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�6I��\rW�f_I)(e�.EVM��C��G$P�MI(��M�"Oy[#��}P��M�ul6 6��eIM�E�Oy[#�6 [7] K Afraimovich V S � Hale J K K�Dab��M (&: σi, γi, bi > 0 f����lK�A��LIYwB) I��pPP6I'BM�|�s4a6I'BM�|R���P6I��\rW�f_)6(!o&^
(1ÆrsI$8_��Z$� [7] KP6I'BM�|R��DjaG$ y- f_&�b��R!b�p.G>V A ∈ A1(n × n 3*W.�O/�{�Ve�W.k�RI,�AIG>IÆG�V A1) I�M Lorenz pPP6I'BM�|�\nKi! n r�Mb�pPZ/I Lorenz pPP�6PImÆr4P6�`1y.�e� 



ẋi = σi(yi − xi),

ẏi = γixi − yi − xizi − d(Ay)i,

żi = −bizi + xiyi.

(1);V&: σi, γi, bi > 0, �K i = 1, · · · , n. b�: d > 0, R!b�p.G> A ∈ A1,

xi, yi, zi VQ! Rn KIo_ x, y, z BW�If_��ZO�W�,:��u.CrP (1) 6I'BM�|�[s4a�ZI4j�
2 w� y-l~�og Lorenz ��vgsy�*�4}�r�6Ær��b�pPPK�b�:<&sÆ8F(P*#�^M��S= [13] \nOCrR!b�p.G> A ∈ A1 (Ib� Lorenz P
(1) 1$8��I��E196Ær$8� D ∈ R3n, ��� t = t0 V2,(P�J~P (x0, y0, z0) ∈ R3n I6 u(t, t0, x0, y0, z0), W96(P t1 ≡ t1(d, t0, x0, y0, z0,D) +FC
t > t1 ($ u(t, t0, x0, y0, z0) ∈ D.7(�P (1) KIR!b�G> A ∈ A1, ��

(i) A 1�O/I*W.G>�
(ii) aij ≤ 0 (i 6= j), aii = −

n∑
j=1,i6=j

aij .! (i) �CeE?FIE?TQ!IW:1ÆWI�E?FV*:�Y (ii) �C AIE?FVh� A $ÆreE?F�W�IE?o_V e = (1, · · · , 1). ! λi ∈ σ(A),

σ(A) �/ A IE?FI���8 A I n rE?FO�}b�e�
0 = λ0 < λ1 ≤ λ2 ≤ · · · ≤ λn−1.g

|σi − σj | ≤ ε, |γi − γj | ≤ ε, |bi − bj | ≤ ε, i, j = 1, · · · , n. (2)3� Lyapunov[R|UjS= [13] OC�b�P (1)KI&: σi, γi, bi > 0 kY
(2) .IH$� ε2 < σ0, b0 > 1 (1ÆI$8��I��K σ0 = min {σi}, b0 = min{bi}.



54 � � 7 � � Æ 36H1eR\n)67�FH$eDjb�P (1) 6I'BM�|���Cr&:
σi, γi, bi > 0 �b�: d > 0 kYÆRH$(�P (1) I61'BM�I�g σ = 1

n

n∑
i=1

σi, γ = 1
n

n∑
i=1

γi, b = 1
n

n∑
i=1

bi, ��
δi1 = (σi − σ)(yi − xi), δi2 = (γi − γ)xi, δi3 = −(bi − b)zi,ulP (1) Ot/ 




ẋi = σ(yi − xi) + δi1 ,

ẏi = γxi − yi − xizi − d(Ay)i + δi2 ,

żi = −bzi + xiyi + δi3 ,) .jtVo_y.$




ẋ = σ(y − x) + δ1,

ẏ = γx − y − f(x, z) − d(Ay) + δ2,

ż = −bz + g(x, y) + δ3,

(3)�K
δm =

(
δim | i = 1, · · · , n) = (δ1m, · · · , δnm)T , m = 1, 2, 3,

(f(x, z))i = xizi g(x, y)i = xiyi.!& λi ∈ σ(A) $ λi ≥ 0, W�eE?FIE?o_V e = (1, · · · , 1)T ∈ Rn. xOg
C =




1 −1

1 −1
. . .

. . .

