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1 HD��sV�-{v+7�C�_*C%MF2D�?�O
W� [1−4]. V}5x}���kq*#E`	Ce8�)R=��C-{�Æ�-{v+OWpe��`4���y�NOBm#mxiF�} [5] �� Lakshmikantham z Vatsala �3R��-{v+ �C�1�2D�54�S-{v+ �C�1�CR�,a�~UN�C�℄ [6−15]. Shaw z Yakar[6], Yakar z Deo[7] 5i�"�_Y�R��-{v+ �C�1�C%MF�A��} [8–15] ��N�J5i� E|���u2�D�-{v+ �C�1�C%MF�������i Lyapunov y��X ~;> Lyapunov y���2> Lyapunov y�}eM-	'��_*C%MF_Lmm> [16]. `4��"5i;> Lyapunovy�z��u2R��-{v+ �C�1�C%MFtxi%MF�}�"CG 4��k/�Zi�:C7�/�N�<di2> Lyapunov y� RXR�1�C%MFv�)[di;> Lyapunov y�XR�1�C%MF��! 2011 U 6 y 28 i�>�2012 U 2 y 9 i�>Gdf�
∗ t��f(M�� (10971045), }�q�f(M�� (2010000191) ��9Q�
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2 J"M8'B�1�
x′ = f(t, x). (2.1)�3 f ∈ C[R+ × Rn, Rn]. n x(t) = x(t, t0, x0) z y(t) = y(t, τ0, y0) ~1� (2.1) �v-{v+ (t0, x0) z (τ0, y0) C��	n x(t) = x(t, t0, x0) ~kMC��}�"���W~7Sq�ikMC��R�1� (2.1) �C%MF���2Lk/-{v+ �C�1��C%MFM^ [9].)G 2.1 '1� (2.1) C� x(t) ~

(S1) EQ%MC�kuSkMC ε > 0 z t0 ∈ R+, 6} δ = δ(t0, ε) > 0 z σ =

σ(t0, ε) > 0,y�< ‖y0−x0‖ < δ, |η| < σv�S t ≥ t0,m ‖y(t+η, τ0, y0)−x(t, t0, x0)‖ ≤ ε(8�
(S2) Z�%MC�ku (S1) �C δ z σ t t0 )q�
(S3) EQ��%MC�ku (S1)(8_SkMC ε > 0, t0 ∈ R+,6} δ0 = δ0(t0) >

0, σ0 = σ0(t0) > 0 z T = T (t0, ε) > 0, y�< ‖y0 − x0‖ < δ0, |η| < σ0 v�S t ≥ t0 + T ,m ‖y(t + η, τ0, y0) − x(t, t0, x0)‖ ≤ ε (8�
(S4) Z���%MC�ku (S2) (8_ (S3) � δ0, σ0 � T t t0 )q�)G 2.2 '1� (2.1) C� x(t) ~
(PS1) xi%MC�kuSkMC (λ, A), \� 0 < λ < A, 6} σ = σ(λ, A) > 0, y�< ‖y0 − x0‖ < λ, |η| < σ v�SP? t0 ∈ R+, m ‖y(t + η, τ0, y0) − x(t, t0, x0)‖ < A (8�\� t ≥ t0;

(PS2) Z�xi%MC�ku (PS1) �C t0 ∈ R+ )[ah℄	�
(PS3) xiS%MC�kuSkMC (λ, B, T ), 6} σ0 = σ0(λ, B, T ) > 0, y�<

‖y0 − x0‖ < λ, |η| < σ0 v�SP? t0 ∈ R+, m ‖y(t + η, τ0, y0)− x(t, t0, x0)‖ < B (8�\� t ≥ t0 + T ;

(PS4) Z�xiS%MC�ku (PS3) �C t0 ∈ R+ )[ah℄	�
(PS5) ^xi%MC�ku (PS1) t (PS3) �v(8�
(PS6) ^Z�xi%MC�ku (PS2) t (PS4) �v(8�n V (t, x) ∈ C[R+ × Rn, RN

