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In search of a macroeconomic theory of wage determination, the agnostic reader should be 
puzzled by the apparent contradiction between two influential theories. On one hand, in the 
standard search-matching theory with wage bargaining, hiring cost and constant returns of labor, 
the bargaining power of employees allows them to get rents and gives rise either to over-
employment or to under-employment compared with the first-best. On the other hand, in Stole 
and Zwiebel’s theory of intrafirm bargaining with no hiring cost and decreasing returns of labor, 
the bargaining power of employees does not allow them to get rent and always gives rise to 
over-employment. In this paper, we try to reconcile the approaches. A simple matching model 
with large firms and diminishing marginal productivity of labor allows us to show that the two limit 
cases described above yield a mix of robust and non robust results: In the most general case, 
employees '��
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and there is more frequently ������)&!�*)���
compared to the efficient 
allocation than in the standard search-matching model. 
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� W?|hL_�U|�L?

Uhdo zdjhv kdyh frqvlvwhqwo| ghfolqhg lq wkh XV ehwzhhq wkh hduo| :3*v dqg wkh plg <3*v1 Ghvslwh
ri d ghedwh rq wkh uhohydqfh ri wkh sulfh lqglfhv wkurxjkrxw wklv shulrg/ vhh h1j1 Shwhu Jrwwvfkdon
+4<<:,/ rqh pd| wklqn wkdw wklv hyroxwlrq ri zdjhv lv olqnhg wr wkh hyroxwlrq ri edujdlqlqj vwuxfwxuhv
lq olqh zlwk wkh rujdql}dwlrq ri �upv1 Lqghhg/ wkh gl�xvlrq ri qhz surgxfwlrq phwkrgv/ pdqdjhphqw
sudfwlfhv dqg prqlwrulqj whfkqrorjlhv/ shukdsv dvvrfldwhg zlwk wkh gl�xvlrq ri whfkqlfdo surjuhvv
dqg wkh LW uhyroxwlrq/ lv pruh dqg pruh olnho| wr ohdg wr dq lqglylgxdol}dwlrq ri zdjh vhwwlqj1

Iurp wklv shuvshfwlyh/ Oduv Vwroh dqg Mh�uh| ]zlheho*v +4<<9d dqg e, sdshuv duh yhu| suryrfd0
wlyh1 Vwroh dqg ]zlheho surylgh d uljrurxv lqwud�up edujdlqlqj prgho zkhuh hpsor|hhv dqg wkh
�up hqjdjh lq lqglylgxdo zdjh qhjrwldwlrq1 Xqghu wkh dvvxpswlrq wkdw frqwudfw lqfrpsohwhqhvv
grhv qrw hqdeoh hlwkhu sduw| wr frpplw wr ixwxuh zdjhv dqg hpsor|phqw ghflvlrqv/ wkh| vkrz wkdw
lqwud�up/ h1j1 lqglylgxdo/ edujdlqlqj |lhogv qr uhqw iru hpsor|hhv dqg jlyhv ulvh wr ryhu0hpsor|phqw
frpsduhg wr d frpshwlwlyh oderu pdunhw1 Wkh edvlf lghd ri Vwroh dqg ]zlheho lv wkdw d �up/ zlwk d
glplqlvklqj pdujlqdo surgxfwlylw| ri oderu/ fdq ghfuhdvh wkh edujdlqhg zdjh/ zklfk lv sursruwlrqdo
wr wkh pdujlqdo surgxfwlylw| ri oderu/ e| lqfuhdvlqj hpsor|phqw1 Lq Vwroh dqg ]zlheho*v vhwwlqj/
�upv ryhu0hpsor| vwudwhjlfdoo|/ xs wr wkh srlqw zkhuh zrunhuv jhw wkhlu uhvhuydwlrq zdjh1

Wkh xqghuo|lqj uhdvrq ri zrunhuv* edujdlqlqj vwuhqjwk lq wkhlu dssurdfk lv/ dv fohdu iurp wkhlu
edujdlqlqj vwuxfwxuh/ wkdw hpsor|phqw gxulqj wkh edujdlqlqj vwdjh lv d �{hg lqsxw/ l1h1 lv suhghwhu0
plqhg/ gxh wr dgmxvwphqw frvwv lq hpsor|phqw ohiw rxwvlgh wkh prgho1 Dffruglqjo|/ dqg wklv lv rxu
vwduwlqj srlqw/ dq lqwud�up edujdlqlqj dqdo|vlv zrxog eh pruh uhohydqw li frqgxfwhg lq d iudphzrun
zkhuh vxfk oderu dgmxvwphqw frvwv h{lvw/ dqg ehwwhu/ duh hqgrjhqrxv wr oderu pdunhw frqglwlrqv>
zkdw zrxog kdsshq wkhq wr wkh wzr surhplqhqw uhvxowv ri Vwroh dqg ]zlheho/ wkdw zdjhv duh gulyhq
grzq wr wkh uhvhuydwlrq zdjh dqg wr wkh ryhu0hpsor|phqw uhvxowB Dqg/ wr zkdw h{whqw wkh sduwldo
htxloleulxp dssurdfk wkh| kdyh wdnhq d�hfwv vrph ri wkh frqfoxvlrqvB

Wklv lv d gl�fxow txhvwlrq wr dqvzhu h{0dqwh> lqghhg/ wkhvh uhvxowv frqwudvw txlwh gudvwlfdoo| zlwk
wkrvh ri wkh vwdqgdug pdwfklqj prgho ri xqhpsor|phqw/ zklfk lv olnho| rqh ri wkh prgho wkh prvw
riwhq xwlol}hg wr dqdo|}h xqhpsor|phqw1 Wklv prgho suhflvho| lqfrusrudwhv d jhqhudo htxloleulxp
dqdo|vlv ri lqglylgxdo edujdlqlqj lq wkh suhvhqfh ri dgmxvwphqw frvwv wr oderu1 Lw lv wkxv d qdwxudo
frpsohphqwdu| wkhru| ri zdjhv dqg hpsor|phqw1

