·, ·) � ‖ · ‖.�o 2009 � 12 C 7 ,GL�2012 � 6 C 15 ,GL�~��
∗ �5j&\�'K (10901003), 
$9E:��'K (1108085J08), �<'\�3J�Q^Y�� (211077)%/
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A : D(A) ⊂ H → H E"�Ri��^); D(A) H H \kv7�R�f9 t ≥ 0 �<Z�O xt : (−∞, 0] → H, r�7 xt(θ) = x(t+ θ), � T9�^8 B(�9}^8R�{J3H�pW 2 D). 75 K Eu"�℄xxj"Z^8���,�pOx k (·, ·)K �
‖·‖K. {w(t) : t ≥ 0}k T9 K RX7
t,Ri QR%aE`�(Ω,F , P, {Ft}t≥0)kg�Ew�y^8��\ {Ft}t≥0 k5%aE` {w(t) : t ≥ 0}V80Rk' σ-FOw�75 F (t, φ) = φ(0)−g(t, φ). g : J×B → H , f : J×B → H &0 σ : J×B → LQ(K,H)k0�℄+14��\ LQ(K,H)�B� K M H R7I��Rimn0RX7 Q-Hilbert-

Schmidt pOR Banach ^8�8�T φ = {φ(t) : −∞ < t ≤ 0} E"�aj9%aE`
w R�X77�lCU� F0- F/R B- TT*�2� Ik : B → H, k = 1, 2, · · · ,m k~l"^^;R�O�?f�5 0 = t0 < t1 < · · · < tm < tm+1 = T k"	=}�^RZ�
∆ξ(t) �B�O ξ H t <R_������Ak ∆ξ(t) = ξ(t+) − ξ(t−).59Hk��[�
2�8v#�&08W�Tt;\R_�/4�\jÆ}5mKt2PMq�h�RMR-D�!��9Nt�R
q℄: [1–5]. 2K
q\mKt2\RRi A E"��R�7^R��Ri�'i�Ir�[x [0, 1] 2X7 Dirichlet�I^;R)t2<� C([0, 1],R) 2Ri A = ∂2

∂x2 R^);
D(A) =

{
ψ ∈ C2([0, 1],R) : ψ(0) = ψ(1) = 0

}H2$IpO()|H C([0, 1],R) \kv7�R�(9?�"	�M�RqX7v7^RiRmKt2&r�Æjx���Nt�Rzr
q℄&*D [6–9] T�$^�RzbhhEe�"R�Æ�<-%IMI7R�(�?<�r�S7���RT*zb�qk$^�mKt2Re��T*mKt2R�RIMqA`AhR�
�Nt�R
qMK�: [10] 0}pRDo*[p��Z U�N` BenchohraT
[11] �;q"
X77�<ZvT(8�^;R���v7^T*mKt2,xHRBH��IM2K
qR�m��p`��RX7�A (1.1)–(1.3)Rt�<Z\jÆv7^}5T*r�jxt2,xHRBH��`� Sadovskii $`Z?eT
X�r�PMq�,xHR"	BH�RF��qk/4��;q"
lCt�<Z\jÆv7^}5T*Æjxt2,xHRBH��pL�xk 3 D�W 2 D�;"	=�Q>�W 3 D�;�pR`�F{�o�"D�;/4R"�hi�
2 2r5�H�D\�r�9�U�;"	=�Q>��{�K℄&*[ [12] &0 [13].5 (Ω,F , P, {Ft}t≥0)kg�Ew�y^8��\ {Ft}t≥0k5%aE` {w(t) : t ≥ 0}V80Rk' σ-FOw��\ {w(t) : t ≥ 0}E"� K-Ta%aE`��
t,Rik
Q ≥ 0. 5 {ei}∞i=1kK R�fO?(�4 Tr(Q) =

∞∑
i=1

λi = λ <∞,J7Qei = λiei.Mi7
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w(t) =
∞∑

i=1

√
λiwi(t)ei,�\ {wi(t)}∞i=1 k"r�!ajR"l%aE`�5 ψ ∈ L(K,H),^)

‖ψ‖2
Q = Tr(ψQψ∗) =

∞∑

n=1

∥∥√
λnψen

∥∥2
.-� ‖ψ‖Q <∞, J/ ψ k Q-Hilbert-SchmidtRi�& LQ(K,H)�B Q-Hilbert-SchmidtRi ψ : K → H R#℄V
0R.��JH5pO ‖ · ‖Q (�\ ‖ψ‖2

Q = (ψ, ψ)) 8Je�|qk L(K,H) Ri^8 LQ(K,H) Rg�"E"�xj"Z^8�|p\�& L2(Ω,F , P ;H) ≡ L2(Ω, H) �B�℄+� H TR�t℄,T*�oR#℄V
0R.��HpO ‖x(·)‖L2
=

(
E‖x(ω)‖2

)1/2 |� L2(Ω, H) E" Banach ^8�& C
(
J, L2(Ω, H)

