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880 ) . : Æ Æ � 35:℄�Fl*_rz�H�3F\XlPbt3%C�l�F_�rz�F|6lPEb�*_VV3lP%`[�lP
u�.Pg��'T� [1]. Fq'*=lPfGb$[�$|P*_��,lP%`[ [2−4]. '>_*_lP`[
bJ.��395
BQe$&�+� V�/yJ 5��xJT1 Lyapunov���3℄C*_P|Wql6P`[
 [4−12].

Wang[5,6] � Lyapunov VbldR�I Banach E"bP9znv
*_lP��3℄F Dirichlet M$mC0*_P�l6�"\l6P`[
�Nicaise[4] �d℄*_"\l6P`[
�%`[
M$�w/� Fridman[7] � Lyapunov-Krasovskii ldR�I
Hilbert E"bP*_v
lP��b5,v
Bpx1F*_kG��3℄�O*_v
q'*=lPPY=`[
��a� 9℄s℄i5�dlPP%�[
`[
bJ�dEeS�28�Fq�h.�-[h.�=sh.S�,\GlP%C�lT�Fl%�['��L�%�['��_lP
u/%�[P-x�H�3_lPP`[
/%-x�'>%�[*_lP`[
bJ�d`xJ�3 [13−16]. 28%�[*_q'*=lP`[
PrE
�s�%�[*_lP`[
bJP�3=5t8�b*=lPP�3�q'*=lPw��3�KwE!��℄_8�O%�[
q'*=lPP
�Y=`[
.��3�T1R�IHilbertE"P Lyapunov-Krasovskii ld�%S/���*
 Newton-Leibniz }/�z;℄lP
�Y=`[
P8qM$�!�>M$1v
Bp%S/ (LOI) �1;J��b<,�[3 Hilbert E"PBp�F>�< �.�(D1R�Pv
7O%S/ (LMI)ld�3℄lPP`[�bJ�
2 ( ��:;|=�" H 3 Hilbert E"��t�Y 〈·, ·〉, 7Fh=Y ‖ · ‖. L(H) �1��2 H I HP5,v
BpP
K� B(H) �1��2 H I H Pv
BpP
K� P ∗ �1 P P
CBp� P > 0 �1 P 3PBp� I YD[Bp��7 1 [17] " T 3 Hilbert E" H  P5,v
Bp��� T ∗ = T , G1 T 3r
Bp�.a��_�$P x ∈ H , 5 〈Tx, x〉 > 0, G1 T YPBp��d%�[*_q'*=F\lP

ẋ(t) = (A1 + ∆A1)x(t) + (A2 + ∆A2)x(t − τ(t)) + (B + ∆B)u(t), t ≥ t0, (1)

xt0 = φ(θ), θ ∈ [−h, 0], φ(t) ∈ W,�b x(·), u(·) q�YkG�F\7�� A1 P[&<Y D(A1), D(A1) = H . v
Bp
A1 3 H  P�y C0 Æ� T (t) Pd
|%3?�� ‖T (t)‖ ≤ Meωt, M ≥ 1, ω ∈ R,

t ≥ t0, A2, B ∈ L(H), τ(t) ∈ C1([t0, +∞), (0, h]) Y*_� τ̇(t) ≤ k < 1, h > 0, k, Y



5~ HX>�R>m�nZM�(�u�p&):kONb�W:^Y�pi 8810=� φ(t) ∈ W 3:-	=�" A = A1 + ∆A1,

‖φ(t)‖W =
√
|Aφ(0)|2 + ‖φ(t)‖C1([−h,0], H),

W = C([−h, 0], D(A)) ∩ C1([−h, 0], H),

xt0 = x(t0 + θ), t0 ≥ 0.%�[v
Bp ∆A1, ∆A2, ∆B ∈ L(H) q�Y A1, A2, B P5,�\hum_M$�FBp Â1 > 0, Â2 > 0, B̂ > 0, ,M ∆A∗
1∆A1 ≤ Â1, ∆A∗

