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HAEENHAER, FIREDNRETRRATTREFENGAR. ELERSY
H, AR REAREM R G EREZW EBEFREZ — U Eaf2 MR R+
BEEEE/PMREbL S RE R FaE P-4 HIXT i RS e e E T BA
R PR B SR SE B N (A

AR BT —E/EH I Lyapunov £ T5RF 52 T B A9 o R ek 14121,
Wang!®% # Lyapunov 55 —J7 ik % Banach 2[R 15 I LIERW RS, BFRT
fE Dirichlet Zx {4 T H B (9 RO BRI B BRI R @ 1. Nicaisel) 258 T i WM 3l
FRRM R EEM AR EERM. BIL, Fridman™ 4 Lyapunov-Krasovskii J7 4 )
Hilbert 25 [ FP A IS RAE RS, HA A F LW H 71 AERERE, TF5 T —2mH
LU MSPRFEMREERREME. R, RSO % 18 R 500 A0 & R e
.

ARBTER, W AFERBIRZE, WERZE, BriRzE%, 3SR G hrr
HEEAHERNRK. XA E R RSX REERE E—E RN, FFAEX RER TR E
M= A R, TR IS S B R 0 e e T R Ak 2 VR g 316 g P v e
SSRGS RE N ek, B ETRH E B R SR e YR A B T8 R R T4 o
SRR, S ASERGA R IRIE AL L.

RSO — SR i A SR SR o MR R S PERE A9, FUT 51 Hilbert
ZE[] ) Lyapunov-Krasovskii J &M AR ERET), 454 Newton-Leibniz AR, ST R
G EIER BN T 0, I HIL A SR T RER (LOD) FR ik, Hronk
RAF B Hilbert ZX AT FEMLEEAN b, 3 —2P03 FHE LA (LMI)
TIEWER T ZEH R E AL T

2 [EIEEESHEXR

W H J2& Hilbert 22/, HHNBH (), BSWEECY (|- . L(H) Fm—YIl H 2 H
WA REER TH2AE, B(H) Fx—YIh H 3] H MR TIek, P Fx P
MR T, P>0FKmR PRERT, I HHEMET.

S 1T T Hilbert 256 H LA REER T, MR T =T, WK T A
PERT. HETTARMAEER © € H, A (T, 2) > 0, MFK T AHIEFR T

%5 L8 AN RE i 0 A S R R 5L

#(t) = (A1 + AAD () + (As + Ado)a(t — 7(0) + (B + ABu(t),  t>to, (1)
Ley = ¢(0)a RS [_hv 0]7 ¢(t) ew,

Hr z(),u() 2 3RRES, EHlEA, A WENECH D(A), D(A) =H. &HHT
Ay & H Ef—A Co L8 T(t) BTFF/MNERTT, H IT@)| < Me*!, M >1, w € R,
t>ty, Az, B€ L(H), 7(t) € CY([to, +0), (0, h]) ABHE, +(1t)<k<1, h>0, k, N
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WEC o) e W RAIAREL Bt A=A + A4y,

16(®)lw = \/1ASO)F + [6()lea (10 )
W= C([_hv O]a D(A)) n Cl([_ha O]v H)a
Tty — I(to + 9), to Z 0.

0

A ESHERT AA, AAs, AB € L(H) 72314 A1, As, B A FIRENWHL T
BHEEET AL >0, A, >0, B> 0, ffiff AATAA; < A;, AA3AA, < Ay, AB*AB < B.
BHERNTEIEY u(t) = 0 EE.

(t) = (A1 + AA)x(t) + (As + AAg)x(t — 7(t)), t>to (2)
x1, = ¢(6), 6 € [—h,0], ¢(t) e W.

Hi 18, BHE 3.1.1] &1 A + AA B H ER—A Co 8 Q) W /MEMIE, H
Q)] < MelerMIAMDE TT2efp] [7, 512 3] IEHARIMERIE (2) MRALE [to, +00) LIRS
SEHY, HE B (mild solution) W]l AR T ARF/RAT

x(t) =Tt —to)z(to) + /tT(t — s)[Adiz(s) + (A2 + AAz)z(s — 7(s))] ds, t > to.

EX 2 RE () REHBHEEREY, HE o> 0, MEERHERLT A, A4, €
L(H), WRFFAEIER G > 1, AR (1,10, 6) WRTHIEIR

|z(t, to,d)|| < Ge™ )| gllw, Vit >to.