1 −1




(n−1)×n

, E =

(
C

eT

)

n×n

,8 E−1 =
[
CT (CCT )−1| e

n

] kY
EAE−1 =

(
∆ 0

0 0

)
,�K ∆ ∈ R(n−1)×(n−1) IE?F( A IeE?FlM�� λ1 = min

{
λi | λi ∈

σ(∆), λi > 0
}
.�G> E \0 (3) \��FE





Eẋ = σE(y − x) + Eδ1,

Eẏ = γEx − Ey − Ef(x, z) − dEAE−1(Ey) + Eδ2,

Eż = −bEz + Eg(x, y) + Eδ3,

(4)��vI�_��
Ex =

(
ξ

ξ∗

)
, Ey =

(
η

η∗

)
, Ez =

(
ζ

ζ∗

)
,
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ξ∗ =

n∑

i=1

xi, η∗ =
n∑

i=1

yi, ζ∗ =
n∑

i=1

zi,

ξ, η, ζ 1Q! Rn−1 Io_�kY
ξl = xl − xl+1, ηl = yl − yl+1, ζl = zl − zl+1, l = 1, · · · , n − 1.lW�L$





ξ̇ = σ(η − ξ) + δ̃1,

η̇ = γξ − η − Cf(x, z) − d(∆η) + δ̃2,

ζ̇ = −bζ + Cg(x, y) + δ̃3,

(5)�K δ̃m = (δ1m − δ2m, · · · , δ(n−1)m − δnm)T (m = 1, 2, 3). g
D1(x) = diag (x1, · · · , xn−1), D2(y) = diag (y2, · · · , yn), D3(z) = diag (z2, · · · , zn),8
(Cf(x, z))l =(f(x, z))l − (f(x, z))l+1 = xlzl − xl+1zl+1 = xl(zl − zl+1) + zl+1(xl − xl+1)

=xlζl + zl+1ξl = (D1(x)ζ)l + (D3(z)ξ)l,

(Cg(x, y))l =(g(x, y))l − (g(x, y))l+1 = xlyl − xl+1yl+1 = xl(yl − yl+1) + yl+1(xl − xl+1)

=xlηl + yl+1ξl = (D1(x)η)l + (D2(y)ξ)l.8YP (5) Ot/




ξ̇ = σ(η − ξ) + δ̃1,

η̇ = γξ − η − D1(x)ζ − D3(z)ξ − d(∆η) + δ̃2,

ζ̇ = −bζ + D1(x)η + D2(y)ξ + δ̃3,

(6)�}\nyCrC t → +∞ (� sup ‖ ξ(t) ‖, sup ‖ η(t) ‖, sup ‖ ζ(t) ‖ 1sI$8_��C t → +∞ ( sup |ξl(t)|, sup |ηl(t)|, sup |ζl(t)| 1sI$8_�8!�.�K.ODP (1) 6I��\rW�f_)6(!o&^
(1ÆrsI$8_��7P'BM��eo\nW�,:��℄RCrP (1) 6I'BM�|�i} 2.1 ! (2) .IH$/X� ε2 < σ0, b0 > 1, (x(t), y(t), z(t)) 1b�P (1)I6��
x(t) = (x1(t), · · · , xn(t))T , y(t) = (y1(t), · · · , yn(t))T , z(t) = (z1(t), · · · , zn(t))T ,

(x)i = xi, (y)i = yi, (z)i = zi,
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lim

t→+∞
sup{|xi(t) − xj(t)|} ≤ M∗ε,

lim
t→+∞

sup{|yi(t) − yj(t)|} ≤ M∗ε,

lim
t→+∞

sup{|zi(t) − zj(t)|} ≤ M∗ε,�K i, j = 1, · · · , n.+ Cb�: d h(�P (1)1ÆI$8��I��796ÆrA,: N , +Fe./X
lim

t→+∞
sup ‖x(t)‖ ≤ N, lim

t→+∞
sup ‖y(t)‖ ≤ N, lim

t→+∞
sup ‖z(t)‖ ≤ N,

lim
t→+∞

sup ‖ξ(t)‖ ≤ N, lim
t→+∞

sup ‖η(t)‖ ≤ N, lim
t→+∞

sup ‖ζ(t)‖ ≤ N,

lim
t→+∞

sup ‖D1(x)‖ ≤ N, lim
t→+∞

sup ‖D2(y)‖ ≤ N, lim
t→+∞

sup ‖D3(z)‖ ≤ N,

lim
t→+∞

sup ‖δ̃m(t)‖ ≤ Nε, m = 1, 2, 3.

(7)!96A,: M +F
max {N, γ} ≤

M

3
. (8)R�

Lk+1 = Lk + q − 2, q > 3, k = 0, 1, 2, · · · .O�{v℄CrAR(!o&^
(�$e./X
lim

t→+∞
sup ‖ξ(t)‖ ≤

1

MLk

+ Mε,

lim
t→+∞

sup ‖η(t)‖ ≤
1

MLk

+ ε,

lim
t→+∞

sup ‖ζ(t)‖ ≤
1

MLk−1
+ M2ε

(9)

1) C k = 0 (R� L0 = q − 2 WP (6) INZr`1���,:��u.F
η(t) = et(−I−d∆)η(0) +

∫ t

0

e(t−s)(−I−d∆)(γξ(s) − D1(x(s))ζ(s) − D3(z(s))ξ(s) + δ̃2) ds.!& λ1 = min
{
λi | λi ∈ σ(∆), λi > 0

