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{ p(@)u” () + f(u(z)) =0,  0<w<l,
u(0) =u(l) =0
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H M Erbe L H #1 Wang H £ [1] & JEH| H Krasnoselskii A3 5 EBWFFR T H 2
u" +a(t)f(u) = 0 WIEMEFEMEDIR, X FAESE B3 - X 48 /R 2/ 18] &1 A 1
MAFAEYERT R — B AT OGTE. [ Y 3R KB 25l g A A AE 2] whof] 4R 1 B 2
w, WA SR, ETRINERANIR T LT BERE:

A3 2010 4E 11 B 1 HkF).
TR



234 Wi, ToiR, THE. RIERMEHEE - XI4ERT RN A E S A ErE 299

(p(z)u'(2))" = f(u(z),  x€]a,b],
Ry(u) = aru(a) + fru’(a) =0, (1)
Ra(u) = asu(b) + Bou/(b) = 0.

% p(z) € Cla,bl, p(z) >0 BHEAIFFAERE, G T —HEZMRR. HE, EH—R75
(A e SC R 3R BT,

PWLLL LSCHR, By BORE R AE p(o) AL —Br 8L SR R R TIRERY, AAME
FHTMEH p(z) = 1. AR X S B 17 50 i <l St 307 B 5 - X 248 /- O R L TR R B
HEBF p(o) BAFEMEBAEAHO, B BT 045 IR = ant. ®
BEAT D BEITER p(x) BIEER, ETX—INR, ACEEIE ple) BoBEBHHEL,
R a0 A Stk i 5 - X1 24 R 75 2 14 320 06 I Rt ) A A 1

{ p(x)u’(z) + f(u(x)) =0, 0<x<1,

u(0) = u(1) = 0. )

XH feCRy,Ry) HA

D1, 0<x
f0)=0,  p(z) —{
c<czx

C,
D2, 1.

IN A

cRMT OM 1 Z R HR. AR, TTRHMRB pr > p2 > 0.
2 MEANA

2.1 HEXREIBHEL
ZHOCHR (2], AT ARST G E I (2) B Green BRECN: 24 0 < s < c i,

i(l_—pzs )éGll(x,s), 0<z<s<ec,
P p2c+p1 — pic
S D2 A
N __1_______—>:G z,s), 0<s<z<c,
G, 5) pl( p2c+p1 — pic 12(2, ) ®)
1
&éGls(l’,S), 0<s<c<z<l.
p2¢ +p1 — pic
MY c<s<1Hf,
1_
MéGzl(!E,S), 0<z<c<s,
p2c+p1 — pic
(p1x + pac —pic)(1 —5) 4
Gao(x,s) = = Gos(x, s), c<zr<s<l1, 3
2(w:9) p2(p2c + p1 — pic) () *)
_ 1—
(p15 + p2c = pic)( x)éG23(x73), c<s<z<e.

p2(p2c + p1 — p1c)
SIE 1 ¥ Gyj(x,s) (1 = 1,2y j = 1,2,3) FFKEE (2) #IB@=X (3) # (3) 1y
Green PR &L, M|
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(1) Gii(z,5) >0, V(2,5) € (0,1) x (0,1);
,8)

Glle(SJr s)— Glllm(sias) = _1/p17 G/23m(5+’ ) G/22m( 758) = _1/p2;
Gll(xac) = Ga (‘Tvc)v G/llm(xvc) G2lm(x C)
Glg(fL‘,C) = G23($7C)7 GIle(xvc) 23x($,0);

(i) Gij(wm,s) < Gi(s,s), V(z,s) €(0,1) x (0,1);

(iv) Gij(:v,s)Z%Gi( s), 0 < e <min(¢,1—¢), c—e<z<1l—c+e.

iE B p1 >p2 >0, pec+pr—pic>0, i (1) BARAOL. HERAKR A (i) B
TTEUERA (i) AT (iv).
) Guale9) = (1 et € (1 i) = Gatos).

