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1 ���"ujQK�T��I�Ruj����yIw,�ezA���
Gq[��	I*��+ [1–10]. Kx�NzAS�4AK�R6)I`��a� [1] ( Neumann�6B-X�[��K'n<� Leray-Schauder XWk�v0�TG� Holling-Tanner
�dI�" - "_uj




−d1∆u = au − u2 − uv

m + u
, x ∈ Ω,

−d2∆v = bv − v2

γu
, x ∈ Ω,

∂νu = ∂νv = 0, x ∈ ∂Ω

(1.1)j(425I9(n��9(n�-Y� u, v l��("_��",IqX� Ω *
RN (N ≥ 1) =G����6 ∂Ω I�6	�� ∂ν �(?LIbe^IfeB4�#4�M 2010 } 12 % 3 �,D�2012 } 7 % 4 �,Dors�
∗ �%JÆKv�8 (11271236) ��T�1�CKy!� (12JK0856) GC
w�
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di (i = 1, 2) l��(?
 u, v IP�V4� a, b * u, v I~�+)h� γ �(�",�R��",I,X� m *��",I��V4��0#4I
28���=K�P�dI�"ujI<k��h�IV,L#+ [2–5] ��#JN℄��N( [1] I�2�zAG�0%P�dI�"uj




−d1∆[(1 + d3v)u] = au − u2 − uv

m + u
, x ∈ Ω,

−d2∆[(1 + d4u)v] = bv − v2

γu
, x ∈ Ω,

∂νu = ∂νv = 0, x ∈ ∂Ω,

(1.2)�=� d3, d4 > 0, −d1∆[(1 + d3v)u] = −div{∇(d1u + d1d3uv)}, −d2∆[(1 + d4u)v] =

−div{∇(d2v + d2d4uv)}, ℄ Ju = −∇(d1u + d1d3uv) = −d1d3u∇v − (d1 + d1d3v)∇u �
Jv = −∇(d2v + d2d4uv) = −d2d4v∇u− (d2 + d2d4u)∇v l�* u � v { x feIP�f^�A d3 > 0  �−d1d3u∇v �(��", u ;��",����",eF�",qXfIfe���A d4 > 0 �−d2d4v∇u �(��",D��Qk*�tH3�D�yEM�ILI
��(\#�:�?=�-�I�"�KPg�lK*=(a�I���?
)I`��a(?
P�=�Fj(��IQ���4=0%P�dI�"uj�/�E�+ [6–10]. )#�� [6] �( (1.1) =��0%P�d�<k`A
d3 = 0, d4 > 0 (1.2)j(425I9(n��9n�(�NI<k=�Pp'� d3, d4I<� 0, ��� u, v If,I=�0%P�d�#*3s��N83WI�N2 [6] x&o&� [6–8]=I�6B-IK�5 Neumann �6B-�9�(VF*KPm�I���",���",(�6�I<0f^K
� [7] <k`�R
I�"ujj(425I9(n��9(n��0%P�dEuj (1.2), �
�d*RjI Lotka-Volterra
��4�℄�N8<kI Holling-Tannerj�"ujQk7#$��*7Wk�UxG�R�	� [8] <k`�?
I0%P��"uj�3s`0%P�z{B;VF&�M)�G� [9,10] *( Dirichlet �6B-X<k`℄T0%P�dI�"uj� [9]<k`= Lotka-Volterra 
�dI�"uj��0%P�dEuj (1.2), [�l�Wk� Lyapunov-Schmidt #�fbv025I[�n� [10] <k`=j_nP�dI�"uj�W;lS`j_nP�V4Yujl�3zI�a��NB�Jg (1.2)I25�� u, v > 0 (x ∈ Ω).Pp.Z[��<8!W� Harnack�K'v0 (1.2)25IZ~}"���[� ε-Young�K'� Poincaré�K'v0 (1.2)j(425I�9(n�O�7D� Leray-SchauderXWk�D�Y25IB"nlSv0 (1.2) j(425I9(n�[� (1.2) �J�2(45 (u, v) = (u∗, v∗), �=

u∗ =
1

2

[
a − m − bγ +

√
(a − m − bγ)2 + 4am

]
, v∗ = bγu∗. (1.4)

2 j^|�eg�r 2.1[11] (O<8!W) � g ∈ C(Ω × R),
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(i) � ω ∈ C2(Ω) ∩ C1(Ω), lM ∆ω + g(x, ω(x)) ≥ 0, x ∈ Ω � ∂νω ≤ 0, x ∈ ∂Ω, �� ω(x0) = max

Ω
ω, xn� g(x0, ω(x0)) ≥ 0.