5|38 19 (Jensen, s AE&ER) % H && Hilbert 23[7], () RN, B (>0 H
z € L*([a,b], H), MIXEE P e L(H) H P> 08 FTHAREFERXAL

Z/Ol (z(s), Pa(s))ds > <Alx(s)ds,PAlx(s) ds>.

BI¥ 2 ® N,N*e€BH), #NN<N, a>0, WEZz,ycHE

1 ~
2(z, Ny) < afw,x) + a<y,Ny>-

ik
0 §<\/E:c - %N% Vox — %N@ = afz,x) — 2(z, Ny) + é<Ny,Ny>
—a(z,2) — 2z, Ny) + {5, N*Ny) < ale, z) - 2z, Ny) + ~{y, Fo),

Jir A

~

2e, Ny) < ale, ) + (v, V).
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5|3 3 B # 2 € WY2([a,b], R), 2(a) = 2(b) =0, NI

/ S s L2 / L) g

BIEE 4 MAEHE TR S = [ 3052 |, HoH Sur, Siz, S, S22 € BUH), 81 =
Sty So1 =Sy, Sae =535, Si1, o Wi, DA =ASME

(i) S<0,

(ii) S11 <0, Sa2 — S7yS1;'S12 < 0,
(iil) Sgg < 0, S5 — S12S55 S5y < 0.
i (1)< (i)

S<0&(5,S5) <0 @<[ ! OTC,S[ ! OT<><O

—So1 St T —So1 5
I 0 S S I 0 7=
I | Pl I DAL
s 0
= <§, [ Sl N ]<> <0

& S < 0, Soo — Sik251_11512 <0,

Hrfr¢=(q,) € HxH.

(i) (iii)

3<0@<<,5<><o@<[_5211’5111 Ng {—ngsul H*g><o
([ T Tes[y TR T <o
— —1 _ -1 4
ol G 2l R T <
_ —1 g
- <§, [ St 3102522 519 5(:2 }§> <0

& Sap < 0,811 — 12555 S5y <0,

Hit¢=(a,) e HxH.

A GIH 4 AEIERER R T SR S B R R R E e R Ak R B AR
M, HEREREEMREMNRAFTURRE LOTER. BRLRNTTI B b iy Lt
HPEFRELERERER,, T2 4 HFEZE Schur #hE 2.

ZEWKH « F1 & f Lyapunov-Krasovskii 7 i U, BEELIZHE V : Rx W x C
([=h, 0], H) — R, {rEHMERIRR (1) B 2 (to, 0), t > to A FEH_EFRI E XIT

V(ta ¢a d)) = slm Sup%[v(t+57xt+s(t7 ¢)a it+s(t7 (b))—V(t, ¢a d)):l

i
—0+
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3 EELL
3.1 REMESA

EE1HE>0, ﬁu%ﬁﬁ?ﬁ{éTT( ) P.Q,ReBH)HP>0,Q=0,R>0

ﬂm‘#ﬁ 051505276j (.] = 7

M

&

Sy =2PA, + iﬁl + hARA; + —

cr{z(t),z(t)) < (x(t), Px(t)) < ca[(@(t), z(t)) + (Ax(t), Ax(t))]
(z(t),Qz(t)) < cs(x(t), x(t)), (z(t), Rx(t)) < calx(t), z(t)),
<$(t), R2$(t)> < C5<$(t), ‘T(t)>7
.5) MIEHE
I sy hATRA + B,
BASRA; + St R A3 Sy
—2ahR
0 h
alRAl 0
(o +ag) P 0
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0 OélATR (041 + Ozz)P 0 7
e—2ah
R 0 0 a2 A3R
e—20¢h
— R 0 0 0 <0,
0 —I 0 0
0 0 (041 + 042) I 0
0 0 0 -1

2,-+-,10) f#i 7% LOI (4) AL

hs
U —A1 4 hesds + iA1

261 202
65A+ hfl I A+Q+2P 72ahR
a - 4 )
DY 2ﬁs ! 2ﬁ10 !
1 - csh ~
S:—e_%‘h[l—k +—]+—A A+hARA+ 5
: =ne 2oy 12 T g e H I T 5

+ ﬁﬁAg + C4hA2 + —A2 + ﬁ8A2RA2 + =

207
T
ay = 5 + 5 + 9 +259
h h hB
2
= 4 4T 0
Qo 263+266+ 27 ai, a2 >0,
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NARG (2) REBEHEEREN.
if & Lyapunov {Z R

