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1 %!zvD&Z 1i\�8+C5QmLxo78FI�3�zv��8�>(hnmZ�{^$8^��~f9��L<F SRr&zv�QN�8�>(=�r42Z�8x-^v�℄ Mao[1] 3�2℄�N�8�>(�
dx(t) = f(x(t), t, r(t))dt + g(x(t), t, r(t)) dw(t), t ≥ 0,Pm x(0) = x0 ∈ Rn Æ!g� r(t) mUgOyk S = {1, 2, · · · , N} a8<F S/�

f : Rn ×R+ × S → Rn, g : Rn ×R+ × S → Rn×m ÆL<�vi#`�v� Mao[2−4] �92℄�<F SRr&zv4 �QN�
dx(t) = f(x(t), x(t − τ1(t)), t, r(t))dt + g(x(t), x(t − τ2(t)), t, r(t)) dw(t),3�2P+Z9(i�>(� Kolmanovskii V[5] 3�2m,&zv4 �QN�

d[x(t) − u(x(t− τ), r(t))] = f(x(t), x(t − τ), t, r(t))dt + g(x(t), x(t − τ), t, r(t)) dw(t)Æ� 2008 I 8 U 17 \o3�2012 I 8 U 26 \o3)VX�
∗ `�{W�0t� (70871046) hpl�~,0{r%#t� (2011QN167) yt G�
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d[x(t) − u(xt, r(t))] = f(xt, t, r(t))dt + g(xt, t, r(t)) dw(t)8\}\m�����s7m3�_9N�8+Z9(iiv�>(�

2 �&�# �> {Ft}t≥0 Æ=|����87� (Ω,F , {Ft}t≥0, P )m	�8W:"��w(t) =

(w1(t), · · · , wm(t))T m>AOW:"�a8 m�8�%W��τ > 0,� C([−τ, 0];Rn) Æ
ϕ : [−τ, 0] → Rn --ev&�PJv>AÆ ‖ϕ‖ = sup

−τ≤θ≤0
|ϕ(θ)|,Pm | · |m Rn a8J})6Jv�_ AÆ!0�AT ÆPwj�_ A�`�PwJvÆ |A| =

√
trace (ATA),xzJvÆ ‖A‖ = sup{|Ax| : |x| = 1}. � Cb

F0
([−τ, 0];Rn)mLÆ8 F0-!�8 C([−τ, 0];Rn)-gzv�0�6 p > 0, t ≥ 0, � Lp

Ft
([−τ, 0];Rn) Æ Ft- !�8� C([−τ, 0];Rn)- gSg6 sup

−τ≤θ≤0
E|φ(θ)|p <∞ 8zv�0 φ =

{
φ(θ) : −τ ≤ θ ≤ 0

} 8V��6 r(t) (t ≥ 0) mM--8<F S/� Γ = (γij)N×N =|
P{r(t+ ∆) = j|r(t) = i} =

{
γij∆ + 0(∆), if i 6= j,

1 + γii∆ + 0(∆), if i = j,Pm ∆ > 0, γij ≥ 0 m) i 4 j (i 6= j) 8w<W:�S γii = −
∑
j 6=i

γij . �> r(·) A,O w(·), DS r(t) "2ZL�Y�S<�m}o$$Æ�v�{L85�8�mM--8��9℄�<F S&m,(&zvLe�QN�
d(x(t) − u(xt, r(t))) = f(xt, t, r(t))dt + g(xt, t, r(t))dw(t), t ≥ 0, (1)Pm x0 = ξ, ξ ∈ Cb

F0
([−τ, 0];Rn), xt = {x(t+ θ) : −τ ≤ θ ≤ 0} m C([−τ, 0];Rn)- gzvb���S

f : C([−τ, 0];Rn) ×R+ × S −→ Rn,

g : C([−τ, 0];Rn) ×R+ × S −→ Rn×m,

u : C([−τ, 0];Rn) × S −→ Rn.J;|C'!6
x(t) − u(xt, r(t)) = ξ(0) − u(x0, r(0)) +

∫ t

0

f(xs, s, r(s))ds+

∫ t

0

g(xs, s, r(s))dw(s). (2)�A��(N�&��i�(℄����Hsxo7}I�
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(H) �> f i g =|��(N�&��i�(℄����{BO t ≥ 0, [j

i = 1, 2, · · · , S i[j ϕ, ψ ∈ C([−τ, 0];Rn), ‖ϕ‖ ∨ ‖ψ‖ ≤ k, +Z LR > 0 g6
∣∣f(ϕ, t, i) − f(ψ, t, i)

