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













(p(x)u′(x))′ = f(u(x)), x ∈ [a, b],

R1(u) = α1u(a) + β1u
′(a) = 0,

R2(u) = α2u(b) + β2u
′(b) = 0.

(1)5 p(x) ∈ C1[a, b], p(x) > 0 v�</f>�}98KN~G<"o�(x�eYK/9<9h)hQ� [3−7].�iLl)5��Y"oF~f p(x) /fK�5?6�<�Æ1}9<��n�ma,_ p(x) = ±1. bMLw�,�|<℄8>��
 - ?%OY%�x,�+	� |_8 p(x) �YI}�J><Z*��g��b<Pu~�oE,��~g(�P(Y�GZ)L p(x) <G\��[nKdx��)�~�B p(x) ~`I �<Z*���Bg1℄8>��
 - ?%OY%<�x,��</f>�
{

p(x)u′′(x) + f(u(x)) = 0, 0 < x < 1,

u(0) = u(1) = 0.
(2)n1 f ∈ C(R+, R+) YY

f(0) = 0, p(x) =

{

p1, 0 ≤ x ≤ c,

p2, c ≤ x ≤ 1.

c ~�[ 0 t 1 t�< ���uK�>�'L�p p1 ≥ p2 > 0.

2 R�U4
2.1 E#� 1%6�j)5 [2], �p�
'9W*�x,� (2) < Green s�#�5 0 ≤ s ≤ c v�

G1(x, s) =























x

p1

(

1 − p2s

p2c + p1 − p1c

)

, G11(x, s), 0 ≤ x ≤ s ≤ c,

s

p1

(

1 − p2x

p2c + p1 − p1c

)

, G12(x, s), 0 ≤ s ≤ x ≤ c,

s(1 − x)

p2c + p1 − p1c
, G13(x, s), 0 ≤ s ≤ c ≤ x < 1.

(3)M5 c ≤ s ≤ 1 v�
G2(x, s) =



























x(1 − s)

p2c + p1 − p1c
, G21(x, s), 0 ≤ x ≤ c ≤ s,

(p1x + p2c − p1c)(1 − s)

p2(p2c + p1 − p1c)
, G22(x, s), c ≤ x ≤ s ≤ 1,

(p1s + p2c − p1c)(1 − x)

p2(p2c + p1 − p1c)
, G23(x, s), c ≤ s ≤ x ≤ c.

(3’)P/ 1 p Gij(x, s) (i = 1, 2; j = 1, 2, 3) #W*,� (2) <;gz (3) t (3′) <
Green s��g
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(i) Gij(x, s) > 0, ∀ (x, s) ∈ (0, 1) × (0, 1);(ii)

G′
12x(s+, s) − G′

11x(s−, s) = −1/p1, G′
23x(s+, s) − G′

22x(s−, s) = −1/p2;

G11(x, c) = G21(x, c), G′
11x(x, c) = G′

21x(x, c);

G13(x, c) = G23(x, c), G′
13x(x, c) = G′

23x(x, c);

(iii) Gij(x, s) ≤ Gi(s, s), ∀ (x, s) ∈ (0, 1) × (0, 1);

(iv) Gij(x, s) ≥ p2(c−ε)
p1+(p2−p1)cGi(s, s), T| 0 < ε < min(c, 1− c), c− ε < x < 1− c + ε.v X p1 ≥ p2 > 0, p2c + p1 − p1c > 0, H� (i) 4b"4�u�4h�E's (ii) "4�1FrG (iii) t (iv).

(iii) G11(x, s) = x
p1

(

1 − p2s

p2c+p1−p1c

)

≤ s
p1

(

1 − p2s

p2c+p1−p1c

)

= G1(s, s).�/'r G12(x, s) ≤ G1(s, s), G22(x, s) ≤ G2(s, s), G23(x, s) ≤ G2(s, s). Z
G13(x, s)

G1(s, s)
=

p1(1 − x)

p2(c − s) + p1(1 − c)
≤ 1, 0 ≤ s ≤ c ≤ x ≤ 1,

G21(x, s)

G2(s, s)
=

p2x

p2c + p1(s − c)
≤ 1, 0 ≤ x ≤ c ≤ s ≤ 1.

