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2O X�e	t��0&�	?4�bG℄?��OQ�� 377">Yd,ubk� �}/dpd��G� ��,�a℄W4vWd'�o�u�Z���'��A5�,/`qwdd5_R?/dp' �4Md�1�z�J&>5�//I�� �J&>5�?�/dp' G�)zB�Pdp�1d�J' �z '��A5�?��5*�;/5_/dp' ��Pddp�1�Y5_L�1�- ?�3?N4?�z-!f'��A��J&>m4S��6xi*�F!�1'��A5�� ,�5�?�5*�* uP	Gd�1?)k4MRC	G�1dR�o [1−5].  5_/dp' �,�1uNX=�}NX=13?N4X=dZ���,��A5�dwd\o**} NP Dd [1,3], �L6xi*m{�FRu5���/Ru�� [1,3,4,6]. Y ?TZ���,�u**�vWZ�I_r� [6]. �LÆ!q�F,��1'��A5�dwdo�	y�℄ vW��?��*�w�}>H6xu9G�i|a℄/dp' duNX=�3?N4X=1�puNX= (a�,�1�4Mdhm��). �2S�*u���d�1'��A5��[q/dp' ��P�14MuNX=�3?N4X=yQ�puNX=� LZ��689F��1'��A5�f℄�H^&>5���L	y�xLyu^��t\\o��2�*k�d�1'��A5�

min
y∈Y

sup
P∈F

EP

[

max
1≤l≤L

aly
T z + bl

]

, (1)R? y ∈ Y ⊆ Rn -�5' �z z -p} �,�^ (Ω, F, P) nd�J' ��2[q�4�1 P ,/Gwda5�z}Q �?uN�1N4 F ?� L�N4 F ->;N�`q9F�u�Z��5� (1) d\o} NP Dd��LAU �L�5�d\o�-u\o��2-wd\o5� (1), [q�1 P 4MuNX=�3?N4X=1�puNX=fm��� Lm�[q������8F&>wL�/�29F5� (1) f℄�H^&>5��-o1�2��dÆR^�fV�����o�/dp��d�,#�5��
2 �an	��2[q�1 P 4Mk�dm��B�


(i) z Æu3?%N W ⊆ Rn, S ProbP (z ∈ W ) = 1;

(ii) z d�7- 0, S EP[z] = 0;

(iii) w� m = 1, · · · , M , [q ��J' z d.� max
1≤ı≤I

{

(gi
m)T z + hi

m
} dP+7K}P�?�;� ρm, S EP

[

max
1≤ı≤I

{(gi
m)T z + hi

m}
]

≤ ρm.�26�y�*kndm�[q�}�-
� (i) w/dp' � d3?N4t\[q�z� (ii) }w/dp' duNX=t\[q�,���vx�$�����1'��A5�d�:? [1,3]; � (iii) w/dp' � d�puNX=UF[q��26�y,pT/r}�- 6xvW��?g8i|a5/dp' �



378 � � 	 f f � 36� �1d�puNX=��k ��~m5���Q#�5�1&MH�5�? [7−9],E�- kndm�[q���1'��A5� (1) G�EA-H^&>5��Pz	y�xLyu^��\o�[q3?N W ⊆ Rn 	y)z-k�dFN4

W =

{

z : Hz + Du ≻K h for some u ∈ Rn
}

,R? K -u/%F�S-~Æ��Ekd dLk%F� H, D ∈ RMI×n.v 1  [q� (i)–(iii) B�d���5� (1) f℄�k�dH^&>5�
(P):

inf
µ,µ0,s,λl,νi

µ0 + ρT s,

s.t. µ0 − bl + λT
l h +

I
∑

i=1

M
∑

m=1

hm
i νm

l,i ≥ 0,

λl ≻K∗ 0,

νm
l,i ≥ 0, ∀m, i,

HT λl −
I

∑

i=1

M
∑

m=1

gm
i νm

l,i = µ − aly,

DT λl = 0,

I
∑

i=1

νm
l,i = sm, ∀m, l,

y ∈ Y,,� K∗ -/%F K dwLF�) k(#.� f -�J' z d�,9u.��%5� (1) ?E3dLUA5�	yf℄d)z-k�d�8F&>5�

sup
f(·)

∫

W

max
1≤l≤L

{aly
T z + bl}f(z) dz,

s.t.

∫

W

f(z) dz = 1,

∫

W

zf(z) dz = 0, (2)

∫

W

max
1≤ı≤I

{(gi
m)T z + hi

m}f(z) dz ≤ ρm, ∀m,

f(z) ≥ 0, ∀ z ∈ W.# µ0, µ 1 s �*-5� (2) ?Um���dwL' �%� [10] ? ��8F&>5�dVwLp�55� (2) f℄�

inf

µ,µ0,s,
µ0 + ρT s,
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s.t. µ0 + µT z +

M
∑

m=1

(

sm max
1≤ı≤I

{

(gi
m)T z + hi

m
}

)

≥ max
1≤l≤L

{aly
T z + bl}, ∀ z ∈ W,

s ≥ 0.L5�f℄�
inf

µ,µ0,s
µ0 + ρT s

s.t. µ0 − bl + min
z∈W

(µ − aly)T z +

M
∑

m=1

(

sm max
1≤ı≤I

{

(gi
m)T z + hi

m
}

)

≥ 0, ∀ l,

(3)

s ≥ 0.� W dp}	5�n�5�? �' z dRPA5�f℄�
min
z,µ,r

(µ − aly)T z +

M
∑

m=1

smrm,

s.t. Hz + Dµ ≻k h,

rm ≥ (gm
i )T z + hm

i , ∀m, i.