2∆A2 ≤ Â2, ∆B∗∆B ≤ B̂.6o
k�dE u(t) = 0 P	��
ẋ(t) = (A1 + ∆A1)x(t) + (A2 + ∆A2)x(t − τ(t)), t ≥ t0 (2)

xt0 = φ(θ), θ ∈ [−h, 0], φ(t) ∈ W.2 [18, [Q 3.1.1] S A1 + ∆A1 3 H  P�y C0 Æ� Q(t) Pd
|%3?��
‖Q(t)‖ ≤ Me(ω+M‖∆A1‖)t. CO? [7, (Q 3] Ro:VbJ (2) P+F [t0, +∞)  34[P��4^+ (mild solution) C2�ql6�1�m�

x(t) = T (t − t0)x(t0) +

∫ t

t0

T (t − s)
[
∆A1x(s) + (A2 + ∆A2)x(s − τ(s))

]
ds, t ≥ t0.�7 2 lP (2) 3
�Y=`[P�z[ α > 0, _�$%�[Bp ∆A1, ∆A2 ∈

L(H), ���FP= G ≥ 1, ,M_jy+ x(t, t0, φ) hum_~�/
‖x(t, t0, φ)‖ ≤ Ge−α(t−t0)‖φ‖W , ∀ t ≥ t0.9� 1[19] (Jensen, s %S/) " H 3 Hilbert E"� 〈·, ·〉 �1t��0= l > 0 �

x ∈ L2([a, b], H), G_�$ P ∈ L(H) � P > 0 5m_%S/3V
l

∫ l

0

〈
x(s), Px(s)

〉
ds ≥

〈∫ l

0

x(s)ds, P

∫ l

0

x(s) ds
〉
.9� 2 " N, N∗ ∈ B(H), � N∗N ≤ N̂ , α > 0, G_�$ x, y ∈ H 5

2〈x, Ny〉 ≤ α〈x, x〉 +
1

α
〈y, N̂y〉.S

0 ≤
〈√

αx − 1√
α

Ny,
√

αx − 1√
α

Ny
〉

= α〈x, x〉 − 2〈x, Ny〉 +
1

α
〈Ny, Ny〉

=α〈x, x〉 − 2〈x, Ny〉 +
1

α
〈y, N∗Ny〉 ≤ α〈x, x〉 − 2〈x, Ny〉 +

1

α
〈y, N̂y〉,E"

2〈x, Ny〉 ≤ α〈x, x〉 +
1

α
〈y, N̂y〉.



882 ) . : Æ Æ � 35:9� 3 [5] " z ∈ W 1,2([a, b], R), z(a) = z(b) = 0, G
∫ b

a

z2(s) ds ≤ (b − a)
2

π2

∫ b

a

[dz(s)

ds

]2

ds.9� 4 _z[Pr
Bp7O S =
[

S11 S12

S21 S22

]
, �b S11, S12, S21, S22 ∈ B(H), S11 =

S∗
11, S21 = S∗

12, S22 = S∗
22, S11, S22 Cv�"m�yM$S 

(i) S < 0,

(ii) S11 < 0, S22 − S∗
12S

−1
11 S12 < 0,

(iii) S22 < 0, S11 − S12S
−1
22 S∗

12 < 0.S (i)⇔(ii)

S < 0 ⇔ 〈ς, Sς〉 < 0 ⇔
〈[ I 0

−S21S
−1
11 I

]∗
ς, S

[ I 0

−S21S
−1
11 I

]∗
ς
〉

< 0

⇔
〈
ς,

[ I 0

−S21S
−1
11 I

][ S11 S12

S21 S22

][ I 0

−S21S
−1
11 I

]∗
ς
〉

< 0

⇔
〈
ς,

[ S11 0

0 S22 − S21S
−1
11 S12

]
ς
〉

< 0

⇔ S11 < 0, S22 − S∗
12S

−1
11 S12 < 0,�b ς = (ς1, ς2) ∈ H × H .