Lq lwv vwdqgdug irup/ ghyhorshg e| Fkulvwrskhu Slvvdulghv +4<;8/ 4<<3,/ dqg pruh uhfhqwo| e|
Gdoh Pruwhqvhq dqg Fkulvwrskhu Slvvdulghv +4<<<,/ zdjhv duh edujdlqhg ehwzhhq hdfk hpsor|hu dqg
hpsor|hh/ dqg hdfk �up kdv rqo| rqh mre/ wkdw fdq eh hlwkhu ydfdqw ru �oohg1 Lq wklv iudphzrun/ lw
lv zhoo nqrzq wkdw hpsor|hhv jhw d uhqw/ vlqfh wkh| ehqh�w iurp d kljkhu zhoiduh wkdq xqhpsor|hg
zrunhuv1 Pruhryhu/ wkh frqglwlrq xqghu zklfk zdjhv duh ghwhuplqhg lv qrw olnho| wr ohdg wr vrfldo
h�flhqf|/ ehfdxvh wkhuh duh wudglqj h{whuqdolwlhv wkdw duh qrw wdnhq lqwr dffrxqw gxulqj wkh qhjr0
wldwlrq surfhvv1 Pruh suhflvho|/ vrfldo h�flhqf| lv uhdfkhg rqo| li wkh vr0fdoohg Krvlrv0Slvvdulghv
frqglwlrq +vhh Duwkxu Krvlrv 4<<3, lv ixo�oohg1 Wklv frqglwlrq vwdwhv wkdw vrfldo h�flhqf| lv uhdfkhg
li wkh vkduh ri wkh vxusoxv jrwwhq e| zrunhuv lv htxdo wr wkh hodvwlflw| ri wkh pdwfklqj ixqfwlrq zlwk
uhvshfw wr xqhpsor|phqw1 Rwkhuzlvh/ wkhuh lv xqghu0hpsor|phqw li kh zrunhuv* vkduh lv odujhu dqg
ryhu0hpsor|phqw li lw lv vpdoohu1

Lw lv zlgho| dffhswhg wkdw wkh rqh �up0rqh mre dvvxpswlrq lv fkrvhq iru wkh vdnh ri vlpsolflw|/ dqg
fdq hdvlo| jhqhudol}h wr d odujh �up/ zlwk pdq| hpsor|hhv1 Slvvdulghv +4<<3/ Fkdswhu 5, surylghg
dq dqdo|vlv ri wkh qhjrwldwlrq surfhvv lq wkh odujh �up1 Wkh uhvxowv rewdlqhg e| Slvvdulghv duh riwhq
hyrnhg/ exw uduho| suryhg lq wkh sduwlfxodu iudphzrun lq zklfk wkh| duh xvhg1 Iru lqvwdqfh/ Gdylg
Dqgroidwwr +4<<9,/ dprqj pdq| rwkhuv/ hyrnhg Slvvdulghv* uhvxowv wr xwlol}h d pdwfklqj prgho ri
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wkh exvlqhvv f|foh zlwk odujh �upv1�

Reylrxvo|/ lqwud�up edujdlqlqj fdqqrw hphujh li lw lv dvvxphg wkdw hdfk �up kdv rqo| rqh mre/
ru li wkh pdujlqdo surgxfwlylw| ri oderu lv frqvwdqw/ dv lw lv grqh lq wkh vwdqgdug pdwfklqj prgho ri
xqhpsor|phqw1 Lq rwkhu zrugv/ wr zkdw h{whqw Vwroh dqg ]zlheho dqdo|vlv fdoov lqwr txhvwlrq wkh
uhvxowv ri wkh vwdqgdug pdwfklqj prgho ri xqhpsor|phqwB

Lq rughu wr dqvzhu wklv wkhruhwlfdo txhvwlrq zh xvh d vlpsoh pdwfklqj prgho zlwk odujh �upv
wkdw lqfoxghv/ dv olplw fdvhv/ wkh lqwud�up edujdlqlqj prgho zlwk qr klulqj frvw dqg ghfuhdvlqj
uhwxuqv wr oderu rq wkh rqh kdqg/ dqg wkh vwdqgdug pdwfklqj prgho/ zlwk frqvwdqw uhwxuqv/ vpdoo
�upv zlwk rqh hpsor|hh dqg klulqj frvwv rq wkh rwkhu kdqg1

Wklv doorzv xv wr vkrz wkdw erwk olplw fdvhv |lhog d pl{ ri urexvw dqg qrq urexvw uhvxowv1
Lq wkh jhqhudo fdvh/ hpsor|hhv jhw uhqwv dqg wkhuh lv iuhtxhqwo| ryhu0hpsor|phqw/ hyhq zkhq wkh
Krvlrv0Slvvdulghv frqglwlrq lv ixo�oohg1

Wkh prgho lv suhvhqwhg lq Vhfwlrq 51 Vhfwlrq 6 lv ghyrwhg wr wkh dqdo|vlv ri wkh ghfhqwudol}hg
htxloleulxp zlwk odujh �upv1 Wkh ghfhqwudol}hg htxloleulxp lv frpsduhg wr wkh h�flhqw doorfdwlrq
lq vhfwlrq 71 Lq wkh frqfoxglqj frpphqwv ri Vhfwlrq 8/ zh glvfxvv wkh surv dqg wkh frqv ri hdfk
olplw fdvh1