∣∣2 ∨
∣∣g(ϕ, t, i) − g(ψ, t, i)

∣∣2 ≤ LR‖ϕ− ψ‖2zEY�v K > 0, ϕ ∈ C
(
[−τ, 0];Rn

)
, t ≥ 0, i ∈ S g6

|f(ϕ, t, i)|2 + |g(ϕ, t, i)|2 ≤ K(1 + ‖ϕ‖2).�� 1 �>�� (H) �,�_BO 0 < κ < 1/5, L
|u(ϕ, i)|2 ≤ κ(1 + ‖ϕ‖2), 1 ≤ i ≤ N, (3)\N� (1) +Z98 x(t), t ≥ −τ, S=|

E
[

sup
−τ≤s≤τk+1∧T

|x(s)|2
]
<
ck+1 − c

c− 1
+ ck+1E‖ξ‖2, t ≥ 0.. d T > 0, ��*7dCN� (1) Z [−τ, T ] aL9�JO r(t) 8>9Y5�8�m R+ a8[jL�zT�am�LL�Y�/�8M--8�ev [5], \+Z9,38�e 0 = τ0 < τ1 < · · · < τk → ∞ g6}o$$L

r(t) =

∞∑

k=0

r(τk)I[τk.τk+1)(t),Pm IA Æ A 8j(ev�{ r(t) Z>YT� [τk, τk+1), k ≥ 0 am�v�
r(t) = r(τk), on τk ≤ t < τk+1.p��9N� (1) Z t ∈ [0, τ1 ∧ T ] a+Z!gÆ x0 = ξ 89 x(t). kfa�1

t ∈ [0, τ1 ∧ T ] e�N� (1) !>"�
d(x(t) − u(xt, r(0))) = f(xt, t, r(0))dt+ g(xt, t, r(0))dw(t), (4){m

x(t) − u(xt, r(0)) = ξ(0) − u(x0, r(0)) +

∫ t

0

f(xs, s, r(0))ds+

∫ t

0

g(xs, s, r(0))dw(s). (5)_mLe�QN��[� Mao[6] 8+Z9(>'�N� (4) Z [−τ, τ1 ∧ T ] aL98 x(t). B'BO t ∈ [−τ, τ1 ∧ T ], JN� (5), 64
E

[
sup

−τ≤s≤τ1∧T
|x(s)|2

]
≤ E‖ξ‖2 + E

[
sup

0≤s≤τ1∧T
|x(s)|2

]

≤E‖ξ‖2 + E
[

sup
0≤s≤τ1∧T

∣∣∣u(xs, r(0)) + ξ(0) − u(x0, r(0))
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+

∫ s

0

f(xs, s, r(0))ds +

∫ s

0

g(xs, s, r(0))dw(s)
∣∣∣
2]

≤E‖ξ‖2 + 5E
[

sup
0≤s≤τ1∧T

|u(xs, r(0))|2] + 5E‖ξ‖2 + 5E[|u(x0, r(0))|2
]

+ 5E
[

sup
0≤s≤τ1∧T

∣∣∣
∫ s

0

f(xs, s, r(0))ds
∣∣∣
2]

+ 5E
[

sup
0≤s≤τ1∧T

∣∣∣
∫ s

0

g(xs, s, r(0))dw(s)
∣∣∣
2]
. (6)[��� (3), 64

E
[

sup
0≤s≤τ1∧T

|u(xs, r(0))|2
]
≤ κE

[
sup

0≤s≤τ1∧T
(1 + ‖xs‖

2)
]

≤κE
[

sup
−τ≤s≤τ1∧T

(1 + |x(s)|2)
]
, (7)

E
[
|u(x0, r(0))|2

]
≤ κ(1 + E‖ξ‖2). (8)*I Hölder �9iz�(℄����L

E
[

sup
0≤s≤τ1∧T

∣∣∣
∫ s

0

f(xs, s, r(0)) ds
∣∣∣
2]