(i)⇔(iii)

S < 0 ⇔ 〈ς, Sς〉 < 0 ⇔
〈[ I 0

−S21S
−1
11 I

]∗
ς, S

[ I 0

−S21S
−1
11 I

]∗
ς
〉

< 0

⇔
〈[ I −S12S

−1
22

0 I

]∗
ς, S

[ I −S12S
−1
22

0 I

]∗
ς
〉

< 0

⇔
〈
ς,

[ I −S12S
−1
22

0 I

][ S11 S12

S21 S22

][ I −S12S
−1
22

0 I

]∗
ς
〉

< 0

⇔
〈
ς,

[ S11 − S12S
−1
22 S∗

12 0

0 S22

]
ς
〉

< 0

⇔ S22 < 0, S11 − S12S
−1
22 S∗

12 < 0,�b ς = (ς1, ς2) ∈ H × H .B (Q 4 FRo%�[
q'*=lPP
�Y=`[
�`[�b�I
�x1�,
�`[
�`[�PM$C"�13 LOI �/�q�E
k�(QbPv
Bp?x34EZ=7O*�(Q 4 YhpP Schur #[Q��d�L x � ẋ P Lyapunov-Krasovskii j	 [1], z[Y
j	 V : R × W × C

([−h, 0], H) → R, �l:VbJ (1) P+ xt(t0, φ), t ≥ t0 6F=P �,[&�m
V̇ (t, φ, φ̇) = lim

s→0+
sup

1

s

[
V (t + s, xt+s(t, φ), ẋt+s(t, φ)) − V (t, φ, φ̇)

]
.
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3 A6��
3.1 '�3�,�� 1 z[ α > 0,���Fhum/ (3)P P, Q, R ∈ B(H)� P > 0, Q ≥ 0, R ≥ 0�P0= α1, α2, βj (j = 1, 2, · · · , 10) ,m_ LOI (4) 3V





c1

〈
x(t), x(t)

〉
≤

〈
x(t), Px(t)

〉
≤ c2

[
〈x(t), x(t)〉 + 〈Ax(t), Ax(t)〉

]
,

〈
x(t), Qx(t)

〉
≤ c3

〈
x(t), x(t)

〉
,

〈
x(t), Rx(t)

〉
≤ c4

〈
x(t), x(t)

〉
,

〈
x(t), R2x(t)

〉
≤ c5

〈
x(t), x(t)

〉
,

(3)�b ci (i = 1, · · · , 5) YP0=�



S1 hA∗
1RA2 +

e−2αhR

h
+ PA2

hA∗
2RA1 +

e−2αh

h
R + A∗

2P S2

0
e−2αhR

h
a1RA1 0

(α1 + α2)P 0

0 a2RA2

0 α1A
∗
1R (α1 + α2)P 0

e−2αh

h
R 0 0 a2A

∗
2R

−e−2αh

h
R 0 0 0

0 −I 0 0

0 0 −(α1 + α2) I 0

0 0 0 −I




< 0, (4)

�b
S1 =2PA1 +

1

α1
Â1 + hA∗

1RA1 +
h

2β1
Â1 +

h

2β2
Â1 + hc4Â1 +

hβ3

2
Â1

+
hβ5

2
Â1 +

h

2β7
Â2 +

h

2β8
Â1 +

c5h

2β10
Â1 + Q + 2αP − e−2αh

h
R,

S2 = − e−2αh

[
(1 − k)Q +

2R

h

]
+

1

2α2
Â2 +

h

2β4
Â2 + hA∗

2RA2 +
c5h

2β5
Â2

+
h

2
β6Â2 + c4hÂ2 +

h

2β7
Â2 +

h

2
β8A

∗
2RA2 +

h

2
(β9 + β10)Â2,

a2
1 =

β1h

2
+

β2h

2
+

β4h

2
+

h

2β9
,

a2
2 =

h

2β3
+

h

2β6
+

hβ7

2
, a1, a2 > 0,



884 ) . : Æ Æ � 35:GlP (2) 3
�Y=`[P�S �d Lyapunov j	
Ṽ (t)

∆
=V (t, xt, ẋt) =

〈
x(t), Px(t)

〉
+

∫ t

t−τ(t)

e2α(s−t)
〈
x(s), Qx(s)

〉
ds

+

∫ 0

−h

∫ t

t+θ

e2α(s−t)
〈
ẋ(s), Rẋ(s)

〉
ds dθ. (5)2M$ (3) �#�R�FP0= λ1, λ2 ,M

λ1|φ(0)|2 ≤ V (t, xt, ẋt) ≤ λ2‖φ‖2
W ,

˙̃
V (t) + 2αṼ (t)

=2〈x(t), P ẋ(t)〉 + 〈x(t), Qx(t)〉 − e−2ατ(t)(1 − τ̇(t))
〈
x(t − τ(t)), Qx(t − τ(t))

