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258 � " � � � � 36yz��R�z=9�jOR�J|-�65Z�U�j#}Z_�zV�w��Z3HV��(G�w�=j#�\���}�J�?MYV(G_���Æ�Z�$%<"� X 
#	�F���ZV��(G�w��}q��%<"�V%<Æ�V�\R�6$|N,�dFk�wqQ�RP�Z%<"�V|*0H�hj���Z��J�Z_.�VO
 H(X), ���z�=U��z_Oo)jVvps��$qf�+ [1], qf�+�j#�\o_�Vm
�z
_CW�+��^m
�z:t�=FÆ$=\�j#}�w$_VJÆ�Z9E�Æ�Jm.�ZVm
�w�℄JB
V�Zz�qf2�Q3, Mowbray[2]�? Slellwayer[3], */=�^P�V;?u1>�z_OVqf��
qf�z =Z ×m
�z+ (1 − Z) ×u.�z� (1)P\ Z �8�qf�f�%3Keffer[4] YoHjdfqf2�8$Pe4�Z (Group life insurance). Bailey[5]8$oik;phoHjdqf�+W���:t�RPK, - K,� Beta- kgW|*:tUVqf�E�jGKK|* (k�|*) Vqf�+VW���, Bühlmann[6].*lg$oik;p�= Bayes �PU�Y�E__=Æ�Vaz'��\�RPVo&�z�ES(�qfMau��W��K|*qf�+�k��I&�FI�
�qf�+=j#�"/:�
qVh[I3��,qf�+Vi�VG℄�.~ [7–9]W�K��H,|qf�+V
#aW;,o�z2�U8RV�jo�z(?,k�zVKV
b�*z�=M3�+\�mM5��Z��f�^A�zAY
_mzM3��.~ Asmussen[10]. Lg��^�p�6$x_
b�*R�&8$O<R�z2�
Z_�z�KFÆZ_V�z.)nI� [11]. dzFÆI3V�pO�s�6$|�'�'��F^epo>�' Gerber[12] 1>�*YJv'�'�|��T�MaJv'�'��RP� Esscher�z2�UV�Z�zVqf�E�hj Gómez-Déniz[13],

Payandeh Najafabadi et al[14], Zhang[15] Wen et al[16] |$=J0'�'��s'�'��
h'�'�,T�'�'�U~'��Z�zV�EI3�K��(7V�Z���?�whBVm Z��^(7V�z2��jU21PV
qaW?8$,JÆ�z2��(x)��z�
�P�)/H�,|m\V�z2�ah�d;�'�'���,�z_O.'�'��RVdS
q�.~ Heilmann[17],*=GD\1>T�t'�'��|C�'�'��1Ma'�'�Wi^'�'��P|$h��T��z2��|C��z2��℄Jv2�z2�W�Furman and Zitikis[18]1>��^��Ma'�'��=�'�'�URP����sV�z2�
��Ma�z2��
�P�o#J/_��^'�'�

GL(X, a) = (v(a) − g(X))2h(X). (2)



2N D�3�-�I	lr��L`�x1ÆT~X�xSn
�D 259F�'� v(x), g(x) , h(x) a��NV'��o#�^(7 v(x), g(x) , h(x) Vu��AF^'�'�?�%))U21PV))'�'���BJ/YO8�mt��Ma'�'��=F^'�'�URPV�z2�J/8O�mt��Ma�z2���GY='�'� (2) U~'�Z�zVo&�E�',�'�'�h�Vmt��Ma�z2�(fx)KV
b�*�jX�%�j#�\H,|5$V�z2���B�.+��z2�UVqf�EI3(fx)�+���jXx)/VV\�����GV
�oU
=Z 2 _\.+�'�'� (2) ?P
�Vmt��Ma�z2��&.+��z2�.5$�z2�V�R�Z 3 _W�qf:t�&='�'�
(2) U.+�Z�zVqf�E�Z 4 _.+qf�EV
.z�Z 5 _hU2V
#q�R:B�
MRPV
+�
2 +/�4
�t�7�Nx;Æ�ZV'�%<"� X W^w�R�Xx)|*'� FX(x). �^_�V�zE#2As�$;Æ�z�E�Z X , �RO<'�'�FPoi�s^'�'� (2), oi5 min