2 A�i 4L_i*

Zh frqvlghu d frqwlqxrxv wlph hfrqrp| zlwk wzr jrrgv= D qxphudluh jrrg/ surgxfhg e| �upv/
dqg oderu/ vxssolhg e| zrunhuv1 Wkhuh lv d frqwlqxxp ri lq�qlwho| olyhg zrunhuv/ zklfk vl}h lv
qrupdol}hg wr rqh1 Hdfk zrunhuv vxssolhv rqh xqlw ri oderu1 Vhdufk frvwv lpso| wkdw �upv qhhg
wlph dqg uhvrxufhv wr kluh zrunhuv1 Dffruglqjo|/ lw lv frvwo| wr uhsodfh dq hpsor|hh1 Wkh h{lvwhqfh
ri zrunhu uhsodfhphqw frvw jlyhv ulvh wr qhjrwldwlrq zlwklq �upv1 Iroorzlqj Vwroh dqg ]zlheho/ lw
lv dvvxphg wkdw doo zdjhv duh lqvwdqwdqhrxvo| dqg frqwlqxrxvo| qhjrwldwhg1 Zh vkdoo �uvw irfxv rq
wkh oderu ghpdqg sureohp ehiruh suhvhqwlqj zdjh qhjrwldwlrq1

2�� w@MLh _i4@?_ @?_ ��h�?} ULt|t

Wkhuh lv d odujh uhsuhvhqwdwlyh �up zlwk glplqlvklqj pdujlqdo surgxfwlylw| ri oderu lqsxwv21 Wkxv/
surgxfwlrq/ ghqrwhg e| \> lv rewdlqhg wkdqnv wr d frqfdyh surgxfwlrq ixqfwlrq ghqrwhg e| I +Q,>
zkhuh Q vwdqgv iru hpsor|phqw1 Wr uhfuxlw/ wkh �up lqfxuv klulqj frvwv shu xqlw ri wlph � dqg
shu ydfdqf| srvwhg1 Dvvxplqj wkdw wkh pdvv ri djjuhjdwh frqwdfwv ehwzhhq wkh pdvv ri ydfdqflhv/
ghqrwhg e| Y> dqg xqhpsor|hg x lv k+x> Y ,> d frqvwdqw uhwxuqv wr vfdoh ixqfwlrq/ lqfuhdvlqj dqg
frqfdyh lq hdfk dujxphqw/ wkhq/ wkh suredelolw| wr �oo d ydfdqw vorw shu xqlw ri wlph lv jlyhq e|=

k+x> Y ,@Y @ t+�, zlwk t�+�, ? 3/ t+3, @ .4>

zkhuh � @ Y@x ghqrwhv wkh udwlr ri ydfdqflhv wr xqhpsor|hg zrunhuv +wkh wljkwqhvv ri wkh oderu
pdunhw,1 Qrwh wkdw � lv h{rjhqrxv wr wkh �upv* ghflvlrqv1

Wkh zrunhuv ohdyh wkh �up zlwk h{rjhqrxv suredelolw| v1 Lq rxu iudphzrun/ hpsor|phqw Q lv
d vwdwh yduldeoh wkdw fdqqrw eh lqfuhdvhg lqvwdqwdqhrxvo|1 Ohw xv ghqrwh e| �+Q, wkh ydoxh ri wkh

��ih�@Tt @t @ UL��?U�_i?Ui EM�| �t |�ihi @?)q�c �?_Lg@*|L<t @h|�U*i �@t hi*i@ti_ �? |�i t@4i �tt�i Lu |�i ��,�+�
@t 5|L*i @?_ ~��iMi*<t T@Tih� W4TLh|@?|*)c �| �@t hiUL}?�3i_ �? |�i *�|ih@|�hi |�@| _iUhi@t�?} hi|�h?t |L tU@*i �? @
*@h}i �h4 ti@hU� 4L_i* �L�*_ Uhi@|i UL4T*�U@|�L?t @?_ ?L|@M*) L�ihi4T*L)4i?|G A�i i@h*�it| T@Tih @U!L�*i_}�?}
|��t hit�*| �@t B��tiTTi �ih|L*@ @?_ +�U@h_L �@M@**ihL E�bbe�c 4Lhi hiUi?|t 4L_i*t ��|� t�U� ui@|�hi Mi�?} +@4L?
�@h�4L? @?_ 6@Mh�3�L ~�*�ML||� E2fff� @?_ B��tiTTi �ih|L*@ @?_ ��i|hL B@h�M@*_� E2ff���

2�tt�4�?} _iUhi@t�?} hi|�h?t |L *@MLh U@? @4L�?| |L t�TTLti UL?t|@?| hi|�h?t |L tU@*i ��|� Thi_i|ih4�?i_ U@T�|@*
t|LU!� A��t @tt�4T|�L? ��** Mi _�tU�tti_ Mi*L��
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�up/ e| u lwv glvfrxqw udwh dqg e| z+Q, wkh zdjh/ srvvleo| d ixqfwlrq ri wkh hpsor|phqw ohyho
ri wkh �up/ vlqfh zdjhv duh frqwlqxrxvo| dqg lqvwdqwdqhrxvo| qhjrwldwhg dw dq| hpsor|phqw ohyho1
Ghqrwlqj hpsor|phqw dw gdwh w e| Q / dqg hpsor|phqw dw gdwh w. gw e| Qn> wkh odz ri prwlrq ri
mrev zulwhv dv=

Qn @Q+4� vgw, . Y t+�,gw +4,

Wkh ydoxh ixqfwlrq ri wkh �up/ �+Q,> vroyhv wkh Ehoopdq htxdwlrq=

�+Q, @ Pd{
tT �

�
4

4 . ugw

��
^I +Q,�z+Q,Q � �Y ` gw.�+Qn,

�
> +5,

vxemhfw wr wkh odz ri prwlrq ri mrev +4,1 Wkh �uvw0rughu dqg wkh hqyhorsh frqglwlrqv iru dq rswlpdo
fkrlfh ri Y zulwh dv=