≤T

∫ t

0

E|f(xs, s, r(0))|2 ds ≤ TK

∫ t

0

(1 + E‖xs‖
2) ds. (9)J Burkholder-Davis-Gundy �9iz�(℄����!6

E
[

sup
0≤s≤τ1∧T

∣∣∣
∫ s

0

g(xs, s, r(0)) dw(s)
∣∣∣
2]

≤4E
[ ∫ τ1∧T

0

|g(xs, s, r(0))|2 ds
]
≤ 4K

∫ t

0

(1 + E‖xs‖
2) ds. (10)� (7)–(10) .^ (6), !6

E
[

sup
−τ≤s≤τ1∧T

|x(t)|2
]

≤
1

1 − 5κ

[
10κ+ (6 + 5κ)E‖ξ‖2 + 5K(T + 4)

∫ t

0

(1 + E‖xs‖
2) ds

]
,[� Gronwall�9i!e�BO t ∈ [−τ, τ1 ∧ T ],

E
[

sup
−τ≤s≤τ1∧T

|x(s)|2
]
≤

6 + 5κ

1 − 5κ
(1 + E‖ξ‖2)e

5K(T +4)T
1−5κ ._ t ∈ [τ1 ∧ T, τ2 ∧ T ], \N� (1) �Æ

d(x(t) − u(xt, r(τ1 ∧ T ))) = f(xt, t, r(τ1 ∧ T ))dt+ g(xt, t, r(τ1 ∧ T ))dw(t), (11)Pm xτ1∧T ÆN� (4)8�v�4 xτ1∧T ∈ L2
Fτ1∧T

([−τ, 0];Rn),BDZ [τ1∧T −τ, τ2∧T ]aN� (11) L9�oT_9b��\!6N� (1) Z [−τ, T ] aL9�O t ∈
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[τk ∧ T − τ, τk+1 ∧ T ], JN� (11) !6

hk+1(t) ≡E
[

sup
−τ≤s≤τk+1∧T

|x(s)|2
]

≤E
[

sup
−τ≤s≤τk∧T

|x(s)|2
]

+ E
[

sup
τk∧T≤s≤τk+1∧T

|x(s)|2
]

≤E
[

sup
−τ≤s≤τk∧T

|x(s)|2
]

+ E
[

sup
τk∧T≤s≤τk+1∧T

∣∣∣u(xs, r(s)) + x(τk ∧ T )

− u(xτk∧T , r(τk ∧ T )) +

∫ s

τk∧T

f(xs, s, r(s))ds

+

∫ s

τk∧T

g(xs, s, r(s))dw(s)
∣∣∣
2]
. (12):��� (3) i�(℄����\L

E
[

sup
τk∧T≤s≤τk+1∧T

|u(xs, r(s))|
2
]

≤κE
[

sup
τk∧T≤s≤τk+1∧T

(1 + ‖xs‖
2)

]
≤ κE

[
sup

−τ≤s≤τk+1∧T
(1 + |x(s)|2)

]
. (13)&w:�!64

E|u(xτk∧T , r(τk ∧ T ))|2 ≤ κ(1 + E‖xτk∧T ‖
2), (14)

E
[

sup
τk∧T≤s≤τk+1∧T

∣∣∣
∫ s

τk∧T

f(xs, s, r(s))ds + g(xs, s, r(s))dw(s)
∣∣∣
2]

≤(T + 4)K

∫ t

0

(1 + E‖xs‖
2) ds. (15)� (13) i (15) .^ (12), 64

hk+1(t) ≤E
[

sup
−τ≤s≤τk∧T

|x(s)|2
]

+ 5κE
[

sup
−τ≤s≤τk+1∧T

(1 + |x(s)|2)
]

+ 5E|x(τk ∧ T )|2

+ 5κ
(
1 + E‖xτk∧T ‖

2
)

+ 5K(T + 4)

∫ τk+1∧T

τk∧T

(1 + E‖xs‖
2) ds.BD

hk+1 ≤hk + 5κ+ 5κhk+1 + 5hk + 5κ(1 + hk)

+ 5K(T + 4)

∫ τk+1∧T

τk∧T

(1 + E‖xs‖
2) ds,{

hk+1 ≤
6hk + 5κ+ 5κ(1 + hk)

1 − 5κ
+

5K(T + 4)

1 − 5κ

∫ t

0

(1 + E‖xs‖
2) ds

≤
(6 + 5κ)(1 + hk)

1 − 5κ
+

5K(T + 4)