V() 2V (t, 20, i) =(a(t), Px(t)) + /t i 2061 (15(5), Qa(s)) ds

0 t
2= (i(s), Rir(s)) ds db.
+/_h/t+0 (i(s), Ri(s)) ds do (5)

HZ&M (3) BARIEFAEEF T i, A 5

>}1|¢(0)|2 SV (t, e, i) < A2l

V(1) + 2aV(t)

=2(x(t), Pi(t)) + (x(t), Qu(t)) — e >* "D (1 — #(t))(x(t — (1)), Qu(t — 7(t)))

4 Oh<;b(t), Ri(t)) 6 — /Oh €209 (i (¢ + 0), Rir(t + 0)) 6 + 2a(x(t), Pa(t))

<2(x(t), Pi(t)) + (x(t), Qz(t)) + h(E(t), Ri(t))
—e (1 ; k)(x(t —7(t)), Qu(t — 7(t)))

— e 2 /t_h@(s), Ri(s))ds + 2a(x(t), Px(t)).

HG[EE 1, 15

t 1, t
/ ))ds > —</ z(s)ds, R z(s) ds>,
¢ h\Ji—r) t—r(t)

T@

t—r t) 1 t—7(t) t— T(t
/ ) dszﬁ/ dsR/

s

V(1) + 2aV (1) <2(x(t), Pi(t)) + (2 (t), Qu(t)) + 2a(x(t), Pa(t))
+ h{i(t), Re(t)) — e 2*"(1 — k){z(t — 7(t)), Qu(t — 7(1)))

672ah
- (x(t) — x(t —7(1), R(z(t) — z(t — 7(t))))
e—2ah
- (x(t —7(t)) —a(t — h), R(x(t — 7(t)) — z(t — h))).

HGH 2 554 )

2(z(t), Pi(t))
—2 [@(t), PAz(t)) + (a(t), PAA (b)) + (a(t), PAya(t — 7(t))) + (a(t), PAAya(t — T(t))ﬂ
<(a(t), 2P Ay (t)) + <x(t), (a1P2 + ailﬁl)x(t)> + (x(t), 2P Aga(t — 7(t)))

+ (a(t). an P (1)) + ((t — (1)), — Aye(t — (1)),

Q2
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(i(t), Ri(1))
<(z(t), A{RA1x(t)) +

+ 2%1(;5(1:),21:0@»

%@c(t), ATRzAlx(t»
+ %@(t), A*{R2A1:E(t)> + —<;v(t), Alx(t)> + <:E(t), C4A1x(t)>

+ (z(t), A{RAz(t — 7(1))) + %{x(t), Ayz(t)) + = (a(t — 7(1), A3R? Ag(t — 7(t)))

cs
205

+ 2_;6<l‘(t —7(t), A3 R* Agr(t — 7(1))) + cal(t — 7(t)), Ay (t — 7(1)))

+ <I(t —7(t)), A;RAlx(t» + %@:(t —7(t)), A;RQAQI(t - T(t))>

+ = (a(t — 7(t)), Ag(—7(t))) + 7<gg(t —7(t)), Agz(t — 7(1)))

+ —(z(t — 7(t)), At — T(t)) + %(z(t —7(t)), A3R* Agz(t — 7(t)))

+ = (a(t), Aa(t)) + 2—;9@@), ATR*Aqa(t)) + %(;p(t — (1)), Asa(t — 7(t)))

610 N Cs n
—(x(t —7(t)), Asx(t — (¢ —(x(t), Arz(t)).
+ 5 (et = 7(1)), Aga(t — (1)) + 2610@:( ), Av(t))
T 24 T 5 A SER (6) ML,
X1 X2 Xis
M = *3k X22 X23 S 0, (6)
Kk *  Xs3
Hrp
_ 2, 1 2 " SR I 4
X11 —2PA1 + O[1P + —Al —|—042P + h|:A1RA1 + —AlR Al + —A1
(651 2 2ﬁ1
1 " 1 ~ ~ 1~ Bs . Os ~
+ 562A1R2A1 + %Al + C4A1 + 563141 “+ 74A1R2A1 + 75141
LA L aRea S } LQtoep- R
205 T 2By T T T 2By no