) �B5 J M L2(Ω, H) Rl�14 {x(t) : t ∈ J} V
0R~l^; sup
t∈J

E‖x(t)‖2 < ∞ R Banach ^8��"�-4i_�Ri^8k L0
2(Ω, H) = {f ∈

L2(Ω, H) : f E F0- ℄+R}.r�/�O u : [ν, τ ] → H H�8 [ν, τ ] 2k�f"Rxdl��O-� u H (ν, τ ]2Exdl��pl�R�& PC([ν, τ ];H) �B5 [ν, τ ] M H R�f"l�� Ft- F/℄+�2#℄V
0R.��Z U� PC �B5 Ft- F/℄+� H TT*�2 {u(t) : t ∈ [0, T ]} R#℄V
0R.���\f9 k = 1, · · · ,m, u H t 6= tk >El�R� u(t+k ) BH� u(t−k ) = u(tk).f^8 PC {&pO ‖u‖PC =
(
sup
s∈J

E‖u(s)‖2
)1/2

, J (PC, ‖ · ‖PC) 
0k"� Banach ^8�k9G�:�4 t0 = 0, tm+1 = T . f9 u ∈ PC, k = 0, 1, · · · ,m, 4 ũk ∈
C

(
[tk, tk+1];L2(Ω, H)

)
:

ũk(t) =

{
u(t), t ∈ (tk, tk+1],

u(t+k ), t = tk.
(2.1)?f�f9 B ⊆ PC, k = 0, 1, · · · ,m, 4 B̃k = {ũk : x ∈ B}..� 2.1 .� B ⊆ PCH PC\k�fLR3�^;E B̃k H C

(
[tk, tk+1];L2(Ω, H)

)
,

k = 0, 1, · · · ,m \k�fLR�Ht�<ZzbR�R\��^8R� Ev-_�R��p\�r�`�)4RE5 Hale, Kato[14] ,.R B ^8�k<j B ^8R�e"℄z�p\r�)4(9
[13] \Rtn�f95 (−∞, 0] M H R F0- ℄+�O
0R�^8 B {&�pO ‖ · ‖B~l-|R�e	�� 2.2 (A1) 5 x : (−∞, T ] → H, T > 0 ~l x0 ∈ B &0 x|[0,T ] ∈ PC([0, T ], H),Jf9 t ∈ [0, T ], |rF{0j

(1) xt ∈ B;

(2) ‖x(t)‖ ≤ L‖xt‖B;

(3) ‖xt‖B ≤ K(t) sup
0≤s≤t

‖x(s)‖ +N(t)‖x0‖B,



706 - 2 L � � � 35Y�\ L > 0 k-O� K,N : [0,+∞) → [1,+∞), K El�R� N ET(7IR�!�
L,K,N : x(·) EajR�

(A2) B Eg�R�H�p\�r�=4M|�R(92K�eR,e�.� 2.3 5 x : (−∞, T ] → H k" F t- F/℄+RT*�2!�~l F0- F/RT*�o x0 = ϕ ∈ L0
2(Ω,B) &0 x|J ∈ PC(J,H), J7

‖xs‖B ≤ NTE‖ϕ‖B +KT sup
0≤s≤T

E‖x(s)|,�\ NT = sup
t∈J

{N(t)}, KT = sup
t∈J

{K(t)}.< 2.4 H$�}5Rt�<Zjxt2R�R\��^8 B R�e"\#7�9�N t→ xt Rl��R���*D [13]. HE59}5*PRBH�N^�XHt�<Z}5zbR�R\$F~l�*?�N^��H B R�e"\�"\�HN!$0�Mq\RHZ�H$^�t�<Z}5zbR�R\$�DoU/4�*D [15].p\�r�=4M&|^)�,e�~- 2.5[16] 5 H E" Banach ^8� (S(t))t≥0 k H 2R7I��Ri�-�~l	
(1) S(0) = 0;

(2) t→ S(t) E�l�R�
(3) f9+(R s, t ≥ 0, 7 S(s)S(t) =

∫ s

0 (S(t+ r) − S(r)) dr,J/ (S(t))t≥0 k℄,�%�~- 2.6[16] -�BH-O M ≥ 0 &0 β ∈ R ?Pf9+(R t ≥ 0 7
‖S(t)‖2 ≤Meβt,J/℄,�% (S(t))t≥0 kUO7IR�~- 2.7[16] -�BH η ∈ R ?P (η,+∞) ⊂ ρ(A) (A R=H.) &0"��l�RUO7IR��Rim (S(t))t≥0 ~l

S(0) = 0, (λI −A)−1 = λ

∫ ∞

0

e−λtS(t) dt, f9 λ > η,J/ A k5℄,�%V80RRi�~- 2.8[17] -�BH-O M ≥ 0 &0 η ∈ R ?P (η,+∞) ⊂ ρ(A) &0
sup

{
(λ− η)n|(λI −A)−n| : n ∈ N, λ > η

}
≤

√
M,J/��Ri A ~l Hille-Yosida ^;�< 2.9 5 Bλ = λR(λ,A) = λ(λI − A)−1, Jf+(R x ∈ D(A), I λ → ∞ <7