1 − 5κ

∫ t

0

(1 + hk+1) ds.
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hk+1 ≤

(6 + 5κ)(1 + hk)

1 − 5κ
e

5K(T +4)
1−5κ

T ≡ c(1 + hk),Pm c = 6+5κ
1−5κe

5K(T+4)T
1−5κ . BD hk ≤ c(1 + hk−1) ≤ · · · ≤ c+ c2 + c3 + · · · + ck + ckE‖ξ‖2.�� 2 �> (H) �,S+Z�v κ2(plnκ2 + (p− 1)ln(κ2 + 1) < (1 − p)ln3) g6BO!g ξ ∈ Lp

F0
([−τ, 0];Rn), p ≥ 2, L |u(ϕ, i)| ≤ κ2‖ϕ‖, \N� (1) 8m p- 
�LÆ8�{ E|x(t, ξ)|p ≤ Ceβt, Pm

C =
[1 + 3p−1(1 + κp

2)(1 + κ2)
p−1]E‖ξ‖p + 2p−1( κ2

1+κ2
)1−pK

p

2 (1 + κ2)
p

2−1[(p(p−1)
2 )

p

2 T
p

2 + T p]

1 − 3p−1κp
2(1 + κ2)p−1

,

β =
2p−1( κ2

1+κ2
)1−pK

p

2 (1 + κ2)
p

2−1[(p(p−1)
2 )

p

2−1T
p

2−1 + T p−1]κ
1− p

2
2

1 − 3p−1κp
2(1 + κ2)p−1

.. 6 H(t) ≡
[

sup
−τ≤s≤t

|x(s)|p
]
, \

H(t) ≤E‖ξ‖p + E
(

sup
0≤s≤t

|x(s)|p
)

=E‖ξ‖p + E
(

sup
0≤s≤t

∣∣∣u(xs, r(s)) + ξ(0) − u(x0, r(0))

+

∫ s

0

f(xs, s, r(s)) ds+

∫ s

0

g(xs, s, r(s)) dw(s)
∣∣∣
p)

≤E‖ξ‖p + (1 + κ2)
p−1E

[
sup

0≤s≤t
|u(xs, r(s)) + ξ(0) − u(x0, r(0))|p

]

+
( κ2

1 + κ2

)1−p

E
∣∣∣
∫ t

0

f(xs, s, r(s)) ds+

∫ t

0

g(xs, s, r(s)) dw(s)
∣∣∣
p

. (16)B'
E

[
sup

0≤s≤t
|u(xs, r(s)) + ξ(0) − u(x0, r(0))|p

]

≤3p−1E
[

sup
0≤s≤t

|u(xs, r(s))|
p
]

+ 3p−1E‖ξ‖p + 3p−1E|u(x0, r(0))|p

≤3p−1κp
2E

[
sup

0≤s≤t
‖xs‖

p
]

+ 3p−1E‖ξ‖p + 3p−1κp
2E‖ξ‖p

≤3p−1(1 + κp
2)E‖ξ‖p + 3p−1κp

2E
[

sup
0≤s≤t

‖xs‖
p
]

≤3p−1(1 + κp
2)E‖ξ‖p + 3p−1κp

2E
[

sup
−τ≤s≤t

|x(s)|p
]
. (17)[� Hölder �9i�L

∫ t

0

E(1 + ‖xs‖
2)

p

2 ds ≤

∫ t

0

(1 + κ2)
p

2−1
(
1 + κ

1−p

2
2 E‖xs‖

p
)
ds

=(1 + κ2)
p

2−1

∫ t

0

(
1 + κ

1− p

2
2 E‖xs‖

p
)
ds
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≤(1 + κ2)

p

2−1T +
(1 + κ2

κ2

) p

2−1
∫ t

0

E‖xs‖
pds. (18)J Hölder �9ii (18), ��64

E
∣∣∣
∫ t

0

f(xs, s, r(s)) ds+

∫ t

0

g(xs, s, r(s)) dw(s)
∣∣∣
p

≤2p−1
(
E

∣∣∣
∫ t

0

f(xs, s, r(s)) ds
∣∣∣
p

+ E
∣∣∣
∫ t

0

g(xs, s, r(s)) dw(s)
∣∣∣
p)

≤2p−1
(
T p−1

∫ t

0

E|f(xs, s, r(s))|
p ds+

(p(p− 1)