P∈R
E[GL(X, P )], RPVU2Vo&d��# 1 s'� v �J℄V��'� (UG|qFÆNx), A\doi5I3

min
P∈R

E[GL(X, P )] = min
P∈R

E
[

(v(P ) − g(X))2h(X)
]

(3)RPmt��'�'� (2) UVo&�z�

P = v−1

(E[g(X)h(X)]

E[h(X)]

)

. (4)M # Φ = E
[

(v(P ) − g(X))2h(X)
] \��, Φ h P \M�&#M�� 0, A)

E[(v(P ) − g(X))h(X)] = 0. (5)d> P �� (4) ��M �
�u�63 1 �M�' (4) ��>V�z P ��Z X VoJ�E�8��z P�u.�z�F� H(X). ',u.�z (4) *�=mt��Ma'�'� (2) URPV��B H(X) h�V2�8O�mt��Ma�z�6$h v(x), g(x) �? h(x) ^(7Vu���u.�z (4) :5��i5$V�z2��&XHi��z2�ax)KV
b�*�.~ Young[11].

• O<R2�
H(X) = (1+α)E(X),F�^ v(x) = x, g(x) = (1+α)x�? h(x) = 1,P\ α ≥ 0 �KV5��
• T��z2�
H(X) = 1

α
log(E(eαX)),F� v(x) = eαx, g(x) = eαx �? h(x) = 1,X α ≥ 0 �K5��
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• Esscher �z2�
 H(X) = E[XeλX ]

E[eλX ]
, F�^ v(x) = x, g(x) = x �? h(x) = eλx,F� λ �KV5��

• |Kv22�
 H(X) = E(X) + Var(X)
E(X) , F�^ v(x) = x, g(x) = x �? h(x) = x;

• Kamp �z2�
 H(X) = E[X(1−e−λX)]
E[1−e−λX ] , F�^ v(x) = x, g(x) = x �? h(x) =

1 − e−λx, P\ λ �KV5��
• 5VAO<�z2�
H(X) = E[XI(x>q)]

P (x>q) = E(X |X > q),F�^ v(x) = x, g(x) = x�? h(x) = I(x > q);

• |K5VAO<2�
H(X) = E(X |X > q)+ Var(X|X>q)
E(X|X>q) ,F�^ v(x) = x, g(x) = x�? h(x) = xI(x > q);

• H(X) = E(Xh(X))
E(h(X)) , F�^ v(x) = x, g(x) = x, .~ Kamp[19];

• H(X) = E[X1+c]
E[Xc] , 0 ≤ c ≤ 1, F�^ v(x) = x, g(x) = x �? h(x) = xc, .~

Heilmann[17].�B��GV�z H(X)��^w5��u�V�z2�����%j#�\5UVH,|�z2���Z����6$�^(7V v(x), g(x) , h(x) '�u��RP�.hB�Z��V�z2��
3 -}�/z
v����,m\Vqf2��Nx�Z X ';Æ�Z.� Θ �$�j�Z.� Θ �(��/V%<"��x)BNVV
|* π(θ). =R6�Z\� π(θ) �?#	6�Vt)�:_�Q�jVz$�F!��rZ��FP\/i� VqQ�Z��aKpP℄8^��_�Z.� Θ 5VU�X1, X2, · · ·Xn, Xn+1 ��Z X Vb�7|*V�Z��h i = 1, 2, · · · , n + 1, (Xi, Θ) . (X, Θ) )
7V�.|*�Yu2VNx7�oU
� 1 w�%<"� X (�8��Z) ��'�Z.� Θ 
�$��Z.� Θ VV
|*� π(θ).� 2 �_ Θ,%<� X1, X2, · · ·b�7|*, X ,x)
7V5V|* F (x, θ).F Xn = (X1, X2, · · · , Xn) #	P�� n �UV(Gm� (�8�Æ�).Nx 1 .Nx 2 #5�Z
��, Bayes �P��B��zV�E}�$P Bayes|NV�x�s�Z.� Θ ��NV�A��$ Θ V;Æ'� R(Θ) 
�E / 0/B
V(G
Xn+1, ='�'� (2) U�\do&5I3


min
R(Θ)