(ii) � ω ∈ C2(Ω) ∩ C1(Ω), lM ∆ω + g(x, ω(x)) ≤ 0, x ∈ Ω � ∂ν ω ≥ 0, x ∈ ∂Ω, �� ω(x0) = min
Ω

ω, xn� g(x0, ω(x0)) ≤ 0.�r 2.2[12] (Harnack�K')� c(x) ∈ C(Ω),e ω ∈ C2(Ω)∩C1(Ω)* ∆ω+c(x)ω =

0, x ∈ Ω, ∂νω = 0, x ∈ ∂ΩI25�xn9((4 C = C
(
‖c‖∞, Ω

)
,$Gmax

Ω
ω ≤ C min

Ω
ω.K`f��� Λ >�#4 a, b, m, γ, ��>EI(4 C, C, C KU�	� Ω �#4

Λ ���� d Q���= d = (d1, d2, d3, d4).`r 2.1 �D1, D2, D3, D4*��2(4�9(2(4 C(Λ, D1, D2, D3, D4), C(Λ, D1,

D2, D3, D4) $GA d1 ≥ D1, d2 ≥ D2, d3 ≤ D3, d4 ≤ D4  � (1.2) I5 (u, v) lM
C(Λ, D1, D2, D3, D4) < u(x), v(x) < C(Λ, D1, D2, D3, D4). (2.1)� .Z3s9( C = C(Λ, D1, D2, D3, D4) $G

max
Ω

u ≤ C min
Ω

u, max
Ω

v ≤ C min
Ω

v. (2.2)e ω = (1 + d3v)u, χ = (1 + d4u)v, xn (1.2) �K




−d1∆ω = au − u2 − uv

m + u
, x ∈ Ω,

−d2∆χ = bv − v2

γu
, x ∈ Ω,

∂νω = ∂νχ = 0, x ∈ ∂Ω.

(2.3)e x0 ∈ Ω, � ω(x0) = max
Ω

ω(x), *��W 2.1 � (2.3) IP�tf,5� u(x0) ≤

a, v(x0) ≤ a(a + m). 3
 d3 ≤ D3 LG
max

Ω
u ≤ max

Ω
ω = [1 + d3v(x0)]u(x0) ≤ [1 + D3a(m + a)]a = C1. (2.4)T6N�e x1 ∈ Ω, � χ(x1) = max

Ω
χ(x), *��W 2.1 � (2.3) IP`tf,G

v(x1) ≤ bγu(x1) ≤ bγC1.3
 d4 ≤ D4 LG
max

Ω
v ≤ max

Ω
χ = [1 + d4u(x1)]v(x1) ≤ bγC1(1 + D4C1) = C2. (2.5)d�fr� (1.2) �L�KXak'





−∆ω =
(a − u)(m + u) − v

d1(1 + d3v)(m + u)
ω, x ∈ Ω,

−∆χ =
bγu − v

d2γu(1 + d4u)
χ, x ∈ Ω,

∂νω = ∂νχ = 0, x ∈ ∂Ω.

(2.6)
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 (2.4) � (2.5) G�A d1 ≥ D1  ��
∥∥∥ (a − u)(m + u) − v

d1(1 + d3v)(m + u)

∥∥∥
∞

≤ (a + C1)(m + C1) + C2

D1m
.xnYO? (2.6)IP�tf,��W 2.2G�9(��R� dI2(4 C∗

1 $G max
Ω

ω ≤

C∗
1 min

Ω
ω, 7℄�

max
Ω

u

min
Ω

u
≤

max
Ω

ω

min
Ω

ω
max(1 + d3v) ≤ C∗

1 (1 + D3C2) ≤ C1. (2.7)T6LG�A d2 ≥ D2  ��
‖ bγu − v

d2γu(1 + d4u)
‖∞≤‖

b +
v

γu

d2
‖∞≤ b + bC(1 + D4C1)