(4)# λl 1 νm
l,j �*-n�5�����dwL' �%�F&>5�dVwLp�

(a [11]) 5n�5�f℄�
max
λl,νl

λT
l h +

I
∑

i=1

M
∑

m=1

hm
i νm

l,i,

s.t. λl ≻K∗ 0,

νm
l,i ≥ 0, ∀m, i, (5)

HT λl −
I

∑

i=1

M
∑

m=1

gm
i νm

l,i = µ − aly,

DT λl = 0,

I
∑

i=1

νm
l,i = sm, ∀m,,� K∗ -/%F K dwLF��Lm45� (2)–(5), %�5�%f℄�H^&>5� (P).

3 Z�b�p�_w{ju	�
3.1 h\zXx|��l~�



380 � � 	 f f � 36��l68f�/��n�dH^A���:/dp��d�,#��A5��[p1a~:nQ n �BI9�#N z = (z1, · · · , zn)T ∈ Rn - n �BI9d/dp�~�z y = (y1, · · · , yn)T ∈ Rn )z$I , n �BI9nd$I �kLh i �BI9nd$IF�- yizi , Pz	aF$I* , n �BI9ndKF�- yT z.vW$IGr?�$I*!a7uN123�j|
��j|
�u����pj|
�1	'j|
���}xTi�/�j|
��Gj| d&Zz&Z�X"Wj|
�i`�,uk1vW1a~:j|�}}34d�Y}�k( h i �BI9n$I =*u�V7u�B5,�I9d$r^'8�[<"Wj|
�i&��L�-!xj|
�.�Æ4~:vWj|Z����"dj|
�.�!a4M V7S"�j|
�.�-Æ.��z �"�j|
�.�!a-%.��-�%Sa� �:d�/?68[p 7u�I9nd$I t/=*V7�X[q h i �BI9ndj|
�.� Ci(yi) = tiyi + τi -u�H^.��,� τi )zh i �I9d�pj|
��z ti )zh i �I9	'j|
�d>��kL� �*j|
�dZ���$I h i �BI9ndz�~- NRi = ziyi − Ci(yi), Pz$IP4dz�~- NRp =
n
∑

i=1

NRi = zT y − C(y), R? C(y) =
n
∑

i

Ci(yi). ��j|
�.�-H^d��Lz�~.�r}u�H^.���,R�A�;}�}$I*dM/ B1�~^TF`7�PzaFR�$IP4�z�1'��,d$�;}�*RC�1Z�� B1�~^TF`7�Pza℄$IP4dR�5-��L�RUA$IP4z�~d�1'��A>Y	y)z-
max
y∈Y

inf
P∈F

EP[zT y − C(y)], (6)R? y ∈ Y ⊆ Rn -�5' �z z -p} �,�^ (Ω, F, P) nd�J' � P 4Mh 1 3�?d[q� (i)–(ii), zN4 Y -I9P4��d���Z�J' d�,�1-v5wd7u�6xi*�*!n:d>Y [12], Lun:d>Y}u��J&>5��	yd$���J&>��\on:d>Y�Pn:d�/5�-(BL'��,d$>Y�;`qa℄��N4 Y . ,�[pI9P4 y 4M�
Ay ≤ b, A ∈ Rm×n, b ∈ Rm, y ∈ Rn. (7)RlYdu���}I������SI9P4 y 4M

eT y = ω0, e = (1, · · · , 1)T ∈ Rn, (8)z-d�xp^14M&p�68[pI9P44Mupdp���S
y ≤ y ≤ y, (9)R? y 1 y �*}I9P4d�p1np�kL���N4 Y %	� (7) 1 (9) �F�
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Y =

{

y : Ay ≤ b, y ≤ y ≤ y, A ∈ Rm×n, b ∈ Rm, y ∈ Rn
}

. (10)5� (6) ?dA(.�	)z-
zT y − C(y) = (z − t)T y − τ, (11)R? t = (t1, · · · , tn)T , τ =

n
∑

i=1

τi, �� t -;N ��L68	y# z := (z − t), ,X[q z − t U-I9dVd/dp�~�hu3��p}dN4W d���kL5� (6)%f℄�k�d�1'��A5�
min
y∈Y

sup
P∈F

EP[−zT y + τ ], (12)R? P 4Mhu3�dm�[q� (i)–(iii), z z ∈ W . Af�p� 1 	5� (12) f℄�k�dH^&>5�

inf

µ,µ0,s,λl,νi

µ0 + ρT s,

s.t. µ0 − τ + λT h +

I
∑

i=1

M
∑

m=1

hm
i νm

i ≥ 0,

λ ≻K∗ 0, νm
i ≥ 0, ∀m, i,

HT λ −

I
∑

i=1

M
∑

m=1

gm
i νm

i = µ + y,

DT λ = 0,

I
∑

i=1

νm
i = Ay ≤ b, y ≤ y ≤ y,

A ∈ Rm×n, b ∈ Rm, y ∈ Rn.