[FIFAE Gia(z, s) < Gi(s,s), Ga(z,s) < Ga(s,s), Gas(z,s) < Ga(s,s). X

o

Gis(@,5) _ n{ - 2) <1, 0<s<c<z<l,
Gi(s,s)  palc—s)+pi(l—c)
Gﬂ(x’s) P2 <1, 0<zx<c<s<1
Gao(s,s)  pac+pi(s—c)
(iv)
G11(z, s) :EZC—EZ p2(c—¢) , c—e<z<s<e
Gi(s,s) s c p2c+p1 —pic
Guo(z,5) _p1+ (P2 —p1)c—pax S p2 —p2(l —c+e¢)
Gi(s,s)  p1+(p2—pi)e—p2s — p1+(p2—pi)e
_M, 0<s<z<e,
p1+ (p2 —p1)c
Gis(z,s) _ pi(l —z) o _ Pile—¢)
Gi(s,8)  palc—s)+pi(1—c) ~ pac+pi(l—c)
_M7 0<s<c<z<l—c+e,
p2c+pi(l —c)
G21(x78): p2x 2 pQ(C_E) , C_ESZCSCSSS:[,
Ga(s,s) pa+pi(s—c) = pac+pi(l—c)

Gaa(z,8) _prx+ (p2 —pr)c S p2c+ pi(x —c)
Ga(s,s)  p1s+(p2—p1)c — p1+(p2 —p1)c

_M7 c<r<s<l,
pac+pi(l—c)
G23(x,s)_1—:v>c—£ p1(c—e)
Ga(s,s) 1—s " 1—c~ pc+pi(l—c)
pa(c—¢)

> c<s<z<l-c+He.
pac+pi(l—c)

FrLh (iv) #HE.

2.2 ek S-L BERERHRS AKX
T A Ak T 0 LR A
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{ p(x)u’(x) + f(u(x)) =0, 0<z<1, @
u(0) = u(l) =0,
Hr fe C(Ry,Ry) H f(0)
1, 0<z<e,
pla) = { "
p2, c¢<z<1,
c AT 0 M1 2 [E] R B
513 2 #F u(x) H
{ / Giaf(u )ds—l—/cGllf(u(s))ds—i—/ Ga1 f(u(s)) ds, 0<z<e,
mm cl (5)
/ Glgf( ( )) ds +/ Gng(U(S)) ds +/ GQQf(u(S)) dS, C S x S 1
kg, W) #HREX (4) H ulx) € C?0,1], Bl u(z) ZIEFE (4) (1 1EM.
iE X ou(z) 3 —IR, BED G(r,s) WBESEEMGIHE 1 2 (i), &
Graf Wl + [ Glanf(@)ds = Gl + [ Ghiafu)ds
/ GYy, f(u)ds, 0<z<ec,
u'(z) = e
| Ghant@ s+ Gaaf s + [ Gl f0) ds = Gaaf(w)]es
le’mf( ds, <zl
{/ Ghan f( ds+/ Ghi.f( ds+/ Goy f( 0<z<eg
| Gratas [ Gt as +/ Gl f(uw)ds, c<a<l
X ERXFEHS—IK, EED G(o,s) B RIFRIABEMGIE L Z (i), 5
o () :{ Glop(,8) f(u(s)[§ + Ghig (@, 8) f(u(s))|§ + Goip(z, s) f(uls))]s, 0<z<e,
Gliap (2, 8) f(u())[5 + Ghgy (2, 8) f(u(8))[E + Ghoy(w,8) flu(s)) ]z, c<a<1

:{ _f(u(x))/plv OSIESC,
(

—f(u(@))/p2, c<z <1

G (5) FraRHEy u(z) RAEFE (4) AR IEE.

2.3 AN HR BEHEEI R EE

SIEE3 WO Q& EPHRAIFE, 0 Qi CcQ A:PN(QR\Y) - P42
TEBE. AR R R

(Hy) |JAu|| < |lu|l, Yz € PNOQ; ||Aull > |Jull, Yz € PN oQs.
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(Hg) |Au| < |lu|l, V€ PN ||Aul| > |ull, Yz € PNoQy.
M4, ALEPNQ\Q) PRREAARSAA.
I3 3 PEZ W, 2] Z 3 3.2.4.