D2
.xnYO? (2.6)IP`tf,��W 2.2G�9(��R� dI2(4 C∗

2 $G max
Ω

χ ≤

C∗
2 min

Ω
χ, 7℄�

max
Ω

v

min
Ω

v
≤

max
Ω

χ

min
Ω

χ
max (1 + d4u) ≤ C∗

2 (1 + D4C1) ≤ C2. (2.8)
 C(Λ, D1, D2, D3, D4) = max{C1, C2}, *� (2.7)(2.8) 5 (2.2) *\�
 C(Λ, D1, D2, D3, D4) = max{C1, C2}, * (2.1) '��*\�X3 (2.1) 'P�*\�'� (2.1) 'P��*\�xn9(#4a (d1i, d2i, d3i, d4i) = (d1, d2, d3, d4), d1i ≥
D1, d2i ≥ D2, d3i ≤ D3, d4i ≤ D4 $GO? (1.2) Y�I25a {(ui, vi)} lM

min
Ω

ui → 0 � min
Ω

vi → 0, i → ∞ (2.9)� 



−d1i∆[(1 + d3ivi)ui] = aui − u2
i −

uivi

m + ui

, x ∈ Ω,

−d2i∆[(1 + d4iui)vi] = bvi −
v2

i

γui

, x ∈ Ω,

∂νui = ∂νvi = 0, x ∈ ∂Ω.

(2.10)Y (2.10) 'l�( Ω ��lG
∫

Ω

ui

(
a − ui −

vi

m + ui

)
dx = 0,

∫

Ω

vi

(
b − vi

γui

)
dx = 0, (2.11)�*9( xj ∈ Ω, Y�� i ≥ 1, $G b =

vi(xj)
γui(xj)

, � vi(xj) = bγui(xj). �4�A i → ∞
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 36H �� (2.9), (2.11) 59( yj lM
a = ui(yj) +

vi(yj)

m + ui(yj)
→ 0,mZ��49(2(4 C3, C4, $G min

Ω
u ≥ C3, min

Ω
v ≥ C4. 
 C(Λ, D1, D2, D3, D4) =

min {C3, C4}, * (2.1) 'P�*\�L�80SW 2.1 *\�
3 j^lV�d{-"lB�<k (1.2) ( (u∗, v∗) 3I_n�7I�� 0 = µ0 < µ1 < · · · * −∆ (�5 Neumann �6B-XI=/8� E(µi) * µi ( C1(Ω) =Y�I=/e^M)�
φij (j = 1, 2, · · · , dimE(µi)) * E(µi) I20�� Xij = {cφij |c ∈ R2}, X = {(u, v) ∈
[C1(Ω)]2 : ∂νu|x∈∂Ω = ∂νv|x∈∂Ω = 0}, * X =

⊕∞
i=0 Xi, Xi =

⊕dimE(µi)
j=1 Xij . S	

X+ =
{
(u, v)T ∈ X|u > 0, v > 0, x ∈ Ω

}
,

B(C) =
{
(u, v)T ∈ X|C < u, v < C, x ∈ Ω

}
,

Φ(u, v) = (d1(1 + d3v)u, d2(1 + d4u)v)T ,

G(u, v) =
(
au − u2 − uv

m + u
, bv − v2

γu

)T

,* (1.2) L�K {
−∆Φ(u, v) = G(u, v), x ∈ Ω,

∂νu = ∂νv = 0, x ∈ ∂Ω.
(3.1)�K

∂Φ(u, v)

∂(u, v)
=

(
d1(1 + d3v) d1d3u

d2d4v d2(1 + d4u)

)
, det

(∂Φ(u, v)

∂(u, v)

)
> 0,8� (

∂Φ(u,v)
∂(u,v)

)−1 9(�� w = (u, v)T , * w K (1.2) 25I.l��B-* w ∈ X+,� w KXaO?I25
F(w) = w − (I − ∆)−1{[Φw(w)]−1[G(w) + ∇wΦww(w)∇w] + w} = 0, (3.2)�= (I − ∆)−1 * I − ∆ ( X �I{��� F(·) *ÆK7I I I9�T�xnY�

B = B(C), �( ∂B � F(w) 6= 0, * deg(F(·), 0,B) L�S	�e w∗ = (u∗, v∗)T � (1.4) S	�*
DwF(w∗) = I − (I − ∆)−1

{
[Φw(w∗)]−1Gw(w∗) + I

}
. (3.3)�� DwF(w∗) L{�xn F (Q w∗ I94S	K index (F(·),w∗) = (−1)r, �= r *

DwF(w∗) Ip=/8I>4�4��� Xij ( DwF(w∗) IQ�X*��I�* µ *
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DwF(w∗) ( Xij �I=/8I.l��B-* µ KXaC.I=/8
I− 1