Bλx→ x &0
lim

λ→∞
|Bλx| ≤

√
M |x|, �\ |Bλ| = |λ(λI −A)−1| ≤

√
Mλ

λ− η
.
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λ→∞

|Bλ|2 ≤M .~- 2.10[16] -�f9+(R δ > 0, BH-O Λ > 0 ?P
‖S(t) − S(s)‖ ≤ Λ|t− s|, t, s ∈ [0, δ],J/℄,�% (S(t))t≥0 kT( Lipschitz l�R��� 2.11[14] 5 A k℄,�% (S(t))t≥0 V80RRi�Jf9+(R x ∈ H &0

t ≥ 0 7 ∫ t

0

S(s)xds ∈ D(A), S(t)x = A

∫ t

0

S(s)xds+ tx.|��;P�\=�4MR Sadovskii $`Z?e [18].~� 2.12 5 Φ k Banach ^8 H \R"�VRi�1 Φ El�R�= H \R7I.14M7I.�!�f9 H \~l α(B) > 0 R+(7I. B 7 α(Φ(B)) ≤ α(B).5 N k H \R�
7Ii.~l Φ(N) ⊂ N , J Φ H H \7$`Z (�\ α(·) �B
KuratowskivL+
).kDbt���; KuratowskivL+
R^)���*D [19, 164 �^) 2.5].~- 2.13 5 (X, d) E"
o^8� Q k X R7Ii.�75 Q ℄�SP�9
ǫ > 0 R"n7�.Vz��J/}n.SPR|$Ik Q R Kuratowski vL+
�4k α(Q), 17

α(Q) = inf
{
ǫ > 0 : Q ⊂

n⋃

i=1

Si, Si ⊂ X, diam(Si) < ǫ (i = 1, 2, · · · , n; n ∈ N)
}
.|��;zb (1)–(3) F
HR^)�~- 2.14 Ft- F/T*�2 x : (−∞, T ] → H /kzb (1.1)–(1.3) R"�F
H-� x0 = φ ∈ B ~l x0 ∈ L0

2(Ω, H) &0
(i) {xt : t ∈ J}k B- TR!� x(·) H�8 (tk, tk+1], k = 0, 1, 2, · · · ,m2kl�R�
(ii)

∫ t

0 [x(s) + g(s, xs)] ds ∈ D(A), t ∈ J ;

(iii) f9+(R t ∈ J , x(t) ~l-|,xt2
x(t) =S′(t)

[
φ(0) − g(0, φ)

]
+ g(t, xt) +

d

dt

∫ t

0

S(t− s)f(s, xs) ds

+
d

dt

∫ t

0

S(t− s)σ(s, xs) dw(s) +
∑

0<tk<t

S′(t− tk)Ik(xtk
);

(iv) △x(tk) = Ik(xtk
), k = 1, 2, · · · ,m.|��;�p\=�4MR75^;�

(H1) Ri A ~l Hille-Yosida ^;�f9+(R t > 0, S′(t) kLR!�BH-O
M ≥ 0 &0 β ∈ R ?P

‖S′(t)‖2 ≤Meβt, for all t ≥ 0.
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(H2) �O g : J × B → H kl�R!�BH-O Mg > 0 ?P

∣∣g(t, x) − g(t, y)
∣∣2 ≤Mg‖x− y‖2

B, t ∈ J, x, y ∈ B,
∣∣g(t, x)

∣∣2 ≤Mg

(
1 + ‖x‖2

B

)
, t ∈ J, x ∈ B.

(H3) �O f : J × B → H ~l-|^;
(i) f+(R φ ∈ B, �O f(·, φ) : J → H k�℄+R�
(ii) f+(R t ∈ J , �O f(t, ·) : B → H kl�R�
(iii) BH℄,�O m : J → [0,∞) &0v>l��O Ψf : [0,∞) → (0,∞) ?Pf+(R (t, φ) ∈ J × B 7

E‖f(t, φ)‖2 ≤ m(t)Ψf (E‖φ‖2
B), lim inf

ζ→∞

Ψf(ζ)

ζ
= Λ <∞.

(H4) �O σ : J × B → LQ(K,H) ~l-|^;	
(i) f92�V7R t ∈ J , �O σ(t, ·) : B → LQ(K,H) kl�R�
(ii) f+(R x ∈ B, �O σ(·, x) : J → LQ(K,H) k F t- �℄+R�
(iii) BH℄,�O η : J → [0,∞) �"�v>l��O Ψσ : [0,∞) → (0,∞) ?Pf+(R (t, φ) ∈ J × B 7

E‖σ(t, φ)‖2 ≤ η(t)Ψσ(E‖φ‖2
B), lim inf

ζ→∞

Ψσ(ζ)

ζ
= Ξ <∞.

(H5) �Or Ik : B → H kl�R!�BHO-Or MIk
, k = 1, 2, · · · ,m ?P

‖Ik(x) − Ik(y)‖2 ≤MIk
‖x− y‖2

B, x, y ∈ B, k = 1, 2, · · · ,m.