�� . t+�,M+Q, @ 3> +6,

uM+Q, @ I �+Q,� z�+Q,Q �z+Q, . bM+Q,� vM+Q,> +7,

zkhuh M+Q, @ ��+Q,> dqg wkh grw vwdqgv iru wkh ghulydwlyh zlwk uhvshfw wr wlph1 Htxdwlrq +7,
vkrzv wkdw wkh pdujlqdo ydoxh ri d mre ghshqgv rq wkh lpsdfw ri d pdujlqdo klulqj rq wkh zdjh ri
doo zrunhuv/ l1h1 �Qz�+Q,=

2�2 W?|h@��h4 �@}i M@h}@�?�?}

Wkh h{shfwhg glvfrxqwhg ydoxh ri hpsor|phqw lv ghqrwhg e| H/ zkhuhdv wkh h{shfwhg glvfrxqwhg
ydoxh ri xqhpsor|phqw lv ghqrwhg e| X 1 Li e ghqrwhv wkh xwlolw| �rz ri ulvn0qhxwudo zrunhuv zkhq
qrq0hpsor|hg/ wkhq H dqg X vroyh=

uH @ z+Q, . v+X �H, . bH> +8,

uX @ e. s+�,+H �X, . bX> +9,

zkhuh s+�, @ k+x> Y ,@x @ �t+�, zlwk s�+�, A 3> vwdqgv iru wkh lqvwdqwdqhrxv pdwfklqj suredelolw|
ri xqhpsor|hg zrunhuv

Zdjhv duh frqwlqxrxvo| dqg lqvwdqwdqhrxvo| qhjrwldwhg1 Vlqfh �upv qhhg wlph wr kluh zrunhuv/
hpsor|phqw lv frqvlghuhg dv d vwdwh yduldeoh gxulqj wkh qhjrwldwlrq surfhvv1 Zdjhv duh ghwhuplqhg
dffruglqj wr wkh xvxdo Qdvk edujdlqlqj jdph jlyhq wkh pdvv ri hpsor|hhv suhvhqw lq wkh �up= Wklv
lpsolhv wkdw wkh vxusoxv ri hdfk mre lv vkduhg dffruglqj wr wkh uxoh=

�M+Q, @ +4� �,+H �X,> +:,

zkhuh � 5 ^3> 4` lv dq lqgh{ ri wkh edujdlqlqj srzhu ri zrunhuv1 Lw lv zruwk qrwlflqj wkdw oderu
ghpdqg +6, lpsolhv wkdw wkh pdujlqdo ydoxh ri d mre lv dozd|v qrq qhjdwlyh1 Dffruglqjo|/ wkh vxusoxv
vkdulqj uxoh +:, lpsolhv wkdw H � X=

Jlyhq wkh ydoxh M+Q, ri d pdujlqdo mre/ gh�qhg lq htxdwlrq +7,/ wkh vxusoxv vkdulqj uxoh +:,
wrjhwkhu zlwk +8, dqg +9, gh�qhv d gl�huhqwldo htxdwlrq iru z+Q,/ zklfk zulwhv/ lq d vwhdg| vwdwh/
dv=

z+Q, @ +4� �,uX . �^I �+Q,�Qz�+Q,`= +;,

Wklv irup ri zdjh htxdwlrq/ ghulyhg e| Vwroh dqg ]zlheho/ lv gl�huhqw iurp wkh htxdwlrq xvxdoo|
rewdlqhg lq wkh vwdqgdug pdwfklqj prgho zlwk frqvwdqw uhwxuqv wr vfdoh/ lq zklfk wkh whup Qz�+Q,
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grhv qrw dsshdu1 Khuh/ wklv whup lv suhvhqw/ ehfdxvh rqh wdnhv lqwr dffrxqw wkdw �upv uhqhjrwldwh
doo zdjhv li dq hpsor|hh txlwv diwhu d glvdjuhhphqw1 Vwroh dqg ]zlheho dujxh frqylqflqjo| wkdw zdjh
htxdwlrq +;, gh�qhv d _vwdeoh% zdjh sur�oh lq zklfk/ sulru wr surgxfwlrq/ qr lqglylgxdo hpsor|hh
fdq ehqh�w iurp d uhqhjrwldwlrq zlwk wkh �up/ dqg wkh �up fdqqrw ehqh�w iurp uhqhjrwldwlrq zlwk
dq| hpsor|hh jlyhq wkh ixuwkhu zdjh uhqhjrwldwlrqv wkdw vxfk d uhqhjrwldwlrq zrxog lqgxfh1

Htxdwlrq +;, vroyhv� dv=

z+Q, @ +4� �,uX .Q3�*q

] �

f
{

�3q

q I �+{,g{= +<,

Khqfhiruwk/ iru wkh vdnh ri vlpsolflw|/ lw lv zruwk xvlqj d Free0Grxjodv irupxodwlrq iru I+Q, @
Qk/ wkhq/ rqh jhwv=

z+Q, @ uX . �

�
I �+Q,

4� �+4� �,
� uX

�
= +43,

Wkh zdjh lv htxdo wr wkh uhvhuydwlrq zdjh/ uX> soxv d whup wkdw zloo eh vkrzq wr eh srvlwlyh lq
htxloleulxp1

� w@MLh 4@h!i| i^��*�Mh��4

��� , �t|i?Ui @?_ N?�^�i?itt

Rqh fdq qrz ghwhuplqh/ �uvw wkh zdjh sur�oh/ vhfrqg wkh +xqltxh, ohyho ri htxloleulxp hpsor|phqw
dqg oderu pdunhw wljkqhvv1