〉

+

∫ 0

−h

〈ẋ(t), Rẋ(t)〉dθ −
∫ 0

−h

e2αθ〈ẋ(t + θ), Rẋ(t + θ)〉dθ + 2α〈x(t), Px(t)〉

≤2〈x(t), P ẋ(t)〉 + 〈x(t), Qx(t)〉 + h〈ẋ(t), Rẋ(t)〉
− e−2αh(1 − k)〈x(t − τ(t)), Qx(t − τ(t))〉

− e−2αh

∫ t

t−h

〈ẋ(s), Rẋ(s)〉ds + 2α〈x(t), Px(t)〉.2(Q 1, M
∫ t

t−τ(t)

〈ẋ(s), Rẋ(s)〉ds ≥ 1

h

〈∫ t

t−τ(t)

ẋ(s) ds, R

∫ t

t−τ(t)

ẋ(s) ds
〉
,

∫ t−τ(t)

t−h

〈ẋ(s), Rẋ(s)〉ds ≥ 1

h

〈∫ t−τ(t)

t−h

ẋ(s) ds, R

∫ t−τ(t)

t−h

ẋ(s) ds
〉
,E"

˙̃
V (t) + 2αṼ (t) ≤2〈x(t), P ẋ(t)〉 + 〈x(t), Qx(t)〉 + 2α〈x(t), Px(t)〉

+ h〈ẋ(t), Rẋ(t)〉 − e−2αh(1 − k)
〈
x(t − τ(t)), Qx(t − τ(t))

〉

− e−2αh

h

〈
x(t) − x(t − τ(t)), R(x(t) − x(t − τ(t)))

〉

− e−2αh

h

〈
x(t − τ(t)) − x(t − h), R(x(t − τ(t)) − x(t − h))

〉
.2(Q 2 ;M$ (3) 5

2〈x(t), P ẋ(t)〉
=2

[〈
x(t), PA1x(t)

〉
+

〈
x(t), P∆A1x(t)

〉
+

〈
x(t), PA2x(t − τ(t))

〉
+

〈
x(t), P∆A2x(t − τ(t))

〉]

≤
〈
x(t), 2PA1x(t)

〉
+

〈
x(t),

(
α1P

2 +
1

α1
Â1

)
x(t)

〉
+

〈
x(t), 2PA2x(t − τ(t))

〉

+
〈
x(t), α2P

2x(t)
〉

+
〈
x(t − τ(t)),

1

α2
Â2x(t − τ(t))

〉
,
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〈
ẋ(t), Rẋ(t)

〉

≤
〈
x(t), A∗

1RA1x(t)
〉

+
β1

2

〈
x(t), A∗

1R
2A1x(t)

〉

+
1

2β1

〈
x(t), Â1x(t)

〉
+

β2

2

〈
x(t), A∗

1R
2A1x(t)

〉
+

1

2β2

〈
x(t), Â1x(t)

〉
+

〈
x(t), c4Â1x(t)

〉

+
〈
x(t), A∗

1RA2x(t − τ(t))
〉

+
β3

2

〈
x(t), Â1x(t)

〉
+

1

2β3

〈
x(t − τ(t)), A∗

2R
2A2x(t − τ(t))

〉

+
β4

2

〈
x(t), A∗

1R
2A1x(t)

〉
+

1

2β4

〈
x(t − τ(t)), Â2x(t − τ(t))

〉

+
〈
x(t − τ(t)), A∗

2RA2x(t − τ(t))
〉

+
β5

2

〈
x(t), Â1x(t)

〉

+
c5

2β5

〈
x(t − τ(t)), Â2x(−τ(t))

〉
+

β6

2

〈
x(t − τ(t)), Â2x(t − τ(t))

〉

+
1

2β6

〈
x(t − τ(t)), A∗

2R
2A2x(t − τ(t))

〉
+ c4

〈
x(t − τ(t)), Â2x(t − τ(t))

〉

+
〈
x(t − τ(t)), A∗

2RA1x(t)
〉

+
β7

2

〈
x(t − τ(t)), A∗

2R
2A2x(t − τ(t))

〉

+
1

2β7

〈
x(t − τ(t)), Â2x(t − τ(t))