2

) p

2

T
p

2
−1

∫ t

0

E|g(xs, s, r(s))|
p ds

)

≤2p−1K
p

2

(
T p−1 +

(p(p− 1)

2

) p

2

T
p

2−1
) ∫ t

0

(
1 + E‖xs‖

2)
p

2 ds

≤2p−1K
p

2

(
T p−1 +

(p(p− 1)

2

) p

2

T
p

2−1
)

·
[
(1 + κ2)

p

2−1T +
(1 + κ2

κ2

) p

2−1
∫ t

0

E‖xs‖
p ds

]
. (19)� (17) i (19) .^ (16), !6

E
[

sup
−τ≤s≤t

|x(s)|p
]
≤

[
1 + 3p−1(1 + κp

2)(1 + κ2)
p−1

]
E‖ξ‖p + 3p−1κp

2(1 + κ2)
p−1

·E
[

sup
−τ≤s≤t

|x(s)|p
]

+ 2p−1
( κ2

1 + κ2

)1−p

K
p

2 (1 + κ2)
p

2−1

·
[(p(p− 1)

2

) p

2

T
p

2−1 + T p−1
](
T + κ

1−p

2
2

∫ t

0

E‖xs‖
p ds

)
,BD

E
[

sup
−τ≤s≤t

|x(s)|p
]
≤ C + β

∫ t

0

E‖xs‖
p ds,*I Gronwall�9i�\ E

[
sup

−τ≤s≤t
|x(s)|p

]
≤ Ceβt.

3 (��� �$ 1 N� (1) ��Æm p- 
�iv�>8�℄aBO ξ ∈ Cb
F0

([−τ, 0];Rn), L
lim sup

t→∞

1

t
log(E|x(t; ξ)|p) < 0.N� (1) ��Æm}o$$ p- 
iv�>8�℄aBO ξ ∈ Cb

F0
([−τ, 0];Rn),

lim sup
t→∞

1

t
log(|x(t; ξ)|) < 0 a.s.6 C2,1(Rn × [−τ,∞]× S;R+) Æ Rn × [−τ,∞]× S a^O x G(!��^O t 9(!�8{LOUev V (x, t, i) V��_ V (x, t, i) ∈ C2,1(Rn × [−τ,∞] × S;R+), >Ax
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LV (x̃, ϕ, t, i) =Vt(x̃, t, i) + Vx(x̃, t, i)f(ϕ, t, i)

+
1

2
trace [gT (ϕ, t, i)Vxx(x̃, t, i)g(ϕ, t, i)] +

N∑

j=1

γijV (x̃, t, i),Pm x̃ = x − u(xt, r(t)), Vt = ∂V (x,t,i)
∂t , Vx =

(∂V (x,t,i)
∂x1

, ∂V (x,t,i)
∂x2

, · · · , ∂V (x,t,i)
∂xn

)
, Vxx =

(∂2V (x,t,i)
∂xi∂xj

)
n×n

.�� 3 d (H)�,�d λ, α1, α2 mbv�p ≥ 2,�d+Zev V (x, t, i) ∈ C2,1(Rn×

[−τ,∞] × S;R+) g6
α1|x|

p ≤ V (x, t, i) ≤ α2|x|
p, 1 ≤ i ≤ N, (20)

|u(ϕ, i)| ≤ κ2‖ϕ‖, 1 ≤ i ≤ N, 0 < κ2 < 1,

LV (x̃, ϕ, s, i) ≤ −λ1|x̃|
p + λ2‖ϕ‖

p + β,Pm λ1 ≥ λ2

κ2(1+κ2)p−1 , \BO{L8 ξ ∈ Cb
F0

([−τ, 0];Rn), L
E|x(t; ξ)|p ≤

β

α1γ(1 − κ2)p
+

( κ2

1 − κ2
+

C0

(1 − κ2)p

)
e−γtE‖ξ‖p,Pm γ ∈ (0, γ0), γ0 = λ1

α2
− λ2

α2κ2(1+κ2)p−1 , {N� (1) 8MIm p- 
�iv�>8�. BOZ>8 ξ ∈ Cb
F0

([−τ, 0];Rn), � x(t; ξ) = x(t), \
eγtE|x(t)|p =eγtE|x(t) − u(xt, r(t)) + u(xt, r(t))|

p

≤eγtE
∣∣∣1 × u(xt, r(t)) + ε

p−1
p
x(t) − u(xt, r(t))