Lqghhg/ lq htxloleulxp/ +6,/ +7,/ +8,/ +9, dqg +:, lpso| wkdw wkh zdjh vdwlv�hv=

z+Q, @ uX .
�

t+�,

�

4� �
+u . v, +44,

Lw lv lqwhuhvwlqj wr uhpdun wkdw/ ghvslwh lqwud�up edujdlqlqj/ wkh zdjh sdlg wr zrunhuv zkhq �upv
kdyh pdgh wkhlu rswlpdo hpsor|phqw ghflvlrqv lv deryh wkh uhvhuydwlrq zdjh/ uX> frqwudu| wr Vwroh
dqg ]zlheho/ exw wkdw wkh zdjh +dv vkrzq ehorz, jrhv frqwlqxrxvo| wr wkh uhvhuydwlrq zdjh zkhq
vhdufk iulfwlrqv +uhsuhvhqwhg e| vhdufk frvwv �, ydqlvk1

Zh fdq qrz hvwdeolvk wkh h{lvwhqfh dqg xqltxhqhvv ri wkh htxloleulxp ydoxh ri +Q> �, ru pruh
frqyhqlhqwo|/ ri +x> �, zkhuh x @ 4 �Q lv wkh xqhpsor|phqw udwh1 Wkh vwhdg| vwdwh htxloleulxp
ydoxh ri � dqg x fdq eh gh�qhg e| wzr htxdwlrqv1 Iluvw/ wkhuh lv d vwhdg|0vwdwh frqglwlrq rq �rzv
ri zrunhuv ehwzhhq hpsor|phqw dqg xqhpsor|phqw1 Wkhuh duh x�t+�, h{lwv iurp xqhpsor|phqw
dqg +4� x,v hqwu| lqwr xqhpsor|phqw shu xqlw ri wlph1 Dffruglqjo|/ wkh �rz htxloleulxp uhdgv=

+4� x,v @ x�t+�,= +45,

Wklv oderu �rz htxloleulxp +45,/ uhihuuhg wr dv wkh Ehyhulgjh Fxuyh/ gh�qhv d qhjdwlyh uhodwlrq lq
wkh sodqh +�> x, zlwk olplwv +.4> 3, dqg +3> 4, � vhh Iljxuh 41

��?i @tt�4it @t �? 5|L*i @?_ ~��iMi* |�@| |�i UL?_�|�L?t uLh |�i i �t|i?Ui Lu |�i �?|i}h@* �? E�f� @hi t@|�t�i_
E|�iti UL?_�|�L?t @hi ?L| �ih) hit|h�U|��i�� A��t @**L�t �t |L }i| h�_ Lu |�i UL?t|@?| |ih4 �? |�i tL*�|�L? uLh |�i �@}iG
W? |��t U@tic |��t UL?t|@?| |ih4 U@? Mi t�L�? |L Mi 3ihLc �?_ih |�i t�TT*i4i?|@h) UL?_�|�L? |�@| |�i �@}i �t �?�|i
��i? � < f�
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Iljxuh 4= Wkh oderu pdunhw htxloleulxp1

Vhfrqg/ frpelqlqj wkh oderu ghpdqg gh�qhg e| +6, dqg +7,/ dqg wkh zdjh htxdwlrq +43,/
wrjhwkhu zlwk wkh lghqwlw| Q @ 4� x> dqg diwhu pdqlsxodwlrqve/ rqh jhwv=

I �+4� x, @ ^4� �+4� �,`

�
e.

�

4� �

�
�� .

u . v

t+�,

��
= +46,

Wklv htxdwlrq gh�qhv d Ydfdqf| Fxuyh/ zklfk lv d srvlwlyh uhodwlrq ehwzhhq wkh xqhpsor|phqw
udwh dqg wkh oderu pdunhw wljkwqhvv lq wkh sodqh +�> x,> zlwk olplwv +�f> 3, dqg +.4> 4,> zkhuh �f

lv gh�qhg e| I �+4, @ ^4� �+4� �,`
q
e. �

�3q

k
��f . onr

^Ewf�

lr
1 Dffruglqjo|/ +45, dqg +46, gh�qh d

xqltxh htxloleulxp zlwk � A 3/ x 5 `3> 4^1

��2 w�4�| U@tit

Ohw xv �uvw irfxv rq d olplw fdvh lq zklfk wkh surgxfwlrq ixqfwlrq h{klelwv frqvwdqw uhwxuqv wr
vfdoh +lq Fdkxf dqg Zdvphu 5334/ zh vkrzhg wkdw wklv fruuhvsrqgv wr wkh fdvh zlwk shuihfw fdslwdo
dgmxvwphqw dqg frqvwdqw uhwxuqv wr vfdoh lq wrwdo idfwruv/ dv glvfxvvhg lq Slvvdulghv/ 4<<3,1 Lq wkdw
fdvh/ rqh kdv � @ 4> dqg I �+Q, lv d frqvwdqw/ ghqrwhg e| |> dvvxplqj | A e lq rughu wr jhw d
qrq0wulyldo vroxwlrq zlwk srvlwlyh hpsor|phqw1 Wkh uhvxowv rewdlqhg khuh duh h{dfwo| wkrvh ri wkh
vwdqgdug pdwfklqj prgho1 Lqghhg/ iurp +43,/ z @ +4� �,uX .�| lpso|lqj wkdw I �+Q, A z A uX =
Hpsor|hhv jhw uhqwv dqg wkh pdujlqdo surgxfwlylw| ri oderu lv odujhu wkdq wkh zdjh1