(iv)

G11(x, s)

G1(s, s)
=

x

s
≥ c − ε

c
≥ p2(c − ε)

p2c + p1 − p1c
, c − ε ≤ x ≤ s ≤ c,

G12(x, s)

G1(s, s)
=

p1 + (p2 − p1)c − p2x

p1 + (p2 − p1)c − p2s
≥ p2 − p2(1 − c + ε)

p1 + (p2 − p1)c

≥ p2(c − ε)

p1 + (p2 − p1)c
, 0 ≤ s ≤ x ≤ c,

G13(x, s)

G1(s, s)
=

p1(1 − x)

p2(c − s) + p1(1 − c)
≥ p1(c − ε)

p2c + p1(1 − c)

≥ p2(c − ε)

p2c + p1(1 − c)
, 0 ≤ s ≤ c ≤ x ≤ 1 − c + ε,

G21(x, s)

G2(s, s)
=

p2x

p2 + p1(s − c)
≥ p2(c − ε)

p2c + p1(1 − c)
, c − ε ≤ x ≤ c ≤ s ≤ 1,

G22(x, s)

G2(s, s)
=

p1x + (p2 − p1)c

p1s + (p2 − p1)c
≥ p2c + p1(x − c)

p1 + (p2 − p1)c

≥ p2(c − ε)

p2c + p1(1 − c)
, c ≤ x ≤ s ≤ 1,

G23(x, s)

G2(s, s)
=

1 − x

1 − s
≥ c − ε

1 − c
≥ p1(c − ε)

p2c + p1(1 − c)

≥ p2(c − ε)

p2c + p1(1 − c)
, c ≤ s ≤ x ≤ 1 − c + ε.�L (iv) 9r�

2.2 �DI S-L 
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{

p(x)u′′(x) + f(u(x)) = 0, 0 < x < 1,

u(0) = u(1) = 0,
(4)T| f ∈ C(R+, R+) Y f(0) = 0,

p(x) =

{

p1, 0 ≤ x ≤ c,

p2, c ≤ x ≤ 1,

c ~�[ 0 t 1 t�< ��P/ 2 i u(x) X
u(x) =











∫ x

0

G12f(u(s)) ds +

∫ c

x

G11f(u(s)) ds +

∫ 1

c

G21f(u(s)) ds, 0 ≤ x ≤ c,

∫ c

0

G13f(u(s)) ds +

∫ x

c

G23f(u(s)) ds +

∫ 1

x

G22f(u(s)) ds, c ≤ x ≤ 1

(5)+aC�g u(x) C�z (4) Y u(x) ∈ C2[0, 1], � u(x) ~�x,� (4) <q��v L u(x) "`K*��N8 G(x, s) <5?>tQ/ 1 t (ii), 9
u′(x) =















































G12f(u)|s=x +

∫ x

0

G′
12xf(u) ds − G11f(u)|s=x +

∫ c

x

G′
11xf(u) ds

+

∫ 1

c

G′
21xf(u) ds, 0 ≤ x ≤ c,

∫ c

0

G′
13xf(u) ds + G23f(u)|s=x +

∫ x

c

G′
23xf(u) ds − G22f(u)|s=x

+

∫ 1

x

G′
22xf(u) ds, c ≤ x ≤ 1,

=











∫ x

0

G′
12xf(u) ds +

∫ c

x

G′
11xf(u) ds +

∫ 1

c

G′
21xf(u) ds, 0 ≤ x ≤ c,

∫ c

0

G′
13xf(u) ds +

∫ x

c

G′
23xf(u) ds +

∫ 1

x

G′
22xf(u) ds, c ≤ x ≤ 1.Llz
"`K*��N8 G(x, s) �C�<W*Y%tQ/ 1 t (ii), 9�

u′′(x) =

{

G′
12x(x, s)f(u(s))|x0 + G′

11x(x, s)f(u(s))|cx + G′
21x(x, s)f(u(s))|1c , 0 ≤ x ≤ c,

G′
13x(x, s)f(u(s))|c0 + G′

23x(x, s)f(u(s))|xc + G′
22x(x, s)f(u(s))|1x, c ≤ x ≤ 1

=

{

−f(u(x))/p1, 0 ≤ x ≤ c,

−f(u(x))/p2, c ≤ x ≤ 1.M
Xz (5) ��'< u(x) ~�x,� (4) <��r��
2.3 �6G5�[,3Q[J8Æ���/P/ 3 p Ω1 t Ω2 ~ E |Y�#�� θ ⊂ Ω1 ⊂ Ω1 ⊂ Ω2, A : P ∩ (Ω2\Ω1) → P `5?�goC��Æ

(H1) ‖Au‖ ≤ ‖u‖, ∀x ∈ P ∩ ∂Ω1; ‖Au‖ ≥ ‖u‖, ∀x ∈ P ∩ ∂Ω2.
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(H2) |Au‖ ≤ ‖u‖, ∀x ∈ P ∩ ∂Ω2; ‖Au‖ ≥ ‖u‖, ∀x ∈ P ∩ ∂Ω1.JD� A f P ∩ (Ω2\Ω1) |��Y�EA�Q/ 3 <rG�
 [2] tC/ 3.2.4.