R —2ah
X1 =hAIRAy + =5

X13 :Oa

+PA25

2R 1 ~ 1 1 ~
_ _ ,—2ah _ * D2 *
Xog=—c¢€ [(1 k)Q + e } + _042 As + h[_Qﬂg ASR*As + —264 As + ASRA,
cs -~ -~ 1 ., -~ 1 "
+ _265 Ao + §ﬁ6A2 + —266 A2R2A2 + g Ao + §ﬁ7A2R2A2

1 - 1 1 -
+ g At s A RA £ 5 (8o + fro) Az,

1
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i

V() +2aV (1) < (£(1), ME(H)) <0, (7)

Her &(t) = col {a(t), z(t —7(t), x(t —h)}. HFIE 45, (4) 5 (6) F4r, LY ARER
(4) W B, RER (7) BOL. 8V (1) < e 2200V (o), B [[2(t, to, )| < e==al|¢]lw,
H a = [co + h(cs + h%ca/2)]/c1, FTLAGEW AL

1 (5) 1, %4 R=0BEINTHFMTLEL:

Wit1 B a>0, WRFLEP >0, Q>0H P, Qe B(H) & (3), IEX o1, ao,
{8 31 LOT (8) /M3L

S PA; (a1 +ag)P
A3P Sy 0 <0, (8)
(041 + OZQ)P 0 —(041 + CYQ)I

Hr

S3 =2PA; + iA\l +2aP 4+ Q, Sy = iA\g — 6_2ah(1 — k)Q,
aq

Q2

MRS (2) REBEBRER, BAFK a0, 0)] < e alldllw, a= (c2+ hes)/cr.
FEEHE 1 A AL b, HE—2HERARG (1) MRELR .

3.2 EBREM
EIE 2 HE o> 0, WRIFE P.QRKeBH)HP>0,Q>0, R>0HE (3)
iFuIEﬁ a17a2uﬁj (j = 1727" '710)7 Yi (l = 0717' "720)7 1%1:5” LOI (9) EE_\_‘.L

Ss X1 0 aK*B* 2hcsK*B*  ag(A, + BK)*

X3, s R 0 0
e—2ah e—2ah
0 —R ——R 0 0 0
arBK 0 0 -1 0

2hey BK 0 0 0 —2hel 0
ag (A + BK) 0 0 0 0 -1
asRBK 0 0 0 0 0
alK 0 0 0 0 0
asRA; 0 0 0 0 0
agP 0 0 0 0 0
0 —asRA; 0 0 0 0
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asK*B*  asK* a3AjR aoP 0
0 0 0 0 asA5R
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0 <0, (9)
-1 0 0 0 0
0 B! 0 0 0
0 0 —I 0 0
0 0 0 —I 0
0 0 0 -1 |

Hrr

Sg Sl—I—h(—Al—F—A\l—F—B—F’YllAl—F 712A1+—A )
27 2710 2 2719

Sy = S+ h(—A2 + 54+ mA + 71765 Ay + —212)

279 2790
a0:a1+042+’}/0+’}/1,
a3 = 1"'7;8
1 1 1
hCS(FY; +%+%+2%1 2713 2'716)
ai:%+h(i+%+%+¥+fw+%+%+ﬁia+%

Y14 cs 1 1 )
S R :
2 2v4 2m15 2m7

G- )

1 h( L mo E)
2718 2 2/

ao,a; (i=3,4,---,8) ¥ AIEE, WAL (1) WHEEFEEL.
i REGE (1) MAERE v = K, (FIEH 1 AIEH YL ALK (10) AL

Yiin+ X1 Yo+ X2 Yiz+ Xi3
N = *ok Yoo + Xoo Yoz + Xo3 | <0, (10)
$ok * Y33 + X33

Hrft

Y11—70P+ KBBK+71P2+ KBK+h 72C5KBBK+—A1
279
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1 1T~ 1 T -
+ 2433 K*B*BE + — K*BK + ~yues K*B*BK + ~5 K*BE

2 273 2 2

1 1~ 1

+ —c5(A) + BK)*(A, + BK) + ~vK*BK + —> A, + —v;K*BK

275 2 276 2

O TP PO |

n %’K*BK + 5K BK + 570K B + 5y0(A + BK)"(Ay + BK)