3 FELR

THE 1 Rk

(i) feC(Ry,Ry), f(0)=0;

(i) 0<Tmi(u— +0) < 2lzetriong”,
(iid) 792520;;1&5151 < 1im ™ (4 — +00) < +oo.

AR ATa I (4) A u(z) € C?[0,1] R u(zr) >0, VO<z < 1.
I ARAETIEE 2, M (4) BT C?0,1] WBEM T

/w Giaf(u(s))ds + /c G11f(u(s))ds
0 x

1
—|—/ Ga1 f(u(s)) ds, 0<z<eg,
u(z) = ¢ = Au(x) (6)

BT C0,1] Hf#, It H. Green BRERIARMA (3) F1 (3') FiR. 2 P = {u(x)|u(z) €
C[0,1], u(x) > 0}.

XFF 0<e<min(e,1 —c), X4

* * . pQ(C_E)
pPr = {u(x)|u(:1:) € P*, minu(z) > m”u”(c—a <z<l1l- c—|—£)}, (7)

SR P 5 Pr RN E=C0,1] hrHE, JH PrC P BR A PT — P S
Bou(x) € P HTIEE 2 FIF[HE 1Y (i) H0

/m G1(s,s)f(u(s))ds + /C G1(s,s)f(u(s))ds
0 T

[Au]| <

-I—/ Ga(s, s)f(u(s)) c<zx<1
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HB—HHEHGIFE LI ) H, Bc—ec<az<l—-c+eiff

min Au(z) > — 2267
p2¢ + p1 — pic

(/Ocal(s,s)f(u(s))ds+/C1G2(s,s)f(u(s))ds). 9)

H8), (9) %1, Yc—e<ax<1—c+e A minAu(z) > %H/MH, Bl Au(z) € PZ,
H A1 A(P*) € Px, NTTEA

A(PY) C PZ, V0 < e < min(e, 1 — c). (10)
HEH 1 AR (i) & f(0) =05, FEr >0, #HF0<z <r B, HA

8 _ 2
0< f(u) < p2(]9220+p1 2?120)2 "
(p2c® + p1 — p1c?)

MY u(z) € P*, ||ul| =r B, {EH

8 _ 2
Au(z) < pz(l;zc—f'pl p120)2
(p2c ;Fpl —p1c?)

c 1
Glg(:b,s)u(s)ds—i—/ Gll(x,s)u(s)ds—i—/ Go1(z, s)u(s)ds,

0
c

x 1
/Glg(x,s)u(s)ds—l—/ ng(x,s)u(s)ds+/ Goa(z, s)u(s)ds
0 c x
<8p2(p26+p1 — pic)?
= (p2c? +n - p1c?)? . .
Glg(;C,S)dS-‘r/ Gll(:b,s)ds—i—/ Go1(z, s)ds,

il

0
c

x 1
/ Gis(z, s) ds—|—/ Gas(z, s) ds—|—/ Goa(z, s)ds
8pa2(pac + p1 — p1c)? c ’
= (p2c® + p1 — p1c?)?
l’f plC2 —po2 — D1

il

_* , 0<z<e,
2p1  2pi(pic — pac— p1)
CE2 2 _ 2 _ 2 _ 2 _
7 p1ct —pect —p1 - piCT — pac” + pac —pic <r<1
2p2  2pa(pic — pac — p1) 2pa(pic — pac — p1) -
<||ul|, VO<z <1,
[ &e]
[ Aull < [ul, Vu(r) € P*, [lul| = 7. (11)
. ZH > < = 9(pac+p1—pic)® AN
R, &M ) FFEE >0 H5Y w>n B, HE f(u) > ey U 2
pa(c—¢) -1
R. = max {2r, [—} } 12
) 7 p1+ (p2 —p1)e (12)

FRER->r, Y u@) e P H|u@)||=R-flc—e<x<l—-c+ehf, H

min Au(z) > pa(c—¢) || Aul| = p2(c—¢)

L I )
T pr+(p2 —pi)e p1+ (p2 —p1)c ==
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c —c Voc(l—s
Au(c):/o Lf(u(s)ds—l—/ Lf(u(s)ds

p2¢ +p1 — pic p2c+ p1 — pic
S pec+p —p10)®  pa(c—e)|ul

T opo/33(1—¢)3  p1+(p2—pi)e

¢ s(l-¢) L1 —-s)
. [/0 p2c+p1 —p10d8+/<; p2¢c+p1 —p1cds}
I(pac+p1—p10)®  pale—e)flull el —c)—(c—¢)?
T opa/33(1—¢)®  p1+(p2—pi)e 2(pac+p1 —pic)
9(c—¢)le(l —c)— (c—e)?

