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1 MJ,M6� E ) Banach 7�� Tr =
{

u ∈ E | ‖u‖ ≤ r
}

(r > 0), R+ = [0, +∞). /U�O
Banach 7� E Be9FR'(hb$+�.� (IVP)















u′(t) = f(t, u(t)), t ∈ J, t 6= tk,

∆u|t=tk
= Ik(u(tk)), k = 1, 2, · · · ,

u(0) = x0

(1)�B5wF�b f : J × E → E DJ� J = [0, +∞), 0 = t1 < t2 < · · · < tk < · · · , tk →

∞(k → ∞), x0 ∈ E, Ik : E → E (k = 1, 2, · · ·). ∆u|t=tk
= u(t+k ) − u(t−k ) �� u(t) w

t = tk B�pR� u(t+k ), u(t−k ) h��� u(t) w t = tk /Bk���7 (k = 1, 2, · · ·). J0 = [0, t1], J1 = (t1, t2], · · · , Jm−1 = (tm−1, tm], · · · , J ′ = J \ {t1, t2, · · · , tm, · · ·}. K
PC(J, E) = {u : J → E w t 6= tk /DJ�w t = tk /�DJ�bk�7 u(tk

+) 5w�
k = 1, 2, · · ·}.�* 2011 [ 3 r28t�<�2012 [ 2r 17 t�<Gjn�



250 _ e � K K � 36-qm.� (1), [1] Ahz2�b^{9HI8�e��?G IVP (1) B_|�BI8�%�.G�Lz2�5w��RlR'xDJ9Hy��fshGVLB"F����?G.� (1) �B5wF�t� [2–4]0N'G Banach7�R' Volterra B�hb$�B5wF� [3] k$G [2] n [4] B�t�:sj}dB7��� (� [3] L; 1 B (H1) n (H2)), �fXjB+60�wj7n�z�OB��+h Sadovskii �OGL;�?GV�e9F(hb$+�.�)��B5wF�q~iP"L;��?b}��B5wF��h�TP"Bb^��?G IVP (1)w1kn�z�B5wF�w0v$�V f 7�S��� (H2), �q�dG f B���:�VR'x��"F��	b�Y$�����D “DJ” {V��P�HR�2�
zk$GXj+6B�t��+B�t�W�Vm Banach 7�V�R'(hb$+�.��b�
neR'iC�V�B�℄0�I1NeR'BiC(4YG�N7 1[5] v D ⊂ E )j ��x5wV4� D0 ⊂ D, �?
α(D) ≤ 2α(D0).N7 2[6] � E �� Banach 7��v B ⊂ C([a, b], E) j fCRDJ� B(t) =

{

u(t) | u ∈ B
}

, x α(B(t)) w [a, b] zDJ�f
α(B) = max

t∈[a,b]
α(B(t)).N7 3[7] � B = {un} ⊂ C([a, b], E) �j ��x α(B(t)) Lebesgue 4��f

α
({

∫ b

a

un(t)dt
})

≤ 2

∫ b

a

α(B(t))dt.

2 &8�:GER>1 �OH0+1Ne9F(hb$+�.�
{

u′(t) = f(t, u(t)), t ≥ t0,

u(t0) = x̄
(2)�B5wF�{= x̄ ∈ E, f ∈ C([t0, +∞) × E, E), t0 ≥ 0."7 1 � f : [t0, +∞) × E → E DJ�fS�2H���

(H1) 5w� L > 0, �?Vr[�| D ⊂ Tr, t ∈ J , j
α(f(t, D)) ≤ Lα(D).

(H2) 5w h ∈ C(R+, R+), �? ∫ ∞

0
dr

1+h(r) = +∞, Vr[ t ∈ J, x ∈ E, j
‖f(t, x)‖ ≤ h(‖x‖),



2` g>,� Banach 5��P%&f`")�,���3uD 251x+�.� (2) BrVÆ{�0w [t0, +∞) z5w�e i f BDJF��5w δ > 0, �? f w [t0, t0 + δ] × B(x, δ) zj ��Y�5w� M > 0, �?
‖f(t, u)‖ ≤ M, ∀ (t, u) ∈ [t0, t0 + δ] × B(x, δ).o h = min

{

δ, δ
M

}

, K I = [t0, t0 + h], Ω =
{

u ∈ C(I, E) | ‖u(t) − x̄‖ ≤ δ
}

, x Ω �j  ���L\�� A : Ω → C(I, E) u2�
(Au)(t) = x̄ +

∫ t

t0

f(s, u(s))ds, (3)x+�.� (2) B�C�m�� A B�OG�Z�
‖(Au)(t) − x̄‖ ≤

∫ t

t0

∥

∥f(s, u(s))
∥

∥ ds ≤ (t − t0)M ≤ Mh ≤ δ,�Y A : Ω → Ω.2Vhw�h%!~W�
(1) 4~ A : Ω → Ω �DJ���� un → u (n → ∞) m C(I, E), R~ f(t, un(t)) → f(t, u(t)) (n → ∞) w I zV�!C�_��q�x5w ε0 > 0, �H {tk} ⊂ I { {nk}, f nk → ∞ (k → ∞), �?