〉
+

β8

2

〈
x(t − τ(t)), A∗

2R
2A2x(t − τ(t))

〉

+
1

2β8

〈
x(t), Â1x(t)

〉
+

1

2β9

〈
x(t), A∗

1R
2A1x(t)

〉
+

β9

2

〈
x(t − τ(t)), Â2x(t − τ(t))

〉

+
β10

2

〈
x(t − τ(t)), Â2x(t − τ(t))

〉
+

c5

2β10

〈
x(t), Â1x(t)

〉
.'aEm_7O%S/ (6) 3V*�

M =




X11 X12 X13

∗∗ X22 X23

∗∗ ∗ X33


 ≤ 0, (6)�b

X11 =2PA1 + α1P
2 +

1

α1
Â1 + α2P

2 + h
[
A∗

1RA1 +
β1

2
A∗

1R
2A1 +

1

2β1
Â1

+
1

2
β2A

∗
1R

2A1 +
1

2β2
Â1 + c4Â1 +

1

2
β3Â1 +

β4

2
A∗

1R
2A1 +

β5

2
Â1

+
1

2β8
Â1 +

1

2β9
A∗

1R
2A1 +

c5

2β10
Â1

]
+ Q + 2αP − e−2αh

h
R,

X12 =hA∗
1RA2 +

Re−2αh

h
+ PA2,

X13 =0,

X22 = − e−2αh
[
(1 − k)Q +

2R

h

]
+

1

α2
Â2 + h

[ 1

2β3
A∗

2R
2A2 +

1

2β4
Â2 + A∗

2RA2

+
c5

2β5
Â2 +

1

2
β6Â2 +

1

2β6
A∗

2R
2A2 + c4Â2 +

1

2
β7A

∗
2R

2A2

+
1

2β7
Â2 +

1

2
β8A

∗
2RA2 +

1

2
(β9 + β10)Â2

]
,



886 ) . : Æ Æ � 35:
X23 =

Re−2αh

h
,

X33 = − e−2αh

h
R,5

˙̃
V (t) + 2αṼ (t) ≤

〈
ξ(t), Mξ(t)

〉
≤ 0, (7)�b ξ(t) = col

{
x(t), x(t − τ(t)), x(t − h)

}
. 2(Q 4S�(4); (6) S �E"E%S/

(4)hu*�%S/ (7)3V�� Ṽ (t) ≤ e−2α(t−t0)V (t0),� ‖x(t, t0, φ)‖ ≤ e−α(t−t0)a‖φ‖W ,�b a = [c2 + h(c3 + h2c4/2)]/c1, E"*e3V�F (5) b�E R = 0 *
k5�m*e�#� 1 z[ α > 0, ���F P > 0, Q ≥ 0 � P, Q ∈ B(H) hu (3), P= α1, α2,,m_ LOI (8) 3V



S3 PA2 (α1 + α2)P

A∗
2P S4 0

(α1 + α2)P 0 −(α1 + α2)I


 < 0, (8)�b

S3 = 2PA1 +
1

α1
Â1 + 2αP + Q, S4 =

1

α2
Â2 − e−2αh(1 − k)Q,GlP (2) 3
�Y=`[P��%S/ ‖x(t, t0, φ)‖ ≤ e−αta‖φ‖W , a = (c2 + hc3)/c1.F[Q 1 P�< �.�(�dlP (1) P`[�bJ�

3.2 �{'�Æ�� 2 z[ α > 0, ���F P, Q, R, K ∈ B(H) � P > 0, Q ≥ 0, R ≥ 0 hu (3)�P= α1, α2, βj (j = 1, 2, · · · , 10), γi (i = 0, 1, · · · , 20), ,m_ LOI (9) 3V



S3 X12 0 a7K
∗B∗ 2hc4K

∗B∗ a6(A1 + BK)
∗

X∗
12 S4

e−2αh

h
R 0 0 0

0
e−2αh

h
R

e−2αh

h
R 0 0 0

a7BK 0 0 −I 0 0

2hc4BK 0 0 0 −2hc4I 0

a6 (A1 + BK) 0 0 0 0 −I

a5RBK 0 0 0 0 0

a4K 0 0 0 0 0

a3RA1 0 0 0 0 0

a0P 0 0 0 0 0

0 −a8RA2 0 0 0 0
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a5K
∗B∗ a4K