E[L(Xn+1, R(Θ))|Θ] = min
R(Θ)

E
[

(g(Xn+1) − v(R(Θ)))2h(Xn+1)|Θ
]

, (6)
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�D 261RP
R(Θ) = v−1

(E[g(Xn+1)h(Xn+1)|Θ]

E[h(Xn+1)|Θ]

)

, (7)Y R(Θ) 8��Z X V�Z�z9Æ4�z�',=�H\�Z.� Θ �BNV��B�Z�z R(Θ) ��BNV�}�'Æ�
�E�
3 �'t�z��s.)(GÆ��� n = 0 ��$�Æ�� H �E�Z�z R(Θ), �R'�'�
(2) FPoi�\dU2Vo&5I3


min
H∈R

E[GL(R(Θ), H)] = min
H∈R

E
[

(g(R(Θ)) − v(H))2h(P (Θ))
]

, (8)RP
H = v−1

(E[g(R(Θ))h(R(Θ))]

E[h(R(Θ))]

)

:= Hcol(X). (9)F�Hcol(X)q� R(Θ)V�Æ�E��G8O�u.�E���V
+�.~ [13,14,16].s�0P�Z X V(GÆ� Xn, A���wÆ�V'�
�?�Z�zV�E�F M #	Æ� Xn ))�/'�m:V>.�=�>.\�~'oi5I3

HBE(Xn) = argmin

H(Xn)∈M

E
[

GL(R(Θ), H(Xn))
]

= argmin
H(Xn)∈M

E
[

(g(R(Θ)) − v(H(Xn)))2h(R(Θ))
]

. (10)|� 1 s'� v E=q'��X v′(x) 6= 0, hk� x, Ao&5I3 (10) Vd�

HBE(Xn) = v−1

(E[g(R(Θ))h(R(Θ))|Xn]

E[h(R(Θ))|Xn]

)

. (11)8 HBE(Xn) ��Z�zVu.�E�M ' Bayes _��N�o&5I3 (10) W}=3
|*UFPoi�F
Ψ = E

[

(g(R(Θ)) − v(H(Xn)))2h(R(Θ))
∣

∣Xn

]

. (12)# ∂Ψ
∂H

= 0, RPU2VK�v=

E
[

(g(R(Θ)) − v(H(Xn)))v′(H(Xn))h(R(Θ))
∣

∣Xn

]

= 0. (13)', v′(H(Xn)) 6= 0, A) E
[

g(R(Θ))h(R(Θ))|Xn

]

− v(H(Xn))E
[

h(R(Θ))|Xn

]

= 0. �B_�:��M �
�P HBE(Xn) ��Z�z='�'� (2) UVo&�E��G8O� Bayes �E�=;k|*NxU�Bayes �E?�RPS`V#F��K��Z�U�Bayes �E HBE(Xn) V#F��\�9�yX��.)W	#F��oU2V�f�
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Pr(X = 1) = 1−Pr(X = 0) = θ , j θ ∽ U(0, 1),� (0, 1)uV|7|*�F� µ(θ) = θ�? Var(X |θ) = θ(1−θ). ^ v(x) = eαx, g(x) = eαx. h(x) = ehx, P\ α > 0, h ≥ 0 ��N.��F�' (4) RP�z2�

P =

1

α
log
[E(e(α+h)X)

E(ehX)

]

. (14)L h = 0 ��T��z2��
�P θ V3
|*� Beta
(

n
∑

i=1

Xi + 1, n−
n
∑

i=1

Xi +1
)

, �
π(θ|Xn) =

θ

n
∑

i=1

Xi

(1 − θ)
n−

n
∑

i=1

Xi

Beta
(

n
∑

i=1

Xi + 1, n −
n
∑

i=1

Xi + 1
)

.�B��Z�z�
R(θ) =

1

α
log
(θeα+h + 1 − θ

θeh + 1 − θ

)