ε
p−1

p

∣∣∣
p

≤eγt(1 + ε)p−1E|u(xt, r(t))|
p + eγt

(1 + ε

ε

)p−1

E|x(t) − u(xt, r(t))|
p

≤eγtκ1−p
2 E|u(xt, r(t))|

p + eγt(1 − κ2)
1−pE|x(t) − u(xt, r(t))|

p

≤eγtκ2E‖xt|
p + eγt(1 − κ2)

1−pE|x(t) − u(xt, r(t))|
p,U ε = 1−κ2

κ2
. J (20), \6

α1e
γtE|x(t) − u(xt, r(t))|

p

≤eγtEV (x(t) − u(xt, r(t)), t, r(t))

≤EV (ξ(0) − u(x0, r(0)), 0, r(0))

+

∫ t

0

eγsE
[
γV (x(s) − u(xs, r(s)), s, r(s)) + LV (x(s) − u(xs, r(s)), xs, s, r(s))

]
ds

≤α2E|ξ(0) − u(x0, r(0))|p

+

∫ t

0

eγs
[
α2γE|x(s) − u(xs, r(s))|

p − λ1E|x(s) − u(xs, r(s))|
p + λ2E‖xs‖

p + β
]
ds

≤α2(1 + κ2)
pE‖ξ‖p +

∫ t

0

eγs
[
(α2γ − λ1)E|x(s) − u(xs, r(s))|

p + λ2E‖xs‖
p + β

]
ds
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≤α2(1 + κ2)

pE‖ξ‖p +
βeγt

γ
+ (α2γ − λ1)

∫ t

0

eγsE|x(s) − u(xs, r(s))|
p ds

+ λ2

∫ t

0

eγsE‖xs‖
p ds. (21)BD

E|x(s) − u(ϕ(s), r(s))|p ≤(1 + κ2)
p−1(E|x|p + κ1−p

2 E|u(xt, r(t))|
p)

≤(1 + κ2)
p−1(E|x|p + κ1−p

2 κp
2E‖xt‖

p)

≤(1 + κ2)
p−1(E|x|p + κ2E‖xt‖

p). (22)� (22) .^ (21), �am
α1e

γtE|x(t) − u(xt, r(t))|
p

≤α2(1 + κ2)
pE‖ξ‖p +

βeγt

γ
+ λ2

∫ t

0

eγsE‖xs‖
pds

+ (α2γ − λ1)

∫ t

0

eγs
[
(1 + κ2)

p−1E|x(s)|p + (1 + κ2)
p−1κ2E‖xs‖

p
]
ds

≤α2(1 + κ2)
pE‖ξ‖p +

βeγt

γ
+ (α2γ − λ1)(1 + κ2)

p−1

∫ t

0

eγsE|x(s)|p ds

+ (λ2 − (λ1 − α2γ)(1 + κ2)
p−1κ2)

∫ t

0

eγsE‖xs‖
pds. (23)JO

∫ t

0

eγsE‖xs‖
p ds ≤ sup

−τ≤θ≤0

∫ t

0

eγsE|x(s+ θ)|pds

≤ sup
−τ≤θ≤0

∫ t

0

eγτE
[
eγ(s+θ)|x(s+ θ)|p

]
ds

≤eγτ

∫ t

−τ

eγsE|x(s)|p ds

≤eγτ
(
τE‖ξ‖p +

∫ t

0

eγsE|x(s)|pds
)
.�'.^ (23), 64

eγtE|x(t) − u(xt, r(t))|
p

≤
1

α1

[
(1 + κ2)

pα2 + τeγτ (λ2 − (λ1 − α2γ)κ2(1 + κ2)
p−1)

]
E‖ξ‖p +

βeγt

α1γ

+
1

α1

[
λ2τe

γτ + α2γ(1 + κ2)
p−1(1 + κ2τe

γτ )

− λ1(1 + κ2)
p−1(1 + κ2τe

γτ )
] ∫ t

0

eγs|x(s)|p ds.B'BO γ ∈ (0, γ0), ��L
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λ2e
γτ + α2γ(1 + κ2)

p−1(1 + κ2e
γτ ) − λ1(1 + κ2)

p−1(1 + κ2e
γτ)