‖f(tk, unk
(tk)) − f(tk, u(tk))‖ ≥ ε0,Z {tk} j	E�H�� tk → t1 ∈ I (k → ∞), x

unk
(tk) → u(t1), k → ∞.i f wG (t1, u(t1)) BDJF�j

∥

∥f(tk, unk
(tk)) − f(t1, u(t1))

∥

∥ −→ 0, k → ∞. (4)JVbV�
∥

∥f(tk, unk
(tk)) − f(t1, u(t1))

∥

∥

≥‖f(tk, unk
(tk)) − f(tk, u(tk))‖ − ‖f(tk, u(tk)) − f(t1, u(t1))‖

≥ε0 − ‖f(tk, u(tk)) − f(t1, u(t1))‖ → ε0, k → ∞.{n (4) �TW��Y A : Ω → Ω �DJ���
(2) V ∀u ∈ Ω, t1, t2 ∈ I, � t0 ≤ t1 ≤ t2 ≤ t0 + h, j

‖(Au)(t2) − (Au)(t1)‖ =
∥

∥

∥

∫ t2

t1

f(s, u(s))ds
∥

∥

∥
≤ M(t2 − t1),



252 _ e � K K � 36-�Y A(Ω) w [t0, t0 + h] zj fCRDJ�
∀B ⊂ Ω, i^; 1, 5w B1 = {un} ⊂ B, �?

α(A(B)) ≤ 2α(A(B1)).℄) A(B1) �j CRDJ��i^; 2 j
α(A(B1)) = max

t∈I
α(A(B1)(t)).i^; 3 	�� (H1), j

α(A(B1(t))) =α
({

∫ t

t0

f(s, un(s))ds|n ∈ N
})

≤ 2

∫ t

t0

α
({

f(s, un(s)) | n ∈ N
})

ds

=2

∫ t

t0

α
(

f(s, B1(s))
)

ds ≤ 2L

∫ t

t0

α(B1(s)) ds

≤2Lhα(B1) ≤ 2Lhα(B),�Y α(A(B)) ≤ 2α(A(B1)) ≤ 4Lhα(B).ut 4Lh < 1, x A : Ω → Ω �℄+}�i Sadvoskii�OGL;�A w [t0, t0 +h]z5w�OG�ut 4Lh ≥ 1,x
n� I h!n� R) h1 Bvl<n� I1, I2, · · · , IN ,� 4Lh1 <

1, xizVB~Wv$��+�.� (2) w I1 z�{jVo� u∗(t). thV1zVB�O� u∗(t) 4P"= I2 z� · · ·, ÆJ�2p�x u∗(t) 4P"= IN z��Y�+�.� (2) w [t0, t0 + h] z�{jVo��iP"L;�{o�4P"!VoÆ{��
(3) � u(t) � IVP(2) BVoÆ{�� [t0 , T )�b�75wn��v T < +∞, 2~

lim
t→T−

u(t) 5w�5q� ‖u(t)‖ w [t0, T ) BrVj �n�z.VDJ�℄)
‖u(t + ∆t)‖ − ‖u(t)‖

∆t
≤

∥

∥

∥

u(t + ∆t) − u(t)

∆t

∥

∥

∥
.K ∆t → 0+, j

d

dt
‖u(t)‖ ≤ ‖u′(t)‖, a.e. t ∈ [t0, T ).im u(t) w [t0, T ) zS�(hb$ (2), i�� (H2) j

d

dt
‖u(t)‖ ≤ ‖u′(t)‖ = ‖f(t, u(t))‖ ≤ h(‖u(t)‖) < 1 + h(‖u(t)‖), a.e. t ∈ [t0, T ),�Y

‖u(t)‖′

1 + h(‖u(t)‖)
< 1. (5)



2` g>,� Banach 5��P%&f`")�,���3uD 2532 t0 = t �h (5) ��?
∫ t

t0

‖u(τ)‖′

1 + h(‖u(τ)‖)
dτ < t − t0,�Y

∫ ‖u(t)‖

‖x‖

dr

1 + h(r)
< t − t0 < T − t0 < +∞,�|�� (H2) �� u(t) w [t0, T ) zj ��Y�5w R > 0, �?