(H6) �Or Ik : B → H k#l�R!�BHv>l��Or Θk : [0,∞) →
[0,∞), k = 1, 2, · · · ,m ?P

E‖Ik(x)‖2 ≤ Θk(E‖x‖2
B), lim inf

ζ→∞

Θk(ζ)

ζ
= θk <∞, x ∈ B, k = 1, 2, · · · ,m.

3 ;)
��pRW"�`�F{E-|^e�~� 3.1 575 (H1)–(H5) ~l� x0 = φ ∈ B &0 φ(0) − g(0, φ) ∈ D(A), Jzb
(1.1)–(1.3) BH"�F
HV�|r^;0j

10K2
T

[
M∗TΛ

∫ T

0

e−2βsm(s) ds+M∗Tr(Q)Ξ

∫ T

0

e−2βsη(s) ds+ 2M∗

m∑

k=1

e−2βtiMIk
+Mg

]

<1. (3.1)
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u6℄|4S)q�iws1+wGQAG� 709B �^8 Y = {u ∈ PC : u(0) = φ(0)} {&"WHme� (‖ · ‖∞). f+(ROO r,v
Br(0, Y ) =

{
u ∈ Y : E‖u‖2 ≤ r

}
,J Br(0, Y ) k Y \R7I�
i.�-|tA^)Ri Φ : Y → Y :

Φx(t) =S′(t)
[
φ(0) − g(0, φ)

]
+ g(t, xt) +

d

dt

∫ t

0

S(t− s)f(s, xs) ds

+
d

dt

∫ t

0

S(t− s)σ(s, xs) dw(s) +
∑

0<tk<t

S′(t− tk)Ik(xtk
), t ∈ J,�\ x ~l x0 = φ &0 x = x H J 2�575^;�r�℄&de Φx ∈ PC. P�=xk&| 3 &	| 1 s hPBHO-O r ?P Φ(Br(0, Y )) ⊆ Br(0, Y ). /$'�Jf+(RO-O r &0 tr ∈ J , BH�O xr(tr) ∈ Br(0, Y ) ~l^; Φ(xr)(tr) 6∈ Br(0, Y ), 1	

E‖(Φxr)(tr)‖2 > r. 'i�575 (H1)–(H5) &0�e7
r ≤E‖(Φxr)(tr)‖2

≤5E
∥∥S′(tr)

[
φ(0) − g(0, φ)

]∥∥2
+ 5E

∥∥g(tr, xtr)
∥∥2

+ 5E
( d

dtr

∫ tr

0

S(tr − s)f(s, xs) ds
)2

+ 5E
( d

dtr

∫ tr

0

S(tr − s)σ(s, xs) dw(s)
)2

+ 5E
( ∑

0<tk<tr

S′(tr − tk)Ik(xr
tk

)
)2

≤5M∗L2E‖φ‖2
B + 5M∗MgE‖φ‖2

B + 10Mg

(
K2

T r + (N2
T + 1)E‖φ‖2

B

)

+ 5M∗TE

∫ T

0

e−2βs
∣∣f(s, xr

s)
∣∣2 ds+ 5M∗Tr(Q)E

∫ T

0

e−2βs
∥∥σ(s, xr

s)
∥∥2

ds

+ 10M∗
∑

0<tk<T

e−2βtiE
[∣∣Ik(xr

tk
) − Ik(0)

∣∣2 +
∣∣Ik(0)

∣∣2]

≤5M∗L2E‖φ‖2
B + 5M∗MgE‖φ‖2

B + 10Mg

(
K2

T r + (N2
T + 1)E‖φ‖2

B

)

+ 5M∗TE

∫ T

0

e−2βsm(s)Ψh

(
2N2

TE‖φ‖2
B + 2K2

T r
)
ds

+ 5M∗Tr(Q)E

∫ T

0

e−2βsη(s)Ψσ

(
2N2

TE‖φ‖2
B + 2K2

T r
)
ds

+ 20K2
TM

∗r

m∑

k=1

e−2βtiMIk
+ 20N2

TM
∗

m∑

k=1

e−2βtiMIk
+ 10M∗

m∑

k=1

e−2βtiE
∣∣Ik(0)

∣∣2,�\ L k5�e 2.2 (A1) \V$^R�2An�a<& r !v r → ∞, J7
10K2

T

[
M∗TΛ

∫ T

0

e−2βsm(s) ds+M∗Tr(Q)Ξ

∫ T

0

e−2βsη(s) ds+ 2M∗

m∑

k=1

e−2βtiMIk
+Mg

]

≥1,N� (3.1) ��g�*?�BHO-O r ?P Φ
(
Br(0, Y )

)
⊆ Br(0, Y ). A|`�r�P�Ri Φ H Br(0, Y ) \7$`Z�?1kzb (1.1)–(1.3) RF
H�k?�=Ri Φ x



710 - 2 L � � � 35YHk Φ = Φ1 + Φ2, �\f+(R t ∈ J,Φ1 � Φ2 x 5|AV$^
(Φ1x)(t) = S′(t)

[
φ(0) − g(0, φ)