}
, x96A,: Γ +F

‖et(−I−d∆)‖ ≤ Γet(−1−dλ1).x
‖η(t)‖ ≤Γ‖η(0)‖et(−1−dλ1) + Γ

(
γ‖ξ(t)‖ + ‖D1‖ · ‖ζ(t)‖

+ ‖D3‖ · ‖ξ(t)‖ + ‖δ̃2‖
) ∫ t

0

e(t−s)(−1−dλ1) ds
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≤Γ‖η(0)‖et(−1−dλ1) +
Γ

1 + dλ1

(
γ‖ξ(t)‖ + ‖D1‖ · ‖ζ(t)‖

+ ‖D3‖ · ‖ξ(t)‖ + ‖δ̃2‖
)
(1 − e−t(1+dλ1)).4� (7), (8) .F

‖η(t)‖ ≤ Γ‖η(0)‖et(−1−dλ1) +
ΓM

3(1 + dλ1)
(2‖ξ(t)‖ + ‖ζ(t)‖ + ε)(1 − e−t(1+dλ1)).! −1 − dλ1 < 0 F

lim
t→+∞

sup e−t(1+dλ1) = 0,x
lim

t→+∞
sup ‖η(t)‖ ≤

ΓM

3(1 + dλ1)
lim

t→+∞
sup(2‖ξ(t)‖ + ‖ζ(t)‖ + ε).�7 d∗ > 0 +F

1 + d∗λ1 ≥ ΓM q, q > 3,8 d > d∗ ($
lim

t→+∞
sup ‖η(t)‖ ≤

1

3M q−1
lim

t→+∞
sup(2‖ξ(t)‖ + ‖ζ(t)‖ + ε). (10)!&

lim
t→+∞

sup ‖ξ(t)‖ ≤ N ≤ M, lim
t→+∞

sup ‖ζ(t)‖ ≤ N ≤ M,8Y$
lim

t→+∞
sup ‖η(t)‖ ≤

1

3M q−1
(2M + M + ε) <

1

M q−2
+ ε.WP (6) INÆr`1���,:��u.F

ξ(t) = e−σtξ(0) +

∫ t

0

e−σ(t−s)(ση(s) + δ̃1) ds,8Y$
‖ξ(t)‖ ≤ e−σt‖ξ(0)‖ +

(
‖η(t)‖ +

1

σ
‖δ̃1‖

)
(1 − e−σt).!

lim
t→+∞

sup e−σt = 0,F
lim

t→+∞
sup ‖ξ(t)‖ ≤ lim

t→+∞
sup ‖η(t)‖ +

1

σ
lim

t→+∞
sup ‖δ̃1‖

≤ lim
t→+∞

sup ‖η(t)‖ + lim
t→+∞

sup ‖δ̃1‖. (11)!&
lim

t→+∞
sup ‖η(t)‖ ≤

1

M q−2
+ ε, lim

t→+∞
sup ‖δ̃1‖ ≤

Mε

3
,
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lim

t→+∞
sup ‖ξ(t)‖ ≤

( 1

M q−2
+ ε

)
+

Mε

3
≤

1

M q−2
+ Mε.WP (6) IN�r`1�S=NÆr`1�\n$

ζ(t) = e−btζ(0) +

∫ t

0

e−b(t−s)(D1(x(s))η(s) + D2(y(s))ξ(s) + δ̃3) ds,8Y$
‖ζ(t)‖ ≤ e−bt‖ζ(0)‖ +

1

b

(
‖D1(x(t))‖ · ‖η(t)‖ + ‖D2(y(t))‖ · ‖ξ(t)‖ + ‖δ̃3‖

)
(1 − e−bt).!

lim
t→+∞

sup e−bt = 0, b > 1,F
lim

t→+∞
sup ‖ζ(t)‖ ≤ lim

t→+∞
sup

(
‖D1(x(t))‖ · ‖η(t)‖ + ‖D2(y(t))‖ · ‖ξ(t)‖ + ‖δ̃3‖

)
.!& (7), (8), 8Y$

lim
t→+∞

sup ‖ζ(t)‖ ≤
M

3

(
lim

t→+∞
sup ‖η(t)‖ + lim

t→+∞
sup ‖ξ(t)‖ + ε

)
. (12)!

lim
t→+∞

sup ‖η(t)‖ ≤
1

M q−2
+ ε, lim

t→+∞
sup ‖ξ(t)‖ ≤

1

M q−2
+ Mε,F

lim
t→+∞

sup ‖ζ(t)‖ ≤
M

3

( 2

M q−2
+ Mε + ε

)
≤

M

3

( 3

M q−2
+ 3Mε

)
≤

1

M q−3
+ M2ε,B�C k = 0 ($ (9) ./X��

lim
t→+∞

sup ‖ξ(t)‖ ≤
1

M q−2
+ Mε ≤

1

ML0
+ Mε,

lim
t→+∞

sup ‖η(t)‖ ≤
1

ML0
+ ε,

lim
t→+∞

sup ‖ζ(t)‖ ≤
1

ML0−1
+ M2ε.