. (15)+Vu.�E, Bayes �E|$�
Hcol(X) =

1

α
log
(

∫ 1

0 e(α+h)R(θ) dθ
∫ 1

0 ehR(θ) dθ

)

(16)�?
HBE(Xn) =

1

α
log

[

∫ 1

0
e(h+α)R(θ)π(θ|Xn) dθ
∫ 1

0 ehR(θ)π(θ|Xn) dθ

]

. (17)Du2V�f��}>�Æ�'�Vo&�EHBE(Xn) ��,Æ�V5V|*.�Z.�VV
|*V))qQ�K��FkqQ�0$�V
|*qQ�=��Z�UKp8^��B�$g Bayes �E HBE(Xn) x)o&z�K
(?P℄8$,�H\V�z_O��^�wV�p�=;^_Zz5VU\d (10), RPVo&d�8O�qf�E��.~ [1,20] W�
�P�Z�z R(Θ) = v−1
(E[g(X)h(X)|Θ]

E[h(X)|Θ]

) Vu��# P (Θ) = E[g(X)h(X)|Θ]
E[h(X)|Θ] , A

R(Θ) = v−1(P (Θ)). (18)�RP,k(Vz[Vqf�E�|:�+
�V�E P (Θ), g3Y�EIp (18).Z�+ F
MW =

{

a + bW (Xn), a, b ∈ R X W (Xn) =

n
∑

i=1

g(Xi)h(Xi)

n
∑

i=1

h(Xi)

}

(19)
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�D 263�Æ�V;^'���&Y P (Θ) V�E__='�� MW \�\dU2Vo&5I3
min

H(·)∈MW

E
[

(P (Θ) − H(·))2h(P (Θ))
]

= min
a,b∈R

E
[

(P (Θ) − a − bW (Xn))2h(P (Θ))
]

. (20)RPU2V_��|� 2 o&5I3 (20) Vd�

HW (Xn) = ZW (Xn) +

(

1 − Z
E&[Wn(Θ)]

HC(X)

)

HC(X), (21)P\
Z =

Cov&(P (Θ), Wn(Θ))

Var&(Wn(Θ)) + E&[Var(W (Xn)|Θ)]
(22)�qf�f�j Wn(Θ) = E[W (Xn)|Θ], �? HC(X) = E&[P (Θ)]. F� Θ VmV	)|* “&” _��


Pr&(Θ ∈ A) =
E[IA(Θ)h(P (Θ))]

E[h(P (Θ))]
. (23)M ',

E
[

(P (Θ) − a − bW (Xn))2h(P (Θ))
]

= E[h(P (Θ))]E&

[

(P (Θ) − a − bW (Xn))2
]

. (24)�B�o&5I3 (20) WO,
min

a,b∈R
E&

[

(P (Θ) − a − bW (Xn))2
]

. (25)#
Φ = E&

[

(P (Θ) − a − bW (Xn))2
]

, (26)A# ∂Φ
∂a

= 0, ∂Φ
∂b

= 0, RPU2VK�v=m

{

E&[P (Θ) − a − bW (Xn)] = 0,

E&[(P (Θ) − a − bW (Xn))W (Xn)] = 0.
(27)dR


b =
E&[(P (Θ) − E&(P (Θ)))(W (Xn) − E&(W (Xn)))]

E&[(W (Xn) − E&(W (Xn)))2]

=
Cov&(P (Θ), Wn(Θ))

Var&(W (Θ)) + E&[Var(W (Xn)|Θ)]

=Z�?
a = E&(P (Θ)) − bE&(W (Xn)) = HC(X) − ZE&(Wn(Θ)). (28)
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HW (Xn) =a + bW (Xn)

=HC(X) − ZE&(Wn(Θ)) + ZW (Xn)

=ZW (Xn) +
(

1 − Z
E&(Wn(Θ))

HC(X)

)

HC(X).M �Zk+ 6$ “Ip”v−1(x) Vvp��Z�z R(Θ) Vqf�E��#	�

HCE(Xn) = v−1

(

ZW (Xn) +
(

1 − Z
E&(Wn(Θ))