+ ] qq x G�"! Lipschitzian �Æ_ V (t, 0) ≡ 0,

n ≥ N ≥ 1. M^
D+V (t, y − x) = lim sup

h→0+

1

h

[

V (t + h, y − x + h(f(t, y) − f(t, x))) − V (t, y − x)
]

,�3 x = x(t, t0, x0), y = y(t + η, τ0, y0).'Bk2��1�
u′ = g(t, u), u(τ0) = u0 ≥ 0,



610 b g � K K  35$�3 g ∈ C[R+ × RN
+ , RN ] qq u S:J`�� g(t, 0) ≡ 0. u = u(t, τ0, u0) ~1� (2.2)v (τ0, u0) C��)G 2.3 '1� (2.2) CZ[�~EQ%MC�kuSkMC ε > 0 z τ0 ∈ R+, 6} δ = δ(t0, ε) > 0, y�< N

∑

i=1

u0i < δ v�S t ≥ τ0, m N
∑

i=1

ui(t, τ0, u0) < ε (8�\�
u(t, τ0, u0) ~1� (2.2) Ch℄��1� (2.2) �C\%MFM^)[	kmC|1�k/�40rC��_��Ldi�k/k2y�1M^�

K = {a ∈ C[R+, R+] : a ~Pg:JH�C_ a(0) = 0}.

3 PF/-�3k/S%MFR�`%miC��u2�I3 3.1[11] 	n
(H3.1) α, β ∈ C1[R+, Rn] _G� α′(t) ≤ f(t, α(t)), α(t0) ≤ x0, t ≥ t0 ≥ 0, β′(t) ≥

f(t, β(t)), β(τ0) ≥ x0, t ≥ τ0 ≥ 0, �3 f ∈ C[R+ × Rn, Rn] _ f(t, x) qq x ~S:J`�C� τ0 > t0;

(H3.2) fi(t, x) − fi(t, y) ≤ L
n
∑

i=1

(xi − yi), L > 0, x ≥ y, i = 1, 2, · · · , n;

(H3.3) f(t, x) SIZi x qq t ~:J`�C�� (a) S t ≥ t0, m α(t) ≤ β(t + η) (8� (b) S t ≥ τ0, m α(t − η) ≤ β(t) (8�\�
η = τ0 − t0.I3 3.2[11] 	n

(H3.4) m ∈ C[R+, RN
+ ] _ D+m(t) ≤ g(t, m(t)), m(t0) ≤ u0, t0 ≥ 0, �3
D+m(t) = lim sup

h→0+

1

h
[m(t + h) − m(t)];

(H3.5) g(t, u) G�a2 3.1 �C�Æ (H3.2) z (H3.3), 1� (2.2) C!8� r(t) =

r(t, τ0, u0) 6}�� (a) S t ≥ t0, m m(t) ≤ r(t + η) (8� (b) S t ≥ τ0, m m(t − η) ≤ r(t) (8��2/�5i;> Lyapunovy�_Yz��u2R�1� (2.1) C� x(t, t0, x0) C%MF�)3 3.1 	n�Æ (H3.5) (8_
(A3.1) D+V (t, y − x) ≤ g(t, V (t, y − x)), (t, x) ∈ R+ × Rn, �3 g(t, u) ~m�C�
(A3.2) L0(t, x) =

N
∑

i=1

Vi(t, x) _ b(‖x‖) ≤ L0(t, x) ≤ a(‖x‖), (t, x) ∈ R+ × Rn, \�
a, b ∈ K,�1� (2.2) CZ[�C%MFzw�1� (2.1) C� x(t) = x(t, t0, x0) 7dC%MF� 	n1� (2.2) CZ[�~EQ%MC��SkMC ε > 0 � τ0 ∈ R+, 6}
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δ1 = δ1(τ0, ε) > 0, y�< 0 ≤
N
∑