‖u(t)‖ ≤ R, ∀ t ∈ [t0, T ).K M0 = max
0≤r≤R

h(r), V ∀ t1, t2 ∈ [t0, T ), t1 < t2, j
‖u(t2) − u(t1)‖ ≤

∫ t2

t1

‖f(s, u(s))‖ds ≤

∫ t2

t1

h(‖u(t)‖)dt ≤ M0(t2 − t1),�Y� lim
t→T−

u(t) 5w�iP"L;� u(t) 4P")p7n��{n [t0, T ) )b�75wn�TW��Y T = +∞.℄0+�.� (2) BrVÆ{�0w [t0, +∞) z5w�L;~��
3 L/8��($��SC< 1"7 2 � f : J × E → E DJ� Ik : E → E (k = 1, 2, · · ·). v f S��� (H1) n
(H2), x IVP(1) �{5wVo� u(t) ∈ PC(J, E) ∩ C1(J ′, E).e ; t ∈ J0 = [0, t1] ��iL; 1, +�.�

{

u′(t) = f(t, u(t)), t ∈ J0,

u(0) = x0w [0, t1] zjVo��� u0(t).�;�+�.�
{

u′(t) = f(t, u(t)), t ∈ J1,

u(t+1 ) = u0(t1) + I1(u0(t1))w (t1, t2] zjVo� u1(t).ÆJ�2p�V�D�+�.�
{

u′(t) = f(t, u(t)), t ∈ Jk,

u(t+k ) = uk−1(tk) + Ik(uk−1(tk)), k = 2, 3, · · ·w (tk, tk+1] zjVo� uk(t) (k = 2, 3, · · ·).
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u(t) =











































u0(t), t ∈ [0, t1],

u1(t), t ∈ (t1, t2],

...

uk(t), t ∈ (tk, tk+1], k = 2, 3, · · · ,

...Z� u(t) ∈ PC(J, E) ∩ C1(J ′, E) fS� IVP(1), �Y u(t) � IVP(1) BVo��L;~��
4 #/8��($��SC< 12V1N Banach 7� E B[�R'(hb$+�.�



























u′′(t) = f(t, u(t), u′(t)), t ∈ J, t 6= tk,

∆u|t=tk
= Ik(u(tk), u′(tk)),

∆u′|t=tk
= Ik(u(tk), u′(tk)), k = 1, 2, · · · ,

u(0) = x0, u′(0) = x1

(6)�B5wF�{= J = [0, +∞), f ∈ C(J × E × E, E), 0 < t1 < t2 < · · · < tk < · · · , tk → ∞ (k →

∞), Ik, Ik : E → E (k = 1, 2, · · ·), x0, x1 ∈ E, ∆u′|t=tk
nVL\BV���� u′(t) w

t = tk /BpR�K PC1(J, E) = {u : J → E w t 6= tk /DJ4(�w t = tk /�DJ�f u(tk
+), u′(tk

−), u′(tk
+) 05w� k = 1, 2, · · ·}.K

v(t) = u′(t), U(t) =

[

u(t)

v(t)

]

, F (t, U(t)) =

[

v(t)

f(t, u(t), v(t))

]

,

I ′k =

[

Ik

Ik

]

, U0 =

[

x0

x1

]

,x[�R'(hb$+�.� (6) �) E × E BV�R'+�.�














U ′(t) = F (t, U(t)), t ∈ J, t 6= tk,

∆U |t=tk
= I ′k(U(tk)), k = 1, 2, · · ·

U(0) = U0

(7)iL; 2 4?-2VL;�"7 3 � f : J ×E × E → E DJ� Ik, Īk : E → E (k = 1, 2, · · ·). v f S�2H���
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(H1)′ 5w� L1 > 0, L2 > 0, Vr[j � U, V ⊂ E, t ∈ J , j
α(f(t, U, V )) ≤ L1α(U) + L2α(V ).

(H2)′ 5w h ∈ C(R+, R+), �? ∫ ∞

0
dr

1+h(r) = +∞, V ∀ t ∈ J, x ∈ E, j
‖f(t, x, x′)‖ ≤ h(‖x‖ + ‖x′‖),x IVP(6) �{5wVo� u(t) ∈ PC1(J, E) ∩ C2(J ′, E).X VmeR'V�(hb$+�.� (2), L; 1 B�tS���t�� 3 B F
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Abstract Based on the fixed point theorem of condensing mapping, the impulsive func-

tions not using compacting and extra conditions, the author obtains the existence results

of initial value problems for impulsive equations by the method of extending interval on

infinite interval and essentially improves the results.
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