HC(X)

)

HC(X)

)

. (29)

4 ��z*	1=�_�YM5qf�E HCE(Xn) V
.z��LÆ�n�℄,K[��qf�E����P�Z�z R(Θ). hm\qf�zV
.z.+��.~ [21].|� 3 Nx h(x) �B'��X h(0) > 0, j v(x) ���'��XE=>�VC'��F u(Θ) = E(v(X)h(X)|Θ), s u(Θ) �Jv�=V�Aqf�E HCE(Xn) A4����P�Z�z R(Θ).M �V�', X1, X2, · · · , Xn, · · · = Θ �_Ub�7|*��wH�_(�)
W (Xn) =

n
∑

i=1

v(Xi)h(Xi)

n
∑

i=1

h(Xi)
−→

E[v(X1)h(X1)|Θ]

E[h(X1)|Θ]
= P (Θ), a.s. (30)PC�
�P

Wn(Θ) = E

(

n
∑

i=1

v(Xi)h(Xi)

n
∑

i=1

h(Xi)

∣

∣

∣

∣

∣

Θ

)

≤

E
(

n
∑

i=1

v(Xi)h(Xi)|Θ
)

nh(0)
=

u(Θ)

h(0)
. (31)�B)

Wn(Θ) −→ P (Θ), a.s. (32)�B�'�Z��_��RP E&[Wn(Θ)] −→ E&[P (Θ)] = HC(X). ', u(Θ) �Jv�=V�;'�Z��_�?A4����Vz[N
Cov&(P (Θ), Wn(Θ)) = E&[Wn(Θ)P (Θ)] − E&[Wn(Θ)]E&[P (Θ)] −→ Var&(P (Θ)), a.s.

(33)�?
Var&(Wn(Θ)) = E&[(Wn(Θ))2] − [E&(Wn(Θ))]2 −→ Var&(P (Θ)), a.s. (34)
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E&

[

Var(W (Xn)|Θ)
]

=E&[E(W 2(Xn)|Θ) − (E(W (Xn)|Θ))2]

=
E[E(W (Xn)2|Θ)E[P (Θ)]− (E(W (Xn)|Θ))2E[P (Θ)]]

E[P (Θ)]

−→E&[P 2(Θ) − P 2(Θ)] = 0.�wqf�f Z V#F��)
Z −→

Var&[P (Θ)]

Var&[P (Θ)] + 0
= 1, a.s. (35)�B

HW (Xn) = ZW (Xn) +
(

1 − Z
E&(Wn(Θ))

HC(X)

)

HC(X) −→ P (Θ), a.s.�w'� v(x) V��z�A HCE(Xn)
a.s.
−→ v−1[P (Θ)] = R(Θ).

5 !:��x X1, X2, · · · , Xn, Xn+1, · · · �b�7|*�D, Poisson (θ) |*�X�Z.� θ ∼

Gamma (α, β), P0f'�� π(θ) = βα

Γ(α)θ
α−1e−βθI(θ > 0). n�RP Θ V3
|*�

(Θ|Xn) ∼ Gamma (nX + α, n + β).

(1) Esscher�z2�U�Z�z�EV
.z
s^ v(x) = x, g(x) = x, h(x) = ehx,F��z2�� Esscher 2�

H(X) =

E(XehX)

E(ehX)
. (36)B��Z�z�

R(θ) = θeh = P (θ). (37))��Z�zV Bayes �E�
HBE(Xn) =

E(R(θ)ehR(θ)|Xn)

E(ehR(θ)|Xn)
=

(nX + α)eh

n + β − heh
. (38)�wVH�_(� X

a.s.
−→ θ, An�}> HBE(Xn)

a.s.
−→ θeh = R(θ). h,qf�E

HCE(Xn), 
�P
π&(θ) =

π(θ)h(P (θ))

E[h(P (θ))]
=

(β − heh)α

Γ(α)
θα−1e−(β−heh), θ > 0. (39)� θ VmV	)|*� Gamma (α, β − heh), A HC(X) = E&[P (θ)] = αeh