B h(e) BBV [0, ¢] LA Aleo) = LD F g (13) Reft, B e = e 13
lAull = Jull, — u(@) e P, Jull = R, (14)

Bz (11), (13) A1 (14) &0, XF Q1 = {ulllull <7}, Q2 = {ulllull < Re,} KK P, AT
1, B4 A £F Px N (Q\Q) FEAARNE u(x), THEulz) € Pr, r < |lul| < Re,.
H Gij(z,s) BIPER, BARF u(z) >0, V0 <z <1, BUEHRBE.

4 NG

PLSEIRERIE, 2 p(a) AorBos Bt JELetE S-L 1 9] R 1 fb 0 B 2 AR AR 1.
RIS p(o) B SEF A (0 (R DB e AR RV S-L S {EL A1 Y W k. (48 H
ASCATLLEAE (2] g2l 3.2.8 W)™, HWpi=po =1 M c=1/2 B, ASCEH 1 [
7 [2] (i EFE 3.2.8.

Z2 £ X W

[1] Erbe L H, Wang H. On the Existence of Positive Solutions of Ordinary Differential Equations. Proc.
Killer. Math. Soc., 1994, 120(8): 743-743

(2] R, &, XEE. FEXMEHMS TRERTE. WK WRBESORM R, 2005
(Dajun Guo, Jingxian Sun, Zhaoli Liu. Functional Methods for Nonlinear Ordinary Difference Equa-
tion. Shandong: Shandong Science-Technology Publishing House, 2005)

[3] Regan D O. Theory of Singular Boundary Value Problems. Minnesota: Scientific World, 1994

[4] #kPE N, Sturm-Liouville J{E RIS IEMRAAEN:. K FHRFR, 2002, A(2): 145-149



234

Wi, TLiR, THH. RIERYENTEE - XI4RT RN RE B R At 305

[5

6

]

]

(Yao Qingliu. Existence of Positive Solutions for Sturm-Liouville Boundary Value Problems. Acta
Mathematic and Physics, 2002, A(2): 145-149)

FEM, XHT, TS —EXBo 7 BANIEFIR Sturm-Liouville M{H MM A/EME. ERAZ
& 45-H 4R, 2009, 11(1): 79-85

(Li Gaoshang, Liu Xiping, Jia Mei, et.al. The Existence of Solutions for Non-homogenous Sturm-
Liouville Boundary Value Problems of a Class of Difference Equations. Acta Analysis Functional
Applicata, 2009, 11(1): 79-85)

&k, wEME.  AFRIELME Sturm-Liouville MBI IEM. % 5 4%, 2005, 48(6): 1095-1104
(Sun Jingxian, Zhang Guowei. Positive Solutions of Singular Sturm-Liouville Problems. Acta Math-
ematica Sinica, 2005, 48(6): 1095-1104)

B, ZZF4. K Sturm-Liouville {8 [0 BUBREGFAEME. L& K F 0 (8 KA FMK), 2000,
32(2): 168-171

(Hou Lifang, Li Yuhua. Existence of Solutions on Second-order Sturm-Liouville Boundary Value

Problems. Journal of Shanxi University (Nat. Sci. Ed.), 2009, 32(2): 168-171

Existence of Solutions for a Kind
of Two-point Boundary Value Problems

of Nonlinear Sturm-Liouville Equation
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Abstract In this paper, we considered the existence of solutions to the first boundary

value of the nonlinear Sturm-Liouville equation:

p(x)u”(z) + f(u(z)) =0,  0<z <1,
u(0) =u(l) =0

where p(z) is a segmentation constant in interval [0, 1].

Key words nonlinear sturm-Liouville equation; boundary value problems;

segmentation functions
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