3 ZM($�/ 1 �p
(i) f ∈ C(R+, R+), f(0) = 0;

(ii) 0 ≤ lim f(u)
u

(u → +0) < 8p2(p2c+p1−p1c)2

(p2c2+p1−p1c2)2 ;

(iii) 9(p2c+p1−p1c)2

p2

√
3c3(1−c)3

< lim f(u)
u

(u → +∞) ≤ +∞.JD,� (4) �Y� u(x) ∈ C2[0, 1] C� u(x) > 0, ∀ 0 < x < 1.v d�Q/ 2, ,� (4) �[ C2[0, 1] <�>	[
u(x) =















































∫ x

0

G12f(u(s)) ds +

∫ c

x

G11f(u(s)) ds

+

∫ 1

c

G21f(u(s)) ds, 0 ≤ x ≤ c,

∫ c

0

G13f(u(s)) ds +

∫ x

c

G23f(u(s)) ds

+

∫ 1

x

G22f(u(s)) ds, c ≤ x ≤ 1

= Au(x) (6)

�[ C[0, 1] <���Y Green s�<�0zgz (3) t (3′) �{�< P ∗ = {u(x)|u(x) ∈
C[0, 1], u(x) ≥ 0}.L[ 0 < ε < min(c, 1 − c), Z<

P ∗
ε =

{

u(x)|u(x) ∈ P ∗, min u(x) ≥ p2(c − ε)

p1 + (p2 − p1)c
‖u‖(c− ε ≤ x ≤ 1 − c + ε)

}

, (7)Ms P ∗ ℄ P ∗
ε F~(� E = C[0, 1] |<���Y P ∗

ε ⊂ P ∗, 4b A : P ∗ → P ∗ `5?�p u(x) ∈ P ∗. XQ/ 2 tQ/ 1 < (iii) s
‖Au‖ ≤















































∫ x

0

G1(s, s)f(u(s)) ds +

∫ c

x

G1(s, s)f(u(s)) ds

+

∫ 1

c

G2(s, s)f(u(s)) ds, 0 ≤ x ≤ c,

∫ c

0

G1(s, s)f(u(s)) ds +

∫ x

c

G2(s, s)f(u(s)) ds

+

∫ 1

x

G2(s, s)f(u(s)) ds, c ≤ x ≤ 1

=

∫ c

0

G1(s, s)f(u(s)) ds +

∫ 1

c

G2(s, s)f(u(s)) ds. (8)
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min Au(x) ≥ p2(c − ε)

p2c + p1 − p1c

(

∫ c

0

G1(s, s)f(u(s)) ds +

∫ 1

c

G2(s, s)f(u(s)) ds
)

. (9)X (8), (9) s�5 c− ε < x < 1− c + ε vY min Au(x) ≥ p2(c−ε)
p2c+p1−p1c

‖Au‖, � Au(x) ∈ P ∗
ε ,X('s A(P ∗) ⊂ P ∗

ε , +MeY
A(P ∗

ε ) ⊂ P ∗
ε , ∀ 0 < ε < min(c, 1 − c). (10)XC/ 1 <�Æ (ii) � f(0) = 0 s�/f r > 0, y9 0 ≤ x ≤ r v�vY

0 ≤ f(u) <
8p2(p2c + p1 − p1c)