β−heh . F�qf�E HCE(Xn) .)W	#F����6$:BRP�^ h = 0.4, α = 2, β = 1, =(7VÆ�n� n = 20, 200 ��E#�E HBE(Xn) . HCE(Xn) V|vM2�oU#
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θ Q R(θ) HBE sdBE HCE sdCE HBE sdBE HCE sdCE

0.1 0.1492 0.1194 0.1416 0.3429 0.6347 0.1419 0.0085 0.1728 0.0284

0.3 0.4475 0.3197 0.4375 0.6344 0.6460 0.4031 0.0057 0.4716 0.0373

0.5 0.7459 0.5173 0.7623 0.9218 0.6745 0.7011 0.0059 0.7661 0.0423

0.7 1.0443 0.7183 1.0689 1.2112 0.7039 1.0331 0.0024 1.0654 0.0495

0.9 1.3426 0.9213 1.3722 1.5009 0.7282 1.3214 0.0025 1.3613 0.0561=# 1 \�HBE ? HCE � Bayes �E HBE(Xn) ?qf�E HCE(Xn) = 5000C:BVJ|R�j sdBE . sdCE ��E HBE(Xn), HCE(Xn)
h,�Z�z R(θ)V|vM2�D#\��}>�Bayes �E HBE(Xn) ?qf�E HCE(Xn)a�
.V�&X)\�V��!f�D#�\��}>�
�j��qf�EV|vM2� Bayes�EV|vM2v=H�k�Kqf�EW��,V
|*V�k^t�j Bayes �E��,Æ�,V
.�Vx4|*�&X=Hi�Z�U���Æ�,V
.�Vx4|*;b�N� Bayes �E�.)W	#F��
(2) T��z2�UV�\
s^ v(x) = eαx, g(x) = eαx �? h(x) = 1, ART��z2�

H(X) =
1

α
log(E(eαX)). (40)F� α ≥ 0 �K5��B��Z�z�

R(θ) =
1

α
log(E(eαX |θ)) =

θ(eα − 1)

α
. (41)', h(x) = 1, A θ VmV	)|*�� Gamma (α, β). 
�V�) P (θ) = E(eαX |θ)

= eθ(eα−1) �? HC(X) = E[P (θ)] = ( β
β−eα+1 )α. �B�qf�E�

HCE(Xn) =
1

α
log
(Z

n

n
∑

i=1

eαXi + (1 − Z)HC(X)
)

, (42)P\qf�f�
Z =

Var[P (θ)]

Var[P (θ)] + E[Var(eαX |θ)]
. (43)

[16]=T�'�'�UW���Z�zVqf�E�Y�GRPVqf�E (42). [16]V (3.7) ��\�m\F�Æ�Ex)
7Vu��',�GRPVqf�E�=mt��Ma�z2�U.+V���z2�(f�%� [16]VT��z2��jX6�%�P*5$V�z2���B [16] .+VT��z2�Vqf�EW��GV�^0�Z��
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|*Vazm.\�RP��Z�zVqf�E�
+#5�=mt��Ma�z2�U��Z�zVqf�E?#F� “qf” Mau��. Bayes �E
��qf�E(}�x4VÆ�,V
|*Nx�K*?,k
.z��vp8��j#�\`iV�z2�U�Z�zVqf�EI3��)V
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The Credibility Estimators of Risk Premium Under a New Type

of Generalized Weighted Premium Principle
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Abstract In this paper, we study the credibility estimator of risk premium under the

new-type generalized weighted premium principle. Use of a loss function method, the new

generalized weighted premium principle is defined as the optimal estimate of the risk under

the new-type generalized weighted loss function. Under this type of loss function, we con-

strain the estimator of risk premium to linear combination of empirical estimate and derive

the credibility estimator of risk premium by minimizing the mean square error. We also

prove the consistency of the credibility estimator. Finally, the numerical example is given

under Esscher principle to verify the results of the paper. In addition, we also compare the

credibility estimator under exponential principle with previous research. The results show

that the previous estimator is the special case of this paper.

Key words new type of generalized weighted premium principle; risk premium;

credibility estimator; bayes estimator; consistency
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