1 + µi

{
[Φw(w∗)]−1[Gw(w∗)] + I

}
=

1

1 + µi

{
µiI− [Φw(w∗)]−1Gw(w∗)

}
. (3.4)�4� DwF(w∗) L{A�:AC. I− 1

1+µi

{
[Φw(w∗)]−1[Gw(w∗)] + I

} j�
�#
H(µ) = det

{
µI−

[
Φw(w∗)

]−1
Gw(w∗)

}
. (3.5)�� H(µi) 6= 0, xn DwF(w∗) ( Xij �Ip=/8I>4�4*�4I.l��B-* H(µi) < 0. �*�Xa�W*\��r 3.1 ��Y�8�I i ≥ 0, C. µiI − [Φw(w∗)]−1Gw(w∗) j�
�xn

index(F(·),w∗) = (−1)r, �= r =
∑

µi≥0, H(µi)<0

dimE(µi).K"7 index (F(·),w∗), Xr.HWJg H(µi) In	�E�E
H(µ) = det

{
[Φw(w∗)]−1

}
det
{
µΦw(w∗) − Gw(w∗)

}
, (3.6)�� det

{
[Φw(w∗)]−1

}
> 0, �4:pJg det

{
µΦw(w∗) − Gw(w∗)

} In	�Xr.D�lS H(µ) = 0 I℄tw�S H(µi) In	�="7G
Φw(w∗) =

(
d1(1 + d3v

∗) d1d3u
∗

d2d4v
∗ d2(1 + d4u

∗)

)
, (3.7)

Gw(w∗) =

(
a − 2u∗ − mv∗

(m + u∗)2
− u∗

m + u∗

b2γ −b

)
. (3.8)�h� det

{
µΦw(w∗) − Gw(w∗)

}
= Aµ2 + Bµ + C, �=

A =d1d2(1 + d3v
∗ + d4u

∗) > 0, C =
bu∗

m + u∗

√
(a − m − bγ)2 + 4am > 0,

B =bd1 + 2d1d3b
2γu∗ − d2u

∗

m + u∗

[
bγ −

√
(a − m − bγ)2 + 4am

+ d4u
∗(2bγ −

√
(a − m − bγ)2 + 4am)

]
, (3.9)A B2 − 4AC > 0  �# det{µΦw(w∗) − Gw(w∗)} = 0 I℄twl�K µ1(d) � µ2(d),� µ1(d) < µ2(d). E�EA B > 0  �Y�I µ1(d) � µ2(d) Kpw��4��� µ1(d)� µ2(d) Kjp��`K�xn�� B2 − 4AC > 0, B < 0.�r 3.2 � B2 − 4AC > 0, B < 0. xn

(i) ~S d2, d3, d4, * lim
d1→0+

µ2(d) = +∞, �A d2 � d4 .l< � lim
d1→0+

µ1(d) < µ1.

(ii) ~S d1, d3, d4,*9(2(4 D2(d1, d3, d4),$GA d2 > D2  �0 < µ1(d) < µ1.

(iii) ~S d1, d2, d3 ~S�*9(2(4 D4(d1, d2, d3), $GA d4 > D4  � 0 <

µ1(d) < µ1.� (i) A d1 <
d2u∗[bγ−

√
(a−m−bγ)2+4am+d4u∗(2bγ−

√
(a−m−bγ)2+4am)]

b(1+2d3bγu∗)(m+u∗)  � B < 0, Y�I µ1(d) � µ2(d) K2w�e A1 = d2(1 + d3v
∗ + d4u

∗), B1 = b(1 + 2d3b
2γu∗), B2 =
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d2u∗

m+u∗
[bγ−

√
(a − m − bγ)2 + 4am+d4u

∗(2bγ−
√

(a − m − bγ)2 + 4am)],* B = d1B1−B2,

µ1(d) =
2C

B2 − B1d1 +
√

(B2 − B1d1)2 − 4d1A1C
,

µ2(d) =
B2 − B1d1 +

√
(B2 − B1d1)2 − 4d1A1C

2d1A1
.

(3.10)��� B2 − B1d1 > 0, *Y~SI d2 > 0, d3 ≥ 0, d4 > 0, �
lim

d1→0+
µ1(d) =

C

B2

=
b
√

(a − m − bγ)2 + 4am

d2[bγ −
√

(a − m − bγ)2 + 4am + d4u∗(2bγ −
√

(a − m − bγ)2 + 4am)],

lim
d1→0+

µ2(d) ≥ lim
d1→0+

B2

2d1A1
− B1

2A1
= +∞, (3.11)�4�A d2 � d4 ��t.l< �� lim

d1→0+
µ1(d) < µ1.