i=1

u0i ≤ δ1 v�S t ≥ τ0, m
N

∑

i=1

ui(t, τ0, u0) < b(ε)/2 (3.1)(8��3 u(t, τ0, u0) ~1� (2.2) v (τ0, u0) Ch℄��`�
∣

∣

∣

N
∑

i=1

[ui(t + η, τ0, u0) − ui(t, τ0, u0)]
∣

∣

∣

=
∣

∣

∣
η

N
∑

i=1

gi(t, u) + η

N
∑

i=1

εi(t, u, η)
∣

∣

∣

≤η

[

∣

∣

∣

N
∑

i=1

gi(t, u)
∣

∣

∣
+

∣

∣

∣

N
∑

i=1

εi(t, u, η)
∣

∣

∣

]

,\��< η → 0 v� ε(t, u, η) = (ε1(t, u, η), ε2(t, u, η), · · · , εN(t, u, η))T → 0. n`� g(t, u)~m�C�o6}Zi�� M , y�
∣

∣

∣

N
∑

i=1

[

ui(t + η, τ0, u0) − ui(t, τ0, u0)
]

∣

∣

∣
≤ Mη(8�q~�6} σ = σ(ε) > 0, y�< |η| < σ v, m ∣

∣

∣

N
∑

i=1

[

ui(t + η, τ0, u0) − ui(t, τ0, u0)
]

∣

∣

∣
< b(ε)/2, t ≥ τ0. (3.2)Ja u0 = V (t0, y0 − x0) � δ = min(δ1, δ2), \� δ2 = δ2(τ0, ε) > 0 _ a(δ2) < δ1. )[RM�< ‖y0 − x0‖ < δ _ |η| < σ v�1� (2.1) Ch℄� y(t, τ0, y0) G�

‖y(t + η) − x(t)‖ < ε, t ≥ t0.kum| (8��6}Zi t1 > t0 �1� (2.1) CPi� y(t, τ0, y0), < ‖y0 − x0‖ < δ_ |η| < σ v�m
‖y(t1 + η) − x(t1)‖ = ε _ ‖y(t + η) − x(t)‖ ≤ ε, t ∈ [t0, t1]. (3.3)ka2 3.2, m
V (t, y(t + η) − x(t)) ≤ r(t + η, τ0, V (t0, y0 − x0)), t0 ≤ t ≤ t1, (3.4)\� r(t, τ0, u0) ~1� (2.2) C!8��`� ‖y0 − x0‖ < δ, k�Æ (A3.2), m

L0(t0, y0 − x0) ≤ a(‖y0 − x0‖) < a(δ) < δ1. (3.5)



612 b g � K K  35$`4�k (3.1)–(3.5) |��Æ (A3.2), m2� E|(8
b(ε) ≤L0(t1, y(t1 + η) − x(t1)) ≤ r0(t1 + η, τ0, V (t0, y0 − x0))

<r0(t1, τ0, V (t0, y0 − x0)) + b(ε)/2 < b(ε),\� r0 =
N
∑

i=1

ri(t, τ0, u0). $pHT��[m�RM~�eC�	n1� (2.2) C�~Z�%MC�� δ t τ0 )q��2)[�?1� (2.1) C�
x(t) = x(t, t0, x0) X~Z�%MC��2/��D1� (2.2)CZ[�C��%MFzw1� (2.1)C� x(t) = x(t, t0, x0)C��%MF�kmLC�D�%MFM^)��1� (2.2)CZ[�C��%MFzw1� (2.1)C� x(t) = x(t, t0, x0)C%MF�̀ 4��H�N (2.1)C� x(t)~,aC�̀�1� (2.2)C� u ≡ 0~,aC��[SkMC ε > 0� τ0 ∈ R+,6} δ0 = δ0(τ0, ε) > 0� T = T (τ0, ε) > 0, y�< 0 ≤

N
∑

i=1

ui0 < δ0 v�m
N

∑

i=1

ui(t, τ0, u0) ≤ b(ε)/2, t ≥ τ0 + T (3.6)(8�1�m��D�6} σ0 = σ0(ε) > 0, y�< |η| < σ0 v�m
∣