]
+ g(t, xt) +

∑

0<tk<t

S′(t− tk)Ik(xtk
)&0

(Φ2x)(t) =
d

dt

∫ t

0

S(t− s)f(s, xs) ds+
d

dt

∫ t

0

S(t− s)σ(s, xs) dw(s)

= lim
λ→∞

∫ t

0

S′(t− s)Bλf(s, xs) ds+ lim
λ→∞

∫ t

0

S′(t− s)Bλσ(s, xs) dw(s).|�P� Φ1 E"��U14i Φ2 E#l�R�| 2 s Φ1 k�U14�5 x, y ∈ Br(0, Y ), J5,e 2.3 &0f+(R t ∈ J , 7
E

∣∣(Φ1x)(t) − (Φ1y)(t)
∣∣2 ≤2E‖g(t, xt) − g(t, yt)‖2

+ 2E
∣∣∣

∑

0<tk<t

S′(t− tk)
[
Ik(xtk

) − Ik(ytk
)
]∣∣∣

2

≤2K2
TMgE

(
sup

0≤s≤T
‖x(s) − y(s)‖2

)

+ 2K2
TM

∗

m∑

k=1

e−2βtiMIk
E

(
sup

0≤s≤T
‖x(s) − y(s)‖2

)
.Æ7

‖Φ1x− Φ1y‖2
PC ≤2K2

T

(
Mg +M∗

m∑

k=1

e−2βtiMIk

)
‖x− y‖2

PC

=L0‖x− y‖2
PC ,�\

L0 = 2K2
T

(
Mg +M∗

m∑

k=1

e−2βtiMIk

)
.52℄P

‖Φ1x− Φ1y‖2
PC ≤ L0‖x− y‖2

PC.5 (3.1) ℄Q Φ1 k"�U14�| 3 s Φ2 H Br(0, Y ) \k#l�R�5 r > 0 ?P Φ2(Br(0, Y )) ⊆ Br(0, Y ). |p\�& r∗ � r∗∗ x �B-O
r∗ := 2N2

TE‖φ‖2
B + 2K2

T r�
r∗∗ := 2M∗TΨf(r∗)

∫ T

0

e−2βsm(s) ds+ 2M∗Tr(Q)Ψσ(r∗)

∫ T

0

e−2βsη(s) ds.
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0�|,t� Φ2 = Br(0, Y ) \R7I.14M�2R7I.�D=2�-� x ∈ Br(0, Y ), 5,e 2.3 'Q ‖x̄t‖2
B ≤ r∗ !�f+(R t ∈ J 7

E‖(Φ2x)(t)‖2 ≤2E
∥∥∥

d

dt

∫ t

0

S(t− s)f(s, xs) ds
∥∥∥

2

+ 2E
∥∥∥

d

dt

∫ t

0

S(t− s)σ(s, xs) dw(s)
∥∥∥

2

≤2M∗TΨf(r∗)

∫ t

0

e−2βsm(s) ds+ 2M∗Tr(Q)Ψσ(r∗)

∫ t

0

e−2βsη(s) ds

≤2M∗TΨf(r∗)

∫ T

0

e−2βsm(s) ds+ 2M∗Tr(Q)Ψσ(r∗)

∫ T

0

e−2βsη(s) ds

=r∗∗, (3.2)5?��W"(xRF{0j�|�t� Φ2

(
Br(0, Y )

) H J \kT
l�R�f93x�R ε > 0 &0 0 < t1 < t2, 7
E

∥∥(Φ2x)(t2) − (Φ2x)(t1)
∥∥2

≤6T
(

lim
λ→∞

∫ t1−ε

0

‖S′(t2 − s) − S′(t1 − s)‖2‖Bλ‖2
∥∥f(s, xs)

∥∥2
ds

+ lim
λ→∞

∫ t1

t1−ε

‖S′(t2 − s) − S′(t1 − s)‖2‖Bλ‖2
∥∥f(s, xs)

∥∥2
ds

+ lim
λ→∞

∫ t2

t1

‖S′(t2 − s)‖2‖Bλ‖2
∥∥f(s, xs)

∥∥2
ds

)

+ 6TrQ
(

lim
λ→∞

∫ t1−ε

0

‖S′(t2 − s) − S′(t1 − s)‖2‖Bλ‖2‖σ(s, xs)‖2 ds

+ lim
λ→∞

∫ t1

t1−ε

‖S′(t2 − s) − S′(t1 − s)‖2‖Bλ‖2
∥∥σ(s, xs)

∥∥2
ds

+ lim
λ→∞

∫ t2

t1

‖S′(t2 − s)‖2‖Bλ‖2‖σ(s, xs)‖2 ds
)

≤6TM∗Ψf (r∗)

∫ t1

t1−ε

e−2βsm(s) ds

+ 6TM∗Ψf(r∗)

∫ t1−ε

0

‖(S(t2 − s) − S(t1 − s))‖2m(s) ds

+ 6TM∗Ψf(r∗)

∫ t2

t1

e−2βsm(s) ds+ 6Tr(Q)M∗Ψσ(r∗)