(ii) A d2 >
(bd1+2d1d3b2γu∗)(m+u∗)

u∗[bγ−
√

(a−m−bγ)2+4am+d4u∗(2bγ−
√

(a−m−bγ)2+4am)]
 B < 0, Y�I

µ1(d) � µ2(d) K2w� A, B, � C l�1� d2 G
lim

d2→∞

A

d2
= d1(1 + d3v

∗ + d4u
∗), lim

d2→∞

C

d2
= 0,

lim
d2→∞

B

d2

= − u∗[bγ −
√

(a − m − bγ)2 + 4am + d4u
∗(2bγ −

√
(a − m − bγ)2 + 4am)]

m + u∗
,

(3.12)�*
lim

d2→∞
µ1(d) = 0, (3.13)

lim
d2→∞

µ2(d) =
u∗[bγ −

√
(a − m − bγ)2 + 4am + d4u

∗(2bγ −
√

(a − m − bγ)2 + 4am)]

d1(1 + d3v∗ + d4u∗)(m + u∗)
,�4�9(24 D2(d1, d3, d4), $GA d2 > D2(d1, d3, d4)  �� 0 < µ1(d) < µ1.

(iii) A d4 >
[(bd1+2d1d3b2γu∗)(m+u∗)−d2u∗(bγ−

√
(a−m−bγ)2+4am)

d2(u∗)2(2bγ−
√

(a−m−bγ)2+4am)
 B < 0,Y�I µ1(d)� µ2(d) K2w� A, B, � C l�1� d4 G

lim
d4→∞

A

d4
= d1d2u

∗, lim
d4→∞

C

d4
= 0,

lim
d4→∞

B

d4
= −d2(u

∗)2

m + u∗
(2bγ −

√
(a − m − bγ)2 + 4am). (3.14)�*

lim
d4→∞

µ1(d) = 0, lim
d4→∞

µ2(d) =
u∗(2bγ −

√
(a − m − bγ)2 + 4am)

d1(m + u∗)
, (3.15)



2~ X|b�X>���q���SF�/$O�H�!tii'114H8'm 237�4�9(24 D4(d1, d2, d3), $GA d4 > D4(d1, d2, d3)  �� 0 < µ1(d) < µ1.dI�Jg d3, Y~SI d1, d2, d4, �� B < 0, xn��
d3

<
d2u

∗[bγ −
√

(a − m − bγ)2 + 4am + d4u
∗(2bγ −

√
(a − m − bγ)2 + 4am)] − bd1(m + u∗)

2γd1b2u∗(m + u∗)
.L
�W 3.1 ��W 3.2 LGXr�W��r 3.3 Y�vSI µi, i ≥ 0, �� µ1(d) < µi < µ2(d), xn H(µi) < 0. ℄A

µi < µ1(d) � µi > µ2(d)  � H(µi) > 0.

4 aYv�j^U\��Xr<k (1.2) j(425I�9(n�e v = 1
|Ω|

∫
Ω

v dx, u = 1
|Ω|

∫
Ω

u dx, µ1 *7I −∆ (�5 Neumann �6B-XIP`=/8�`r 4.1 � ε, M, N K��2(4�lM M >
2(a+C(ε))

µ1
, N > 2(MD3C

2

4C
+ b+ε

µ1
). Y��2(4D1, D2, D3�D4,�= D1 <

a+C(ε)
µ1

, D2 < MD3C
2

4C
+ b+ε

µ1
,9(�R�D1, D2, D3� D4 I2(4 D̃1, D̃2, D̃4, lM D1 ≤ a+C(ε)

µ1
< D̃1 < 2D̃1 < M, D2 ≤ MD3C

2

4C
+ b+ε

µ1
<

D̃2 < 2D̃2 < N � D̃4 < D4, $GA D̃1 < d1 < M, D̃2 < d2 < N, d3 ≤ D3, d4 < D̃4  �
(1.2) o�j(425�� '�9(ra {(d1i, d2i, d3i, d4i)} lM D1 < D̃1 < d1i < M, D2 < D̃2 < d2i <