2

(p2c2 + p1 − p1c2)2
u,+M5 u(x) ∈ P ∗, ‖u‖ = r v�vY

Au(x) ≤8p2(p2c + p1 − p1c)
2

(p2c2 + p1 − p1c2)2

·











∫ x

0

G12(x, s)u(s) ds +

∫ c

x

G11(x, s)u(s) ds +

∫ 1

c

G21(x, s)u(s) ds,

∫ c

0

G13(x, s)u(s) ds +

∫ x

c

G23(x, s)u(s) ds +

∫ 1

x

G22(x, s)u(s) ds

≤8p2(p2c + p1 − p1c)
2

(p2c2 + p1 − p1c2)2
‖u‖

·











∫ x

0

G12(x, s) ds +

∫ c

x

G11(x, s) ds +

∫ 1

c

G21(x, s) ds,

∫ c

0

G13(x, s) ds +

∫ x

c

G23(x, s) ds +

∫ 1

x

G22(x, s) ds

≤8p2(p2c + p1 − p1c)
2

(p2c2 + p1 − p1c2)2
‖u‖

·











− x2

2p1
+

p1c
2 − p2c

2 − p1

2p1(p1c − p2c − p1)
x, 0 ≤ x ≤ c,

− x2

2p2
+

p1c
2 − p2c

2 − p1

2p2(p1c − p2c − p1)
x − p1c

2 − p2c
2 + p2c − p1c

2p2(p1c − p2c − p1)
, c ≤ x ≤ 1

≤‖u‖, ∀ 0 < x < 1,gY
‖Au‖ ≤ ‖u‖, ∀u(x) ∈ P ∗, ‖u‖ = r. (11);KYF�X�Æ (iii) s/f η > 0 y95 u ≥ η v�vY f(u) ≥ 9(p2c+p1−p1c)2

p2

√
3c3(1−c)3

u. <
Rε = max

{

2r, η
[ p2(c − ε)

p1 + (p2 − p1)c

]−1}

. (12)[~ Rε > r, 5 u(x) ∈ P ∗
ε Y ‖u(x)‖ = Rε t c − ε < x < 1 − c + ε v�Y

min Au(x) ≥ p2(c − ε)

p1 + (p2 − p1)c
‖Au‖ =

p2(c − ε)

p1 + (p2 − p1)c
Rε ≥ η,
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Au(c) =

∫ c

0

s(1 − c)

p2c + p1 − p1c
f(u(s) ds +

∫ 1

c

c(1 − s)

p2c + p1 − p1c
f(u(s) ds

≥9(p2c + p1 − p1c)
2

p2

√

3c3(1 − c)3
· p2(c − ε) ‖u‖
p1 + (p2 − p1)c

·
[

∫ c

0

s(1 − c)

p2c + p1 − p1c
ds +

∫ 1

c

c(1 − s)

p2c + p1 − p1c
ds

]

≥9(p2c + p1 − p1c)
2

p2

√

3c3(1 − c)3
· p2(c − ε) ‖u‖
p1 + (p2 − p1)c

· c(1 − c) − (c − ε)2

2(p2c + p1 − p1c)

=
9(c − ε)[c(1 − c) − (c − ε)2]

2
√

3c3(1 − c)3
‖u‖, u(x) ∈ P ∗

ε , ‖u‖ = Rε. (13)< h(ε) = c(1 − c)(c − ε) − (c − ε)3. Ms�5
ε = ε0 =

3c −
√

3c(1 − c)

3v h(ε) 08^� [0, c] l<�2x h(ε0) =
2
√

3c3(1−c)3

9 . [~f (13) z|�_ ε = ε0 9
‖Au‖ ≥ ‖u‖, u(x) ∈ P ∗

ε , ‖u‖ = Rε, (14)Xz (11), (13) t (14) s�L[ Ω1 = {u|‖u‖ < r}, Ω2 = {u|‖u‖ < Rε0
} L� Pε0

TWQ/ 1, �s A f P ∗
ε0

∩ (Ω2\Ω1) |�Y�EA u(x), [~ u(x) ∈ P ∗
ε0

, r ≤ ‖u‖ ≤ Rε0
.X Gij(x, s) <>z�4bY u(x) > 0, ∀ 0 < x < 1, gC/9r�

4 F(Ll�o�G�5 p(x) #`I �v�℄8> S-L�x,�<q�<a~/f<�z'L�B p(x) �YI}T�<�J>v℄8> S-L �x,�<'�>���y'��)'L$� [2] |C/ 3.2.8 <�j�5_ p1 = p2 = 1 t c = 1/2 v��)C/ 1 {8 [2] <C/ 3.2.8. � + ? B
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Existence of Solutions for a Kind

of Two-point Boundary Value Problems

of Nonlinear Sturm-Liouville Equation
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Abstract In this paper, we considered the existence of solutions to the first boundary

value of the nonlinear Sturm-Liouville equation:

{

p(x)u′′(x) + f(u(x)) = 0, 0 < x < 1,

u(0) = u(1) = 0

where p(x) is a segmentation constant in interval [0, 1].

Key words nonlinear sturm-Liouville equation; boundary value problems;

segmentation functions
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