∫ t1

t1−ε

e−2βsη(s) ds

+ 6Tr(Q)M∗Ψσ(r∗)

∫ t1−ε

0

‖(S(t2 − s) − S(t1 − s))‖2η(s) ds

+ 6Tr(Q)M∗Ψσ(r∗)

∫ t2

t1

e−2βsη(s) ds,5?�� Φ2

(
Br(0, Y )

) H J \kT
l�R�|�t� Φ2 = Br(0, Y ) 14M Br(0, Y ) \R"�fL.�1f�^R t ∈ J , .�
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V (t) =

{
Φ2z(t) : z ∈ Br(0, Y )

} k Br(0, Y ) \RfL.�~'7� V (0) = {Φ2(0)}. f9�^R t > 0 &0 0 < ε < t, ^)
(Φε

2x)(t) = lim
λ→∞

∫ t−ε

0

S′(t− s)Bλf(s, xs) ds+ lim
λ→∞

∫ t−ε

0

S′(t− s)Bλσ(s, xs) dw(s)

=S′(ε) lim
λ→∞

∫ t−ε

0

S′(t− ε− s)Bλf(s, xs) ds

+ S′(ε) lim
λ→∞

∫ t−ε

0

S′(t− ε− s)Bλσ (s, xs) dw(s).59 S′(t) kLRi�Æf+(R ε, 0 < ε < t, .� V ε(t) =
{
Φε

2x(t) : x ∈ Br(0, Y )
} H

H \k�fLR�?f�f+(R x ∈ Br(0, Y ), 7
E‖(Φ2x)(t) − (Φε

2x)(t)‖2

≤2M∗TΨf(r∗)

∫ t

t−ε

e−2βsm(s) ds+ 2M∗Tr(Q)Ψσ(r∗)

∫ t

t−ε

e−2βsη(s) ds.ÆI ε→ 0+ <7
E‖(Φ2x)(t) − (Φε

2x)(t)‖2 → 0&0BHfL.+(AN.� V (t) =
{
Φ2x(t) : x ∈ Br(0, Y )

}
. *?�.� V (t) =

{
Φ2x(t) : x ∈ Br(0, Y )

} H Br(0, Y ) \kfLR�Æ5 Arzala-Ascoli^e℄QRi Φ2 k#l�R�5 (H3) � (H4) ℄Q Φ2 kl�R�5?� Φ2 k#l�R�Æ5^e 2.12℄Q (1.1)–(1.3) BH"�F
H��pRWl�`�F{E-|^e�~� 3.2 575 (H1)–(H4) &0 (H6) ~l�x0 = φ ∈ B &0 φ(0)−g(0, φ) ∈ D(A),Jzb (1.1)–(1.3) BH"�F
HV�|r^;0j
10K2

T

[
M∗TΛ

∫ T

0

e−2βsm(s) ds+M∗Tr(Q)Ξ

∫ T

0

e−2βsη(s) ds+M∗

m∑

k=1

e−2βtiθk +Mg

]

<1. (3.3)B �^8 Y = {u ∈ PC : u(0) = φ(0)} {&"WHme� (‖ · ‖∞). f+(ROO r,v
Br(0, Y ) =

{
u ∈ Y : E‖u‖2 ≤ r

}
,J Br(0, Y ) k Y \R7I�
i.�-|tA^)Ri Φ : Y → Y ,

Φx(t) =S′(t)
[
φ(0) − g(0, φ)

]
+ g(t, xt) +

d

dt

∫ t

0

S(t− s)f(s, xs) ds

+
d

dt

∫ t

0

S(t− s)σ(s, xs) dw(s) +
∑

0<tk<t

S′(t− tk)Ik(xtk
), t ∈ J,�\ x ~l x0 = φ &0 x = x H J 2�575^;�r�℄&de Φx ∈ PC. P�=xk&| 3 &	
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(
Br(0, Y )

)
⊆ Br(0, Y ). /$'�Jf+(RO-O r &0 tr ∈ J , BH�O xr(tr) ∈ Br(0, Y ) ~l^; Φ(xr)(tr) 6∈ Br(0, Y ), 1	

E‖(Φxr)(tr)‖2 > r. 'i�575 (H1)–(H4) &0�e7
r ≤E‖(Φxr)(tr)‖2

≤5E
∥∥S′(tr)[φ(0) − g(0, φ)]

∥∥2
+ 5E

∥∥g(tr, xtr )
∥∥2

+ 5E
( d

dtr

∫ tr

0

S(tr − s)f(s, xs) ds
)2

+ 5E
( d

dtr

∫ tr

0

S(tr − s)σ(s, xs) dw(s)
)2

+ 5E
( ∑

0<tk<tr

S′(tr − tk)Ik(xr
tk

)
)2

≤5M∗L2E‖φ‖2
B + 5M∗MgE‖φ‖2

B + 10Mg

(
K2

T r + (N2
T + 1)E‖φ‖2

B

)