3.2 �����3�f�/n:��dÆR^��FuT�7�odm(1�:�,T5�d.�P 500 ℄ 10000, SP?f&>5�℄U&>5��,pTa�� ���Dv�,#�5�?d5�&>t�kU��L68 Lq�*U&>5�d�7�o�68 
DELL E8400,EQ 3.25 GB d PC Jn� Matlab 7.0 Dy�#CV��qpRU98F ε = 10−8, ��XJY��\oa℄dH^&>5�� �3��7�o?�[pI9P4 y 4MI������ eT y = 1, I9�p
y

i
= 0, np yi = 1, i = 1, · · · , n. -!�15� (12) ?	\NdÆR^�[p4� gm

i ,

h, ρ ?�Æt}�J9sd�X�P℄^ [−1,1] nd���1�z|. H, D ?�Ært}�J9sd�X�P℄^ [1,2] nd���1�j|
� τ r}�J9sd�X�P℄^ [0,1] nd���1�n�d$4�d��vx�6xi*�� [3,12].



382 � � 	 f f � 36�"'�-o1�2��dÆR^�68fV����J&>��I�k�Lu�,#�R�A5� (12) %B-
min
y∈Y

EP[−zT y + τ ],R? z : ω ∈ Ω → R -�b�J' �LH68��xld Halton ��_u5�d�iP+ [13], [q ω  p��^ Ω := [0, 1] n���1�zp�� d^- 40000.) 2.1 1 2.2 �Fd}�*���1'��A��1�J&>���w/!.�5�d�7m(�7u�5�6� 10 N�� Min iter, Max iter, Avg iter, Avg Val )zRP�RU�N�nVN�1N�R�.�7�� Time )z CPU u^ (<). �) 2.11 2.2 	y~D���68��Fd���RRPnV2�-u2�zRUnV2� 
35 2yE�z���J&>���RU3�RPnV2-u2�zRUnV2�R 4472�7u5�dN��\u^��68��Fd��q<�zU3�5�dN�R�7�68��Fd��qP�,Tm()=I�k�J&>��68�Fd��G�ZÆRdo�?U&>�,#��A5��Y 2.1

Dimension Min Iter Avg Iter Max Iter Avg Val Time

500 1 3 20 40.257 11.325

1000 1 3.6 22 90.331 11.732

1500 1 2.7 17 127.897 10.573

2000 1 1.9 8 184.021 9.832

3000 1 3.8 13 227.589 10.8

4000 1 7 25 308.998 12.11

5000 1 8.3 24 422.5 13

6000 1 6 19 525.336 15.4

7000 1 10 35 616.856 25.175

8000 1 4.5 6.6 709.325 29.496

10000 1 11 23 957.901 45.908Y 2.2

Dimension Min Iter Avg Iter Max Iter Avg Val Time

500 1 4.6 38 32.158 21.221

1000 17 25.4 58 74.9 54.381

1500 1 32.4 63 108.286 74.02

2000 1 57.9 85 155.228 119.256

3000 1 77 112 220.045 272.054

4000 54 89.5 124 335.204 173.965

5000 87 100.6 143 399.587 210.368

6000 1 75.5 154 485.275 209.221

7000 1 87.2 167 604.851 312.876

8000 159 268.7 395 721.695 589.008

10000 365 397.8 447 900.874 1965.297
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4 q}�2Cq�/!u���d�1'��A5�� /dp' 4M?�[q�dU���681=!,�5�f℄�H^&>5��zH^&>}�Di?m{k!�~'k���$����kB�du�Bq�3�kL%-�5�d\o1����!%��-1=��F��dÆR^�68�/!,��� �,#�?a����*�:d>�/dp��d�,R�A5�	;�B�1'��A5��Pzf℄�H^&>5���*w?U&>5�d�7�om(�:�)=�2��dÆR^�℄ r � �
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Abstract This paper considers a special Max-Min problem that is the distributionally

robust optimization problem which is different from stochastic programming and robust op-

timization. In this kind of problem, the uncertain variable’s probability distribution often

can’t be accurately acquired but with some known information about its probability, such as

the first-order, second-order and support set information. Then the distributionally robust

optimization problem is to find the worst-case solution under all possible distributions. In

general to find the solution for this problem is NP hard. In this paper, we suppose a special

case where the decision-maker gets across some parts of information about the uncertain

distributions, for example the first-order, support set and affine first-order information. By

applying the duality of the semi-infinite programming, the distributionally robust optimiza-

tion problem can be equivalently reformulated as a linear optimization problem, and then

it can be solved by some well-established linear programming approach. To verify the effec-

tiveness of the method, we discuss an applications to portfolio management problem with

transaction costs.

Key words maxmin problem; distributionally robust optimization;

semi-infinite programming; uncertain conditions; portfolio management
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