Wkh edvlf prgho ri Vwroh dqg ]zlheho/ zlwk ghfuhdvlqj uhwxuqv wr vfdoh dqg qr klulqj frvw/
gholyhuv yhu| gl�huhqw uhvxowv1 Wklv fdq eh vkrzq e| vwxg|lqj wkh olplw fdvh lq zklfk � $ 31 Lq
wkdw fdvh/ dvvxplqj wkdw I �+4, A e> +45, dqg +46, lpso| � vhh dsshqgl{ D � dq lq�qlwh oderu
pdunhw wljkwqhvv zlwk ixoo hpsor|phqw +x @ 3,1 Wkxv/ +44, dqg +46, lpso|=

z @ uX @ I �+4,@+4� �+4� �,, A I �+4,= +47,

Iurp htxdwlrq +47,/ rqh fdq ghgxfh wkdw lqwud�up edujdlqlqj zlwk ghfuhdvlqj uhwxuqv wr vfdoh dqg
qr klulqj frvw |lhogv qr uhqw iru hpsor|hhv dqg d pdujlqdo surgxfwlylw| ri oderu vpdoohu wkdq wkh
zdjh1

e�L|@M*)c oL L? |�i h�}�| �@?_ t�_i Lu E�f� �t LM|@�?i_ uhL4 E��c Ee�c ES� @?_ E.� @?_ �h�|it oL ' Knd�qw*E�3 q�o�
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Wkh lqwxlwlrq lv d vwudljkw dssolfdwlrq ri Vwroh dqg ]zlheho*v uhvxowv1 Wkh zdjh htxdwlrq +43,
vkrzv wkdw zdjhv ghfuhdvh zkhq hpsor|phqw lqfuhdvhv/ jlyhq wkdw wkh pdujlqdo surgxfw dqg khqfh
wkh vxusoxv zloo ghfuhdvh zlwk hpsor|phqw1 Ilupv wkxv fdq vwudwhjlfdoo| h{sorlw wklv ihdwxuh wr
lqfuhdvh hpsor|phqw dqg wr uhgxfh wkhlu zdjh eloo1 Zkdw kdsshqv khuh lv wkdw �upv ryhu0hpsor|
frpsduhg wr wkh frpshwlwlyh fdvh lq zklfk wkh h�hfw ri hpsor|phqw rq wkh zdjh lv qrw wdnhq
lqwr dffrxqw1 Dv vkrzq e| htxdwlrq +47,/ lq htxloleulxp/ wklv ryhu0hpsor|phqw ehkdylru hqwdlov
d pdujlqdo surgxfwlylw| ri oderu vpdoohu wkdq wkh uhvhuydwlrq zdjh1 Wklv ohdgv wr d kljkhu oderu
pdunhw wljkwqhvv wkdq lq d vlwxdwlrq lq zklfk wkh pdujlqdo surgxfwlylw| ri oderu lv htxdo wr wkh
uhvhuydwlrq zdjh1

Wkhvh uhvxowv duh h{dfwo| rssrvhg wr wkrvh rewdlqhg zlwk frqvwdqw uhwxuqv wr vfdoh dqg klulqj
frvwv1 Zkdw lv jrlqj rq lq wkh jhqhudo fdvh/ zlwk ghfuhdvlqj uhwxuqv dqg srvlwlyh +dqg �qlwh, klulqj
frvwvB

��� Bi?ih@* U@ti

Iljxuhv 5 dqg 6 vkrz wkdw wkh udqnlqj ri wkh pdujlqdo surgxfwlylw| ri oderu/ wkh zdjh dqg wkh
uhvhuydwlrq zdjh/ phw lq erwk olplw fdvhv duh vdwlv�hg iru sduwlfxodu udqjhv ri wkh klulqj frvw � dqg
wkh uhwxuqv wr vfdoh sdudphwhu �=

Rq Iljxuh 5/ lw fdq eh vhhq wkdw Vwroh dqg ]zlheho*v fdvh/ lq zklfk I �+Q, ? z @ uX> fdq dulvh
rqo| iru � @ 3= Lq wklv sduwlfxodu fdvh/ zrunhuv kdyh qr uhqw1 Iljxuh 5 fohduo| vkrzv wkdw/ rq wklv
lvvxh/ Vwroh dqg ]zlheho frqfoxvlrq lv qrw urexvw1 Dfwxdoo|/ lq wkhlu sdshu/ hpsor|hhv qhyhu jhw uhqw
ehfdxvh wkhuh lv hlwkhu qr klulqj frvwv/ ru klulqj frvwv wkdw fdq eh vkduhg ehwzhhq hpsor|huv dqg
hpsor|hhv wkdqnv wr frpplwphqw pdgh ehiruh uhfuxlwphqw1 Li vrph klulqj frvwv duh qrw frqwudfwleoh/
zklfk vhhpv frpsdwleoh zlwk Vwroh dqg ]zlheho*v dvvxpswlrq ri frqwudfw lqfrpsohwhqhvv/ zrunhuv
jhw uhqwv1 Krzhyhu/ rqh fdq vhh/ rq Iljxuh 5/ wkdw wkh pdujlqdo surgxfwlylw| ri oderu lv vpdoohu
wkdq wkh zdjh iru srvlwlyh ydoxhv ri �= Rq wklv lvvxh/ Vwroh dqg ]zlheho*v dqdo|vlv |lhogv pruh urexvw
uhvxowv1

Wkh vlwxdwlrq ghvfulehg e| wkh vwdqgdug pdwfklqj prgho/ lq zklfk I �+Q, A z A uX> lv phw
rqo| li wkh klulqj frvw lv vx�flhqwo| kljk1 Iru lqwhuphgldwh ydoxhv ri wkh klulqj frvw/ wkh oderu
pdujlqdo surgxfwlylw| fdq eh vpdoohu wkdq erwk wkh zdjh dqg wkh uhvhuydwlrq zdjh/ ru lq ehwzhhq
wkh uhvhuydwlrq zdjh dqg wkh zdjh1

Iljxuh 6 vkrzv wkdw wkh vlwxdwlrq phw lq wkh vwdqgdug pdwfklqj prgho dulvhv rqo| li wkh whfk0
qrorj| lv forvh wr frqvwdqw uhwxuqv wr vfdoh1 Lq rxu h{dpsoh/ lw dsshduv wkdw wkh oderu pdujlqdo
surgxfwlylw| lv eljjhu wkdq wkh zdjh iru d vpdoo udqjh ri ydoxhv ri �= Lq sduwlfxodu/ li rqh lqwhusuhwv
wkh whfkqrorj| dv d vwdqgdug Free0Grxjodv surgxfwlrq ixqfwlrq zlwk d suhghwhuplqhg fdslwdo vwrfn/
� dprxqwv wr derxw 5@6> dqg Iljxuh 6 vkrzv wkdw wkh pdujlqdo surgxfwlylw| ri oderu lv vpdoohu
wkdq erwk wkh zdjh dqg wkh uhvhuydwlrq zdjh1