∗ a3A
∗
1R a0P 0

0 0 0 0 a8A
∗
2R

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

−I 0 0 0 0

0 −
∧

B−1 0 0 0

0 0 −I 0 0

0 0 0 −I 0

0 0 0 0 −I




< 0, (9)

�b
S3 = S1 + h

( 1

2γ2
Â1 +

c5

2γ6
Â1 +

c5

2γ10
B̂ +

γ11

2
Â1 +

c5

2
γ12Â1 +

c5

2γ19
Â1

)
,

S4 = S2 + h
( 1

2γ4
Â2 +

c5

2γ9
Â2 +

γ16

2
Â2 +

γ17c5

2
Â2 +

c5

2γ20
Â2

)
,

a2
0 = α1 + α2 + γ0 + γ1,

a2
3 = a2

1 +
γ18

2
,

a2
5 = hc5

(γ2

2
+

γ3

2
+

γ4

2
+

1

2γ11
+

1

2γ13
+

1

2γ16

)
,

a2
4 =

1

γ1
+ h

( 1

2γ3
+

γ5

2
+

γ6

2
+

γ7

2
+

c5

2γ7
+

γ8

2
+

γ9

2
+

1

2γ12
+

γ13

2

+
γ14

2
+

c5

2γ14
+

1

2γ15
+

1

2γ17

)
,

a2
6 = h

( c5

2γ5
+

γ10

2

)
,

a2
7 =

1

γ0
+ h

( 1

2γ18
+

γ19

2
+

γ20

2

)
,

a2
8 = a2

2 +
h

2γ8
+

γ15h

2
,

a0, ai (i = 3, 4, · · · , 8) =YP=�GlP (1) CY=`[��S lP (1) ��F\� u = Kx, mI[Q 1 PRoE%S/ (10) 3V*
N =




Y11 + X11 Y12 + X12 Y13 + X13

∗∗ Y22 + X22 Y23 + X23

∗∗ ∗ Y33 + X33


 ≤ 0, (10)�b

Y11 =γ0P
2 +

1

γ0
K∗B∗BK + γ1P

2 +
1

γ1
K∗B̂K + h

[1

2
γ2c5K

∗B∗BK +
1

2γ2
Â1
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+

1

2
γ3c5K

∗B∗BK +
1

2γ3
K∗B̂K +

1

2
γ4c5K

∗B∗BK +
1

2
γ5K

∗B̂K

+
1

2γ5
c5(A1 + BK)∗(A1 + BK) +

1

2
γ6K

∗B̂K +
c5

2γ6
Â1 +

1

2
γ7K

∗B̂K

+
c5

2γ7
K∗B̂K +

1

2
γ8K

∗B̂K +
1

2
γ9K

∗B̂K +
1

2
γ10(A1 + BK)∗(A1 + BK)

+
c5

2γ10
B̂ +

1

2
γ11Â1 +

1

2γ11
c5K

∗B∗BK +
c5

2
γ12Â1 +

1

2γ12
K∗B̂K

+
1

2
γ13K

∗B̂K +
1

2γ13
c5K

∗B∗BK +
1

2
γ14K

∗B̂K +
c5

2γ14
K∗B̂K +

1

2γ15
K∗B̂K

+
1

2γ16
c5K

∗B∗BK +
1

2γ17
K∗B̂K +

γ18

2
A∗

1R
∗RA1 +

1

2γ18
K∗B∗BK

+
γ19

2
K∗B∗BK +

c5

2γ19
Â1 +

γ20

2
K∗B∗BK + 2c4K

∗B∗BK
]
,

Y12 =0, Y13 = 0, Y23 = 0, Y33 = 0,

Y22 =h
[ 1

2γ4
Â2 +

1

2γ8
A∗

2R
2A2 +

c5

2γ9
Â2 +

1

2
γ15A

∗
2R

2A2 +
1

2
γ16Â2 +

c5

2
γ17Â2 +

c5

2γ20
Â2

]
,5

˙̃
V (t) + 2αV (t) ≤ 〈ξ(t), Nξ(t)〉 ≤ 0, (11)�b ξ(t) = col {x(t), x(t − τ(t)), x(t − h)}.2(Q 4 S� (10) ; (9) S �E"%S/ (9) hu* (11) 3V�'mJmI[Q