+ 5M∗TE

∫ T

0

e−2βs
∣∣f(s, xr

s)
∣∣2 ds+ 5M∗Tr(Q)E

∫ T

0

e−2βs‖σ(s, xr
s)‖2 ds

+ 5M∗
∑

0<tk<T

e−2βtiE
∣∣Ik(xr

tk
)
∣∣2

≤5M∗L2E‖φ‖2
B + 5M∗MgE‖φ‖2

B + 10Mg

(
K2

T r + (N2
T + 1)E‖φ‖2

B

)

+ 5M∗TE

∫ T

0

e−2βsm(s)Ψh

(
2N2

TE‖φ‖2
B + 2K2

T r
)
ds

+ 5M∗Tr(Q)E

∫ T

0

e−2βsη(s)Ψσ

(
2N2

TE‖φ‖2
B + 2K2

T r
)
ds

+ 5M∗

m∑

k=1

e−2βtiΘk

(
2N2

TE‖φ‖2
B + 2K2

T r
)2An�a<& r !v r → ∞, J7

10K2
T

[
M∗TΛ

∫ T

0

e−2βsm(s) ds+M∗Tr(Q)Ξ

∫ T

0

e−2βsη(s) ds+M∗

m∑

k=1

e−2βtiθk +Mg

]
≥ 1,?: (3.3) ��g�*?�BHO-O r ?P Φ(Br(0, Y )) ⊆ Br(0, Y ). A|`�r�P�Ri Φ H Br(0, Y ) \7$`Z�?1kzb (1.1)–(1.3) RF
H�k?�=Ri Φ xHk Φ = Φ1 + Φ2 + Φ3, �\f+(R t ∈ J,Φ1,Φ2 &0 Φ3 x 5|AV$^

(Φ1x)(t) =S′(t)
[
φ(0) − g(0, φ)

]
+ g(t, xt),

(Φ2x)(t) =
d

dt

∫ t

0

S(t− s)f(s, xs) ds+
d

dt

∫ t

0

S(t− s)σ(s, xs) dw(s)

= lim
λ→∞

∫ t

0

S′(t− s)Bλf(s, xs) ds+ lim
λ→∞

∫ t

0

S′(t− s)Bλσ(s, xs) dw(s)&0 (Φ3x)(t) =
∑

0<tk<t
S′(t− tk)Ik(xtk

).|P Φ1 k�U14i Φ2 � Φ3 kn�#l�Ri�



714 - 2 L � � � 35Y| 2 s Φ1 k�U14�5 x, y ∈ Br(0, Y ), J5,e 2.3, f+(R t ∈ J 7
E

∣∣(Φ1x)(t) − (Φ1y)(t)
∣∣2 ≤E‖g(t, xt) − g(t, yt)‖2

≤2K2
TMgE

(
sup

0≤s≤T
‖x(s) − y(s)‖2

)
.Æ7

∣∣Φ1x− Φ1y
∣∣2
PC

≤ 2K2
TMg

∣∣x− y
∣∣2
PC

= L1

∣∣x− y
∣∣2
PC
,�\ L1 = 2K2

TMg. 52℄P
∣∣Φ1x− Φ1y

∣∣2
PC

≤ L1‖x− y‖2
PC,5 (3.3) ℄Q Φ1 E"��U14�| 3 s ^e 3.1 $OP� Φ2 E#l�R�ae�5 (H6) 'P Φ3 �E#l�R�Æ5^e 2.12 ℄Qzb (1.1)–(1.3) BH"F
H�

4 *�/0�D\�r��;"�hi6&/4�� 4.1 r�[x-|"
lCt�<Z\jÆv7^}5T*Æjxt2





d[v(t, ξ) −G(t, v(t− h, ξ))]

dt

=
∂2

∂x2
[v(t, ξ) −G(t, v(t− h, ξ))] + f(t, v(t− h, ξ)) + σ(t, v(t− h, ξ))

dβ(t)

dt
,

0 ≤ ξ ≤ π, h > 0, t ∈ J := [0, T ],

v(t, 0) = v(t, π) = 0, t ∈ J, t 6= tk, k = 1, 2, · · · ,m,

∆v(tk)(ξ) =

∫ tk

−∞

bk(s− tk)v(s, ξ) ds, k = 1, 2, · · · ,m,

v(t, ξ) = φ(t, ξ), t ∈ (−∞, 0], 0 ≤ x ≤ π,

(4.1)

�\ β(t) �B^)H�y^8 (Ω,F , P )  T9 H ^8R�fa%aE`��\ H =

C([0, π]) �B^)H [0, π] 2 =TRl��OV
0R Banach ^8�5 1 ≤ p < ∞, 0 ≤ r < ∞, g(·) E (−∞,−r) 2Rv|�T(℄,R Borel ℄+�O!�BH (−∞, 0] 2Rv|T(7I�O Λ ?Pf+(R ξ ≤ 0, θ ∈ (−∞,−r)\Nξ?P g(ξ + θ) ≤ Λ(ξ)g(θ), �\ Nξ ⊆ (−∞,−r) E"� Lebesgue +
ksR.��v
B := PCr × Lp(g;H), p > 1 k (−∞, 0] M H R~l^; ϕ|[−r,0] ∈ PC([−r, 0], H) &0
g|ϕ|p H (−∞,−r] k Lebesgue ℄,R Lebesgue ℄+�O ϕ R#℄V
0R.��-|^)�pO ‖ · ‖B :