Dw wklv vwdjh/ zh nqrz wkdw zrunhuv rewdlq vrph uhqw dw ohdvw zkhq �upv lqfxu vrph klulqj
frvwv1 Lq wkdw vhqvh/ rqh pd| eh ohg wr wklqn wkdw Vwroh dqg ]zlheho*v suhglfwlrq wkdw wkhuh lv
ryhu0hpsor|phqw lv d yhu| vshfl�f fdvh1 Krzhyhu/ vxfk lv qrw wkh uhvxow rqh jhwv zkhq ghulylqj wkh
zhoiduh dqdo|vlv wkdw iroorzv1

e ,�U�i?U)

Lq wkh vwdqgdug pdwfklqj prgho zlwk frqvwdqw uhwxuqv wr vfdoh/ wkh ghfhqwudol}hg htxloleulxp zlwk
zdjh edujdlqlqj lv h�flhqw li dqg rqo| li � @ �+�,> zlwk �+�, @ ��t�+�,@t+�, 5 `3> 4^ = Wklv lv
wkh Krvlrv0Slvvdulghv frqglwlrq1 Ohw xv gh�qh wkh vwhdg| vwdwh h�flhqw vroxwlrq zkhq wkhuh duh
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Iljxuh 5= Wkh frqvhtxhqfh ri klulqj frvwv rq wkh pdujlqdo surgxfwlylw| ri oderu/ wkh uhvhuydwlrq
zdjh dqg wkh zdjh1 Sdudphwhuv ydoxhv duh= � @ 5@6> e @ 3=5> k+x> Y , @

s
x � Y > v @ 3=48> u @ 3=38
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Iljxuh 6= Wkh frqvhtxhqfh ri uhwxuqv wr vfdoh rq wkh pdujlqdo surgxfwlylw| ri oderu/ wkh uhvhuydwlrq
zdjh dqg wkh zdjh1 Sdudphwhuv ydoxh duh= � @ 3=35> e @ 3=5> k+x> Y , @

s
x � Y > v @ 3=48> u @ 3=38

:



ghfuhdvlqj uhwxuqv wr vfdoh1 Ljqrulqj glvfrxqwlqj iru wkh vdnh ri vlpsolflw|/ wkh vrfldo sodqqhu
sureohp uhdgv dv=

Pd{
w

I+4� x, . ex� ��x vxemhfw wr x @
v

v. �t+�,

Wkh �uvw0rughu frqglwlrq |lhogv=

+4� �,
�
I �+4� x,� e

�
@

�

t+�,
^v. �+�,�t+�,` +48,

Htxdwlrqv +6,/ +7,/ +9, dqg +;, doorz xv wr zulwh wkh ghfhqwudol}hg htxloleulxp dv=

+4� �,
�
I �+4� x,� e� +4� x,z�+4� x,

�
@

�

t+�,
^v. ��t+�,` +49,

Lw lv zruwk qrwlqj wkdw frqglwlrq +49, gh�qhv/ wrjhwkhu zlwk wkh �rz htxloleulxp frqglwlrq +45,/
d uhodwlrq ehwzhhq � dqg � wkdw lv qrw qhfhvvdulo| prqrwrqlf � vhh Dsshqgl{ E/ htxdwlrq +53,1
Wkh lpsolfdwlrq ri wklv uhvxow lv wkdw/ lq wkh ghfhqwudol}hg htxloleulxp/ wkh oderu pdunhw wljkwqhvv �>
dqg wkxv hpsor|phqw/ pd| kdyh qrq prqrwrqlf yduldwlrqv zlwk uhvshfw wr wkh lqgh{ ri edujdlqlqj
srzhu ri zrunhu �1 Wkhuh duh wzr frqwulexwlrqv ri � wr wkh yduldwlrqv ri �=

� d qhjdwlyh rqh/ gxh wr wkh h�hfw xvxdoo| phw lq pdwfklqj prghov= Ohvv vxusoxv dffuxlqj wr
wkh �up uhgxfhv mre fuhdwlrqv dqg wkxv �=

� d srvlwlyh rqh/ gxh wr wkh idfw wkdw �upv h{sorlw wkh srvvlelolw| ri lqwud0�up edujdlqlqj/
dqg ryhu0hpsor| wr uhgxfh zrunhu*v zdjhv1 D kljkhu edujdlqlqj srzhu ri zrunhuv pdnhv wklv
srvvlelolw| hyhq pruh dwwudfwlyh iru �upv/ h{dfwo| lq wkh vslulw ri Vwroh dqg ]zlhehoD1

Wkh h�hfw ri � rq zdjhv dqg wkhq rq hpsor|phqw ghflvlrqv lv wkxv dpeljxrxv1 Vxfk d fdvh ri
qrq0prqrwrqrflw| lv looxvwudwhg rq Iljxuh 7/ sorwwlqj x+�, e| h{sorlwlqj wkh rqh0wr0rqh fruuhvsrq0
ghqfh ehwzhhq � dqg x1 Wklv h{dpsoh lv rewdlqhg zlwk ydoxhv ri wkh sdudphwhuv wkdw gl�hu iurp
wkh suhylrxv fdvh1 Qrwdeo|/ � kdv ehhq vhw wr d orzhu ydoxh/ qdpho| 4@71

Vxevwudfwlqj wkh htxdwlrqv +49, dqg +48,/ rqh jhwv d frqglwlrq wkdw lqvxuhv wkdw wkh ghfhqwudol}hg
htxloleulxp lv h�flhqw=