=[λ2 + (α2γ − λ1)(1 + κ2)
p−1κ2]e

γτ + (α2γ − λ1)(1 + κ2)
p−1 ≤ 0,

eγtE|x(t) − u(xt, r(t))|
p ≤ C0E‖ξ‖p +

βeγt

α1γ
,Pm

C0 =
1

α1

[
(1 + κ2)

pα2 + τeγτ (λ2 − (λ1 − α2γ)κ2(1 + κ2)
p−1)

]
.J (21), \

E
[

sup
0≤s≤t

eγs|x|p
]
≤κ2E

[
sup

0≤s≤t
eγs‖xs‖

p
]

+ (1 − κ2)
1−pE

[
sup

0≤s≤t
eγs|x(s) − u(xs, r(s))|

p
]

≤κ2

(
E‖ξ‖p + E

[
sup

0≤s≤t
eγs|x(s)|p

])
+ (1 − κ2)

1−p
(
C0E‖ξ‖p +

βeγt

α1γ

)
,B'BO t ≥ 0, γ = min{γ0,

1
2τ log 1

κ2
},

E|x(t)|p ≤
( κ2

1 − κ2
+

C

(1 − κ2)p

)
e−γtE‖ξ‖p +

β

α1γ(1 − κ2)p
.�� 4 �>>' 3 8���,�6 β = 0, \BO!g ξ ∈ Cb

F0
([−τ, 0];Rn), N�

(1) 8m p- 
�iv�>8�{
lim sup

t→∞

1

t
log (E|x(t; ξ)|p) < −γ.�� 5 �>>' 3 8���,�S β = 0, \+Zbv Kp, κ2, c2 g6BO p ≥ 2 L

|f(ϕ, t.i)|p ∨ |g(ϕ, t.i)|p ≤ Kp‖ϕ‖
p, (24)

E|x(t)|p ≤ c2e
−γt, |u(ϕ, t)| ≤ κ2‖ϕ‖, (25)Pm γ > 0 ℄>' 3, \BO p ≥ 2 i[�!g ξ ∈ Cb

F0
([−τ, 0];Rn), L

lim sup
t→∞

1

t
log

(
|x(t; ξ)|

)
< −

γ − ǫ

p
, a.s.,{ p 
�iv�>X2}o$$iv�>�. BO>9Y k ≥ 2, ��L

E‖xkτ‖
p = E

(
sup

−τ≤θ≤0
|x(kτ + θ)|p

)

=E
(

sup
0≤h≤τ

|x((k − 1)τ + h)|p
)

=E
(

sup
0≤h≤τ

∣∣∣x((k − 1)τ) − u(x(k−1)τ , r((k − 1)τ)) + u(x(k−1)τ+h, r((k − 1)τ + h))
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+

∫ (k−1)τ+h

(k−1)τ

(f(xs, s, r(s)) ds+ g(xs, s, r(s))dw(s))
∣∣∣
p)

≤5p−1
(
E

[
sup

0≤h≤τ
|u(x(k−1)τ+h, r((k − 1)τ + h))|p

]
+ E|x((k − 1)τ)|p

+ E
[
|u(x(k−1)τ , r((k − 1)τ))|p

]
+

∣∣∣
∫ kτ

(k−1)τ

f(xs, s, r(s)) ds
∣∣∣
p

+ E
[∣∣∣

∫ kτ

(k−1)τ

g(xs, s, r(s)) dw(s)
∣∣∣
p])

≤5p−1
(
E

[
sup

0≤h≤τ
κp

2|x(k−1)τ+h|
p
]

+ E|x((k − 1)τ)|p + E[κ2|x(k−1)τ |
p]

+
∣∣∣
∫ kτ

(k−1)τ

f(xs, s, r(s)) ds
∣∣∣
p

+ E
[∣∣∣

∫ kτ

(k−1)τ

g(xs, s, r(s)) dw(s)
∣∣∣
p])

.J (25), !6
E

(
sup

0≤h≤τ
|x(k−1)τ+h|

p
)
≤ E

(
sup

(k−1)τ≤s≤kτ

|xs|
p
)

≤E
(

sup
(k−1)τ≤s≤kτ,−τ≤θ≤0

|x(s+ θ)|p
)