1 PRo�CMI*e�
4 �)0���%�1
*�dC Dirichlet �VM$P*_{f�l6

wt = b2wξξ + b1wξ + b0w + b3w(ξ, t − τ(t)), 0 ≤ ξ ≤ l, t ≥ t0, (12)

w(0, t) = w(l, t) = 0, t ≥ t0, (13)�b b2 > 0, b0, b1, b3 =Y*=� τ(t) Y*_� τ̇ (t) ≤ k < 1, 0 < τ(t) ≤ h, τ(t) ∈ C1,

h > 0, k Y0=�" Hilbert E" H = L2(0, l), FWql6 (1) b�a A1 = b2
∂2

∂ξ2 + b1
∂
∂ξ

, ∆A1 = b0,

A2 = b3, ∆A2 = 0 Ml6 (12).�dm_ Lyapunov-Krasovskiij	
V = p

∫ l

0

w2(ξ, t) dξ + q

∫ t

t−τ(t)

∫ l

0

e2α(s−t)w2(ξ, s) dξ ds,�b p, q > 0.2(Q 3 5 〈x, 2pA1x〉 =
∫ l

0 2pb2wwξξ + 2pb1wwξ dξ ≤ −2pb2
π2

l2

∫ l

0 w2 dξ.
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0, Â2 = 0, P = p > 0, Q = q > 0. ��m_ LMI(14) 3V�G

(8) 3V 


S5 pb3 (α1 + α2)p

pb3 −e2αh(1 − k)q 0

(α1 + α2)p 0 −(α1 + α2)


 < 0, (14)�b S5 = −2pb2

π2

l2
+ 1

α1
b2
0 − 2αp + q, ?aMIm_[Q��� 3 z[ α > 0, ���F0[ p > 0, q > 0 �P= α1, α2, , LMI (14) 3V�G�VbJ (12) � (13) 3Y=`[P��5%S/

∫ l

0

w2(ξ, t) dξ ≤ Ge−2α(t−t0) sup
s∈[t0−h,t0]

∫ l

0

w2(ξ, s) dξ, t ≥ t0,

G = 1 + hq/p 3V�� �dv
f,I�l6
wt = 0.1wξξ + 0.1wξ + 0.03w + 2w(ξ, t − τ(t)), 0 ≤ ξ ≤ π, t ≥ t0, (15)

w(0, t) = w(π, t) = 0, t ≥ t0, (16)�b τ(t) = 0.2 sin2 2.5t.
k5 h = 0.2, k = 0.5. � α1 = α2 = 1, α = 1.5, p = 3.5, q = 1.5, 2[Q 3 SlP (12) 3
�Y=`[P� G ≈ 1.0857, lP (15) � (16) P+hu
∫ l

0

w2(ξ, t) dξ ≤ 1.1e−2α(t−t0) sup
s∈[t0−h,t0]

∫ l

0

w2(ξ, s) dξ.

5 � �Fu.P Lyapunovj	�< �*
 Newton-Leibniz}/�T1R�I Hilbert E"P LMI ld��3℄�O%�[
q'*=lPP
�Y=`[
�`[�bJ�z;℄lP
�Y=`[
P8qM$�!�>M$C"�13 LOI �/��b<,�[3 Hilbert E"Pv
Bp�F>�< �.�(�d℄lPP
�`[�bJ��℄|xuR�I{��P`*_%�[
lP�� � $ .
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Abstract This paper presents robust exponential stability and stabilization conditions

for uncertain linear distributed parameter time-delay systems. Based on the Lyapunov-

Krasovskii method extended to a Hilbert space, robust exponential stability criteria are

derived and linear matrix inequality (LMI) technique. Sufficient delay-dependent conditions

for robust exponential stability are obtained in the form of linear operator inequalities (LOI),

where the decision variables are operators in the Hilbert space. Being applied to a parabolic

equation, these conditions are reduced to standard Linear Matrix Inequalities (LMI). Finally,

an example is provided to demonstrate the effectiveness of the proposed criteria.

Key words distributed parameter systems; uncertainty; exponential stability;

Lyapunov functional
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