2) �! k = n ( (9) ./X�8 k = n + 1 (�! (10) .F
lim

t→+∞
sup ‖η(t)‖ ≤

1

3M q−1
lim

t→+∞
sup

(
2‖ξ(t)‖ + ‖ζ(t)‖ + ε

)

≤
1

3M q−1

( 2

MLk

+ 2Mε +
1

MLk−1
+ M2ε + ε

)

≤
1

3M q−1

( 3

MLk−1
+ 3M2ε

)
≤

1

MLk+q−2
+

ε

M q−3
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≤
1

MLk+q−2
+ ε ≤

1

MLk+1
+ ε.! (11) .F

lim
t→+∞

sup ‖ξ(t)‖ ≤ lim
t→+∞

sup ‖η(t)‖ +
Mε

3
≤

1

MLk+1
+ ε +

Mε

3
≤

1

MLk+1
+ Mε.! (12) .F

lim
t→+∞

sup ‖ζ(t)‖ ≤
M

3

(
lim

t→+∞
sup‖η(t)‖ + lim

t→+∞
sup ‖ξ(t)‖ + ε

)

≤
M

3

( 1

MLk+1
+ ε +

1

MLk+1
+ Mε + ε

)

≤
M

3

( 2

MLk+1
+ 3Mε

)
≤

1

MLk+1−1
+ M2ε.V B6�W��I k = 0, 1, 2, · · ·, $ (9) ./X��rfC k → ∞ ($ Lk → ∞, �7$

lim
t→+∞

sup ‖ξ(t)‖ ≤ Mε, lim
t→+∞

sup ‖η(t)‖ ≤ ε, lim
t→+∞

sup ‖ζ(t)‖ ≤ M2ε,�
lim

t→+∞
sup |ξl(t)| ≤ Mε, lim

t→+∞
sup |ηl(t)| ≤ ε, lim

t→+∞
sup |ζl(t)| ≤ M2ε.xW��I i, j = 1, · · · , n, 96A,: M∗, d∗, +FC d > d∗ (!�.�K.OF

lim
t→+∞

sup |xi(t) − xj(t)| ≤

j−1∑

l=i

lim
t→+∞

sup |ξl(t)| ≤ M∗ε,

lim
t→+∞

sup |yi(t) − yj(t)| ≤

j−1∑

l=i

lim
t→+∞

sup |ηl(t)| ≤ M∗ε,

lim
t→+∞

sup |zi(t) − zj(t)| ≤

j−1∑

l=i

lim
t→+∞

sup |ζl(t)| ≤ M∗ε.8Yb�P (1) 'BM��RU 2.1 FC�
3 u�BR�b�PIM�hp6�Xf)K/V�nyQI�P� �1�Mb�PIM�hp�A16*�K�w(X\rSÆlMIP��ZKiI1�M
Lorenz pPP (1), 7P=$ y- f_&�b��R!b�p.G>V{�Ve�W.k,�AI�O/*W.G>�*�4}�r�6Ær��PK�b��UYw<(P*#�^M���Z8Uj Cra6ÆRI&:H$e�P (1) 6I��\rW�f_I)6(!o&^
(1ÆrsI$8_��P (1) 'BM��b
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[3] Lü J H, Yu X H, Chen G R, Cheng D Z. Characterizing the Synchronizability of Small-word Dynamical

Networks. J. IEEE Trans. Circuits Syst. I, 2004, 51(4): 787–796
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Asymptotic Synchronization of the Coupled Nonidentical

Lorenz Equations with the yyy-component Coupling

YANG Lianhua SHUANG Li WANG Xiaoming WU Hongxing

(Department of Mathematics, Shangrao Normal University, Shangrao 334001)

(E-mail: ylh000666@163.com)

Abstract The asymptotic synchronization in a lattice of yi-coupled nonidentical Lorenz

equations is considered, the external coupling matrix is an n× n irreducible symmetric real

matrix having zero row sums and nonpositive off-diagonal elements. Under the uniform

bounded dissipativeness of the coupled Lorenz systems, applying the variation of constant

formula to prove that asymptotic synchronization occurs for the coupled Lorenz systems

with y-component coupling provided the coupling coefficient is sufficiently large. That is,

the difference between any two components of a solution is bounded by the quantity O(ε) as

t → ∞, where ε is the maximal deviation of parameters of nonidentical Lorenz Equations.
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