≤E
(

sup
(k−2)τ≤s+θ≤kτ

ce−γ(s+θ)
)
≤ c2e

−γ(k−2)τ . (26)?6
E‖xs‖

p ≤ E
[

sup
−τ≤θ≤0

|x(s + θ)|p
]
≤ c2e

−γ(s−τ). (27)[� Hölder �9i�L
∣∣∣
∫ kτ

(k−1)τ

(f(xs, s, r(s)) ds
∣∣∣
p

≤ τp−1

∫ kτ

(k−1)τ

E|f(xs, s, r(s)|
p ds

≤τp−1

∫ kτ

(k−1)τ

∑

1≤i≤N

E|f(xs, s, i)|
p ds ≤ τp−1NKp

∫ kτ

(k−1)τ

‖xs‖
p ds

≤τp−1NKP

∫ kτ

(k−1)τ

ce−γ(s−τ) ds ≤ τp−1c2γ
−1NKpe

−γ(k−2)τ ;�'
E

∣∣∣
∫ kτ

(k−1)τ

(g(xs, s, r(s)) dw(s)
∣∣∣
p

≤ τp/2−1
(p(p− 1)

2

)p/2

c2γ
−1NKpe

−γ(k−2)τ .BD
E|xkτ |

p ≤5p−1
[
cκ2e

−γ(k−2)τ + c2e
−γ(k−1)τ + c2κ2e

−γ(k−1)τ

+
(
τp−1 +

(p(p− 1)

2

) p

2

τ
p

2−1
)c2NKp

γ
e−γ(k−2)τ

]
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≤5p−1
[
c2κ2e

2γτ + c(1 + κ2)e
γτ

+
(
τp−1 +

(p(p− 1)

2

) p

2

τp/2−1
)c2NKP

γ
e−2γτ

]
e−γkτ

≡c2e
−γkτ ,Pm c2 = 5p−1[c2κ2e

2γτ + c2(1 + κ2)e
γτ + (τp−1 + (p(p−1)

2 )p/2τp/2−1)
c2NKp

γ e−2γτ ]. [�>' 3 8dCb�!6
E|x(kτ) − u(xkτ , r(kτ))|

p ≤ C0e
−γkτE‖ξ‖p,Pm C0 mA,O k 8b�v�BD!6

E|x(kτ)|p =E
∣∣x(kτ) − u(xkτ , r(kτ)) + u(xkτ , r(kτ))

∣∣p

≤2p−1E
∣∣x(kτ) − u(xkτ , r(kτ))

∣∣p + 2p−1E
∣∣u(xkτ , r(kτ))

∣∣p

≤2p−1C0e
−γkτE‖ξ‖p + 2p−1c1κ

p
2e

−γkτ

=
(
2p−1C0E‖ξ‖p + 2p−1c1κ

p
2

)
e−γkτ .BDBO[� ε ∈ (0, γ),

P
{
|x(kτ)|p > e−(γ−ǫ)kτ

}
≤ e(γ−ǫ)kτE|x(kτ)|p ≤ 2p−1(C0E‖ξ‖p + κp

2c1)e
−ǫkτ .[� Borel Cantelli[7] C'�\BO}o{L8 w ∈ Ω i"L�CY k, L |x(kτ)|p ≤

e−(γ−ǫ)kτ . B'BO"4�y8{L8 w ∈ Ω, +Zav k0 = k0(w) g61 k ≥ k0, L
|x(kτ)|p ≤ e−(γ−ǫ)kτ ,{BO{L8 w ∈ Ω, _ (k − 1)τ ≤ t ≤ kτ, k ≥ k0, \

1

t
log|x(t)| ≤ −

kτ(γ − ǫ)

p(k − 1)τ
, t ≥ k0τ,B'

lim sup
t→∞

1

t
log|x(t)| ≤ −

γ − ǫ

p
a.s.~ � � �
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Abstract The stability of stochastic functional differential equation with Markovian switch-

ing have an increasing attention, but there is almost no work on the stability of the neutral

stochastic functional differential equations with Markovian switching. The main aim of

this paper is to close this gap. We establishes the existence and uniqueness of the neutral

stochastic functional differential equations with Markovian switching, and obtain criteria for

p-th moment exponential stability and almost surely exponential stability for the solutions.

Key words Markovian chain; Brownian motion;

neutral stochastic functional differential equation; exponential stability

MR(2000) Subject Classification 34F05

Chinese Library Classification O212.7