∣

∣

N
∑

i=1

[ui(t + η, τ0, u0) − ui(t, τ0, u0)]
∣

∣

∣
< b(ε)/2, t ≥ τ0 + T (3.7)(8�Ja δ = min(δ0, a

−1(δ0)), σ = σ0 � u0 = V (t0, y0 − x0). < ‖y0 − x0‖ < δ _
|η| < σ v�RS

‖y(t + η) − x(t)‖ < ε, t ≥ τ0 + TS1� (2.1) Ch℄� y(t, τ0, y0) O~(8C�`��ka2 3.2 )�
V (t, y(t + η) − x(t)) ≤ r(t + η, τ0, V (t0, y0 − x0)), t ≥ t0.{k�Æ (A3.2) � (3.6), (3.7) |�m

b
(

‖y(t + η) − x(t)‖
)

≤L0(t, y(t + η) − x(t)) ≤ r0(t + η, τ0, V (t0, y0 − x0))

<r0(t, τ0, V (t0, y0 − x0)) + b(ε)/2 < b(ε), t ≥ τ0 + T.�V� �N�1� (2.1) C� x(t) = x(t, t0, x0) ~,aC�`4� x(t) = x(t, t0, x0) ~��%MC�ku1� (2.2) C� u ≡ 0 ~Z���%MC�~4g�1� (2.1) C� x(t) =

x(t, t0, x0) X~Z���%MC�`� δ0 � T t t0 )q����)3 3.2 	nM2 3.1 C�Æ(8_
(A3.3) 0 ≤ λ < A, a(λ) < b(A)/2,



4[ �%TD�,zt*��A�a/�A#KD�� 613�1� (2.2)CZ[�Cxi%MFzw1� (2.1) C� x(t) = x(t, t0, x0) C7dxi%MF� 	n1� (2.2) CZ[�~xi%MC��SkMC (a(λ), b(A)/2) � τ0 ∈ R+,< 0 ≤
N
∑

i=1

u0i < a(λ) v�S t ≥ τ0, m
N

∑

i=1

ui(t, τ0, u0) < b(A)/2. (3.8)1�qM2 3.1 �C�D�SkMC b(A)/2, 6} σ = σ(λ, A) > 0, y�< |η| < σ v�S t ≥ τ0, m
∣

∣

∣

N
∑

i=1

[ui(t + η, τ0, u0) − ui(t, τ0, u0)]
∣

∣

∣
< b(A)/2. (3.9)Ja u0 = V (t0, y0 − x0). (J)[RS�< ‖y0 − x0‖ < λ _ |η| < σ v�S1� (2.1) Ch℄� y(t, τ0, y0), m ‖y(t + η)− x(t)‖ < A, t ≥ t0 (8�kl g��6} t1 > τ0 �1� (2.1) CPi� y(t, τ0, y0), < ‖y0 − x0‖ < λ _ |η| < σ v�m

‖y(t1 + η) − x(t1)‖ = A z ‖y(t + η) − x(t)‖ ≤ A, t ∈ [t0, t1]. (3.10)k�Æ (A3.1), (H3.5) �a2 3.2, )[�?k2 E|
V (t, y(t + η) − x(t)) ≤ r(t + η, τ0, V (t0, y0 − x0)), t0 ≤ t ≤ t1. (3.11)`� ‖y0 − x0‖ < λ, k�Æ (A3.2) )�

L0(t0, y0 − x0) ≤ a(‖y0 − x0‖) < a(λ). (3.12)q~�k (3.8)–(3.12) |��Æ (A3.2), �
b(A) ≤L0(t1, y(t1 + η) − x(t1)) ≤ r0(t1 + η, τ0, V (t0, y0 − x0))

<r0(t1, τ0, V (t0, y0 − x0)) + b(A)/2 < b(A),\� r0 =
N
∑

i=1

ri(t, τ0, u0). $pHT�`4RS(8�2L�N1� (2.1)C�~^%MC��4�	n1� (2.2)CZ[�SkMC (a(λ),

b(A)/2, b(B)/2, T )~^%MC�t (3.7) |C�D71��6} σ0 = σ0(λ, A, B) > 0, y� < ‖y0 − x0‖ < λ _ η| < σ0 v, m ‖y(t + η) − x(t)‖ < b(A)/2, t ≥ t0,

(3.13)< |η| < σ0 v, m ‖u(t + η, τ0, u0) − u(t, τ0, u0)‖ < b(B)/2, t ≥ τ0 + T.