� @ �+�, . � / zlwk � @ �+4� x,z�+4� x,+4� �,

I �+4� x,� e. ��
� 3 +4:,

Wklv lv d prgl�hg Krvlrv0Slvvdulghv frqglwlrq +l1h1 � @ �, zklfk reylrxvo| fruuhvsrqgv wr wkh
Krvlrv0Slvvdulghv frqglwlrq zkhq zdjhv gr qrw uhdfw wr fkdqjhv lq hpsor|phqw/ l1h1 z� @ 31

Dv looxvwudwhg lq Iljxuh 7/ zkhuh wkh vrfldoo| rswlpdo ydoxh ri � +htxlydohqwo|/ x, lv dovr uhsruwhg
+qrwh wkdw lw lv lqghshqghqw ri �,/ wkh ghfhqwudol}hg htxloleulxp dqg wkh vrfldo rswlpxp frlqflgh
vrphwlphv/ khuh iru d ydoxh ri � * 3=<; pxfk kljkhu wkdq wkh frqyhqwlrqdo � @ 3=8 ri wkh Krvlrv0
Slvvdulghv frqglwlrq1 Zkdw kdsshqv khuh lv wkdw/ gxh wr wkh suhvhqfh ri wkh whup � A 3> lwvhoi
uhvxowlqj iurp z�+�, ? 3/ �upv qhhg d kljkhu � wkdq lq wkh vwdqgdug Slvvdulghv fdvh wr rewdlq wkh
vdph wljkwqhvv ri wkh oderu pdunhw/ vlqfh djdlq wkh| fdq h{sorlw wkh glplqlvklqj uhwxuqv wr vfdoh wr
uhgxfh wkh zdjh1

DA��t @U|�@**) U@? Mi i@t�*) Mi tii? uhL4 |�i i Thitt�L? E�f� Lu |�i �@}ic ���U� �4T*�it |�@| ��E�� '
q8 ��E��* d�3 qE�3 k�o c ���U� @MtL*�|i �@*�i �?Uhi@tit ��|� q @| UL?t|@?| � �
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Iljxuh 7= Wkh h�flhqw +grwwhg olqh, dqg wkh ghfhqwudol}hg +frqwlqxrxv olqh, xqhp0
sor|phqw udwh1 Sdudphwhuv ydoxh duh= � @ 3=35> e @ 3=59> k+x> Y , @

s
x � Y >

v @ 3=5> u @ 3=38> � @ 3=58=

Wklv h�hfw lv odujh lq wklv h{dpsoh/ dqg pd| ohdg wr wklqn wkdw/ vrphwlphv/ lw lv hyhq lpsrvvleoh
wr uhdfk dq h�flhqw doorfdwlrq zkhq wkhuh lv erwk lqwud0�up zdjh edujdlqlqj dqg vwurqj ghfuhdvlqj
uhwxuqv wr vfdoh= Li lqghhg � zdv odujh hqrxjk/ qr � pd| lqvxuh wkh htxdolw| lq +4:,1 Rqh pd|
uhphpehu d vlplodu uhvxow e| Jlxvhssh Ehuwrod dqg Ulfdugr Fdedoohur +4<<7,/ dovr rewdlqhg lq d
pdwfklqj prgho zlwk lqwud0�up edujdlqlqj dqg khwhurjhqhrxv vhdufk frvwvS1 Krzhyhu/ wklv lv qrw
wkh fdvh lq rxu iudphzrun= Zh fdq suryh wkdw � lv qhyhu odujh hqrxjk wr holplqdwh wkh srvvlelolw|
ri dq h�flhqw ghfhqwudol}hg htxloleulxp � vhh Dsshqgl{ E1 Dv looxvwudwhg lq Iljxuh 7/ zkhq � lv
odujh hqrxjk/ wkhuh lv xqghu0hpsor|phqw/ dqg zkhq � lv orz hqrxjk/ wkhuh lv ryhu0hpsor|phqw1

Wkhuh duh wzr dgglwlrqdo uhpdunv khuh= Iluvw/ wkh qrq0prqrwrqlflw| pd| vxjjhvw wkdw vhyhudo
ydoxhv ri � lqvxuh d vrfldoo| rswlpxp sulydwh htxloleulxp1 Krzhyhu/ zh kdyh qrw revhuyhg wklv lq
rxu vlpxodwlrqv � ehfdxvh wkhuh lv dozd|v ryhu0hpsor|phqw dv � $ 3= Vhfrqg/ wkh kljk ydoxh ri
� * 3=<; lqvxulqj wkh h�flhqf| zrxog vxjjhvw wkdw wkh ryhu0hpsor|phqw uhvxow ri Vwroh dqg ]zlheho
lv pxfk pruh olnho| wkdq lq wkh vwdqgdug pdwfklqj dqdo|vlv= Lq rwkhu zrugv/ idu ihzhu ydoxhv ri wkh
edujdlqlqj srzhu � ohdg wr xqghu0hpsor|phqw wkdq lw fdq eh ghgxfhg iurp wkh vwdqgdug pdwfklqj
prgho1

D �L?U*�_�?} UL44i?|t

Zh kdyh vkrzq wkdw hpsor|hhv duh olnho| wr jhw uhqwv hyhq wkrxjk �upv sod| vwudwhjlfdoo| zlwk
ghfuhdvlqj uhwxuqv wkurxjk lqwud�up zdjh edujdlqlqj1 Lq wkdw vhqvh/ frqfoxvlrqv ri wkh vwdqgdug
pdwfklqj prgho duh txlwh urexvw/ vlqfh vhdufk iulfwlrqv dqg lqglylgxdo edujdlqlqj surylgh hpsor|hhv
zlwk txdvl0uhqwv1 Krzhyhu/ dv vrrq dv lqwud0�up edujdlqlqj lv lqwurgxfhg lq wkh jhqhudo prgho/ d
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