~ 1 1
—B A
+ 10 + 2”Y11 1+ o

~ 1 ~
esK*B*BK + S~ + — K*BK
2 2712

1 - 1 1 ~ _ T
+ 573K BK + 7—csK*B*BK + 57uK" BK + %K*BK + 5 —K'BK

Y13 Y14 Y15
1 1 V18 4x o 1
+—C5KBBK+—KBK+—ARRA1—|——KBBK
2716 2m17 2718
+ W B + S 4, + 2 Kk B*BK + 2¢,K* B*BK |,
2 2719 2

Y12 =0, Y13 =0, Ya3 =0, Y33 =0,

1 ~ 1 ~ 1
Ya0 :h[—Az + —ASR* Ay + —Az + 71514 R%*A3 + =164, + 5 217 As + —Az}
274 278 2 2 2 27990

5
V() +2aV(t) < (6(1),  NE() <0, (11)

Hrr (t) = col {x(t), x(t — 7(t)),z(t — h)}.
mﬁﬁ4ﬂ (10) 5 (9) Sy, FrAASEL (9) WERS (11) BOL. BTk p5 e 2
1 fE P B ATAR 2 2598

4 HHEFIENRRE SR

% J8AF Divichlet A& (F I I 2L 07 72

Wy :bQ’LU££—I—ble—l—bow—I—bgw(f,t—T(t)), 0<e<, t>ty, (12)
’LU(O,t) = w(lvt) = 07 t> th (13)

Hrf by >0, bo,b1,bs INBEL () HEFHE, () <k<1, 0<7(t) <h, 7(t) € C
h>0, k FEE.

# Hilbert 23[A] H = L2(0,1), WA FE (1) H1, 4 Al =bofz + b1, AAy = b,
Ay = b3, AAy, =01FH7FE (12).

# & T %] Lyapunov-Krasovskii 12 B

l t l
—p / W (E,1) dE + g / / 2002 (¢ ) de ds,
0 t—7(t) JO
Hep,g>0.

HEIH 3 F (r,2pA12) = fol 2pbswwee + 2pbywwe d§ < —2pb27{—; fol w? d¢
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fE (8) FEL Ay = b2, Ay =0, P=p>0, Q=q>0. MEFH LMI(14) 557, M
(8) WAL

S5 pb3 (a1 4+ a2)p
pbs —e2h(1 - k)q 0 <0, (14)
(a1 4+ ao)p 0 —(a1 + a9)

Ht S5 = —2pbo Ty + 202 — 2ap + ¢, NTIRE] T 512 5.
T3 AE >0, MREFERL p >0, ¢ > 0 FIER o, as, f§ LMI (14) L.
NAERE (12) #1 (13) BAERRER, HA A%

l l
/ w?(&,t)d¢ < Gem27) gup / w?(E,s)de, > to,
0 s€[to—h,to] JO
G =1+ hq/p B
Bl HRLVER N8O R

wy = 0.1wee + 0.1we + 0.03w + 2w(&, t — 7(t)), 0<E<m, t>to, (15)
w(0,t) = w(m,t) =0, t > to, (16)

H 7(t) = 0.2sin” 2.5¢.
HMHF =02 k=05 Bla=a=1, a=15 p=35 ¢=15 HEH3 MK
45 (12) REBRYFER, G~ 1.0857, R4 (15) A (16) HfE 2

1 1
/ w?(&,8)dE < 1.1e 20— gup / w? (&, s) d€.
0 0

sE [t() —h,to]
5 &

LG Lyapunov 32 B3 B, 256 Newton-Leibniz AR, H|F ) %] Hilbert %8
B LMI J7¥E, AF5E T — 2 R YE 2 A0 250 R e ) &1 48 RO 8 PR AT AR s AL TR)
G T ARG ERREERRE RN T A, IR MR LSRR LOT B, HrhesR
A5 i J Hilbert BRI LRER T, FHEM B, # BT KREMEERELFE.
ARSCTAEREHE) B B — MR () 2 W A0 B R 5L

2 £ X MW
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Abstract This paper presents robust exponential stability and stabilization conditions
for uncertain linear distributed parameter time-delay systems. Based on the Lyapunov-
Krasovskii method extended to a Hilbert space, robust exponential stability criteria are
derived and linear matrix inequality (LMI) technique. Sufficient delay-dependent conditions
for robust exponential stability are obtained in the form of linear operator inequalities (LOT),
where the decision variables are operators in the Hilbert space. Being applied to a parabolic
equation, these conditions are reduced to standard Linear Matrix Inequalities (LMI). Finally,

an example is provided to demonstrate the effectiveness of the proposed criteria.

Key words distributed parameter systems; uncertainty; exponential stability;
Lyapunov functional

MR(2000) Subject Classification 93E15

Chinese Library Classification 0175.13; TP273.02