(3.14)



614 b g � K K  35$m�;|℄���H�N1� (2.1) C�~xiS%MC�1� (2.2) CZ[�CxiS%MFzw�2|(8�< 0 ≤

N
∑

i=1

u0i < a(λ) v, m N
∑

i=1

ui(t, τ0, u0) < b(B)/2, t ≥ τ0 + T. (3.15)q�D (3.11) |C_Y�m
V (t, y(t + η) − x(t)) ≤ r(t + η, τ0, V (t0, y0 − x0)), t ≥ t0. (3.16)k�Æ (A3.2) � (3.14)–(3.16)|�)�

b(‖y(t + η) − x(t)‖) ≤ L0(t, y(t + η) − x(t)) ≤ r0(t + η, τ0, V (t0, y0 − x0))

<r0(t+, τ0, V (t0, y0 − x0)) + b(B)/2 < b(B), T ≥ t0 + T. (3.17)`4�< ‖y0 − x0‖ < λ _ |η| < σ0 v� ‖y(t + η) − x(t)‖ < B, t ≥ t0 + T (8����
4 74}�����v7�/�N~k{di�"���u�?�1�C%MFC��v��7X�N�;> Lyapunov y�Cm>F�5 'Bk2`6F�1�















x′

1(t) = e−tx2(t) + [sin ln(t + 1) + cos ln(t + 1) − 2]x1(t),

x′

2(t) = e−tx1(t) + [sin ln(t + 1) + cos ln(t + 1) − 2]x2(t),

x(t0) = x0, t0 ≥ 0.

(4.1)kuJa2> Lyapunov y�
V (t, x) = x2

1 + x2
2.\�

D+V (t, y − x) ≤ 2
[

e−t + | sin ln(t + 1) + cos ln(t + 1) − 2|
]

V (t, y − x).~4g�2>�_*
u′ = 2

[

e−t + | sin ln(t + 1) + cos ln(t + 1) − 2|
]

u, u(t0) = u0 ≥ 0CZ[�~ %MC��r~j\XR1� (4.1) C�~%MC�;~}�J2> Lya-

punov y�CC|2�kM2 (3.1)  R�?1� (4.1) C�Ch{%MF_LCA.�2L�J~;> Lyapunovy� V = (V1, V2),\� V1 = 1
2 (x1+x2)

2, V2 = 1
2 (x1−x2)

2,� L0 = x2
1 +x2

2,4g L0 ~�M_m)`<m�C�{kD+V (t, y−x) ≤ g(t, V (t, y−x)),
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g1(t, u) = 2[sin ln(t + 1) + cos ln(t + 1) − 2 + e−t]u1(t),

g2(t, u) = 2[sin ln(t + 1) + cos ln(t + 1) − 2 − e−t]u2(t),

u(τ0) = u0, τ0 ≥ 0.

(4.2)nkq g(t, u) qq u ~S:J`�C��v1� (4.2) C�~��%MC�kM2 3.1,)�-{v+ �C1� (4.1) C� x(t, t0, x0) ~��%MC�$ 0 ? B
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Stability Criteria of Differential Equations

with Initial Time Difference
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Abstract In this paper, stability and practical stability criteria of differential equations

with initial time difference are investigated by using vector Lyapunove functions. The

method of vector Lyapunove is more effective than a single Lyapunov function in terms

of determining stability of differential equations with initial time difference, and we also

give a simple example to illustrate the advantage of vector Lyapunov functions.
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