‖ϕ‖B = sup
θ∈[−r,0]

‖ϕ(θ)‖ +
(∫ −r

−∞

g(θ)‖ϕ(θ)‖p dθ
)1/p

.
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0k"�~l�e 2.2 R�^8��h`�[x r = 0, p = 2 R���?<
B = C0 × L2(g,H), L = 1, N(t) = Λ(−t)1/2,

K(t) = 1 +
(∫ 0

−t

g(τ) dτ
)1/2

, t ≥ 0.^)"���Ri
Az =

∂2

∂x2
z,�^);k

D(A) =
{
z ∈ H, z(0) = z(π) = 0,

∂2

∂x2
z ∈ C([0, π])

}
,J7

D(A) = C0([0, π]) =
{
z ∈ C([0, π]) : z(0) = z(π) = 0

}
6= C([0, π]).5 [20] ℄QRi A E1�R� (0,+∞) ⊆ ρ(A) !�f9 λ > 0 7

‖R(λ,A)‖ ≤ 1

λ
.?f�Ri A 80"�,x�% (S(t))t≥0 f9+(R t ∈ J BH"�-O β > 0 ?P

‖S′(t)‖2 ≤ eβt. a<� A ~l Hille-Yosida ^;�f9 t ∈ J , v v(t)(ξ) = v(t, ξ), ^)
g(t, v)(·) = G(t, v(·)),

f(t, v)(ξ) =

∫ 0

−∞

ν1(t, ξ, G1(v(θ)(ξ)) dθ,

σ(t, v)(ξ) =

∫ 0

−∞

ν2(t, ξ, G2(v(θ)(ξ)) dθ&0
Ik(t, v)(·) =

∫ 0

−∞

bk(s)v(s, ·) ds, k = 1, 2, · · · ,m.Mi�75�O G, f, σ &0 bk, k = 1, 2, · · · ,m ~l^; ‖G‖2 ≤Mg &0
(I) �O ν1(t, ξ, θ), ν3(t, ξ, θ) H J × [0, π] × (−∞, 0) 2kl�R!�~l

∫ 0

−∞

ν2
1(t, x, θ) dθ = p1(t, x) <∞,

∫ 1

0

p2
1(t, x) dx = m(t) <∞,

∫ 0

−∞

ν2
2(t, x, θ) dθ = p2(t, x) <∞,

∫ 1

0

p2
2(t, x) dx = η(t) <∞;
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(II) �O Gi, i = 1, 2 H J × [0, π] × (−∞, 0) 2kl�R!�~l

0 ≤ G2
1(v(θ, x)) ≤ Ψf(‖v(θ, ·)‖2

B), lim inf
ζ→∞

Ψf (ζ)

ζ
= Λ <∞,

0 ≤ G2
2(v(θ, x)) ≤ Ψσ(‖v(θ, ·)‖2

B), lim inf
ζ→∞

Ψσ(ζ)

ζ
= Ξ <∞,�\ (θ, x) ∈ (−∞, 0] × [0, π], Ψf (·),Ψσ(·) : [0,∞) → (0,∞) kl�v>�O�

(III) bk : R → R, k = 1, 2, · · · ,m kl�7I�Or~lf+(R k = 1, 2, · · · ,m,

MIk
:=

( ∫ 0

−∞

((bk(s))2/g(s)) ds
)1/2

<∞, ‖bk‖2 ≤ MIk , k = 1, 2, · · · ,m.H2K75^;|℄= (4.1) d"kzb (1.1)–(1.3) R�A!�~l	
∣∣f(t, φ)

∣∣2 =

∫ 1

0

(∫ 0

−∞

ν2(t, x, θ)G1(φ(θ)) dθ
)2

dx

≤
∫ 1

0

p2
2(t, x) dxΨf

(
‖φ‖2

B

)
= m(t)Ψf

(
‖φ‖2

B

)
.5^e 3.1 ℄Qzb (4.1) H J \BH"�F
HV� φ ∈ B, φ(0, ξ)− g(0, φ)(ξ) ∈ D(A)&0-|^;~l	

10K2
T

[
1 +

(∫ 0

−T

g(τ) dτ
)1/2]

×
[
M∗TΛ

∫ T

0

e−2βsm(s) ds+M∗Ξ

∫ T

0

e−2βsη(s) ds+ 2M∗

m∑

k=1

e−2βtiMIk
+Mg

]

<1,�\ M∗ = max{eβT , 1}.6% �pqMfnm6�*[;R��(:�B5℄R���u � " $
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Abstract In this paper, we prove the existence of integral solutions for a class of non-

densely defined impulsive neutral stochastic functional differential equations with infinite

delay. The results are derived by means of the Sadovskii fixed point theorem. As an appli-

cation, the existence result of integral solutions for a class of non-densely defined impulsive

neutral second-order stochastic partial differential equations with infinite delay is estab-

lished.
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