N, d3i ≤ D3, d4i < D̃4 < D4 � d1i → d1, d2i → d2, d3i → d3, d4i → 0, $G (1.2) 9(j(425 (ui, vi) → (u, v). (1.2) =�� ui, vi If,℄�E+� (ui − ui), (vi − vi), �l�`&G
∫

Ω

{
d1i|∇ui|2 + d1id3ivi|∇ui|2 + d1id3iui∇ui∇vi + d2i|∇vi|2

+ d2id4iui|∇vi|2 + d2id4ivi∇ui∇vi

}
dx

=

∫

Ω

{[
a − (ui + ui) −

mvi

(m + ui)(m + ui)

]
(ui − ui)

2

+
[ v2

i

γuiui

− ui

m + ui

]
(ui − ui)(vi − vi) +

[
b − vi + vi

γui

]
(vi − vi)

2
}

dx. (4.1)Y (4.1) ℄�
�^�E� d4i → 0, G
∫

Ω

(
d1|∇u|2 + d1d3v|∇u|2 + d1d3u∇u∇v + d2|∇v|2

)
dx

=

∫

Ω

{[
b − v + v

γu

]
(v − v)2 +

[ v2

γuu
− u

m + u

]
(u − u)(v − v)

+
[
a − (u + u) − mv

(m + u)(m + u)

]
(u − u)2

}
dx. (4.2)
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∫

Ω

(d1|∇u|2+d2|∇v|2) dx ≤
∫

Ω

[
(a+C(ε))(u−u)2+(b+ε)(v−v)2+

d1d3u
2

4v
|∇v|2

]
dx, (4.3)-Y C(ε) *� ε, C, C ��I(4��SW 2.1, d1 ≤ M, d3 ≤ D3 � Poincaré�K'

µ1

∫

Ω

(u − u)2 dx ≤
∫

Ω

| ∇(u − u) |2 dx, (4.4)<�!LG
∫

Ω

(d1|∇u|2 + d2|∇v|2) dx ≤
∫

Ω

[(a + C(ε)

µ1

)
| ∇u |2 +

(b + ε

µ1
+

MD3C
2

4C

)
|∇v|2

]
dx. (4.5)

(4.5) '[���5B- d1i > D̃1 >
a+C(ε)

µ1
, d2i > D̃2 >

(
b+ε
µ1

+ MD3C
2

4C

) mZ��4�A
D̃1 < d1 < M, D̃2 < d2 < N, d3 ≤ D3, d4 < D̃4  � (1.2) o�j(425�`r 4.2 � ε, M, N K��2(4�lMM > 2

(
a+C(ε)

µ1
+ ND4C

2

4C

)
, N >

2(b+ε)
µ1

. Y��2(4 D1, D2, D3 � D4,�= D1 <
a+C(ε)

µ1
+ ND4C

2

4C
, D2 < b+ε

µ1
,9(�R� D1, D2, D3� D4 I2(4 D̃1, D̃2, D̃3, lM D1 ≤ ND4C

2

4C
+ a+C(ε)

µ1
< D̃1 < 2D̃1 < M, D2 ≤ b+ε

µ1
<

D̃2 < 2D̃2 < N � D̃3 < D3, $GA D̃1 < d1 < M, D̃2 < d2 < N, d3 < D̃3, d4 ≤ D4 � (1.2) o�j(425�� '�9(ra {(d1i, d2i, d3i, d4i)} lM D1 < D̃1 < d1i < M, D2 < D̃2 < d2i <

N, d3i < D̃3 < D3, d4i ≤ D4, � d1i → d1, d2i → d2, d3i → 0, d4i → d4, $G (1.2) 9(j(425 (ui, vi) → (u, v). (1.2) =�� ui, vi If,℄�E+� (ui − ui), (vi − vi), �l�`&�℄�
�^�E� d3i → 0, G
∫

Ω

(
d1|∇u|2 + d2|∇v|2 + d2d4u|∇v|2 + d2d4v∇u∇v

)
dx

=

∫

Ω

{[
b − v + v

γu

]
(v − v)2 +

[ v2

γuu
− u

m + u

]
(u − u)(v − v)

+
[
a − (u + u) − mv

(m + u)(m + u)

]
(u − u)2

}
dx. (4.6)T6� (4.2)-(4.5) I<k�3
 (4.6) G

∫

Ω

(
d1|∇u|2 + d2|∇v|2

)
dx ≤

∫

Ω

[(a + C(ε)

µ1
+

ND4C
2

4C

)
|∇u|2 +

(b + ε

µ1

)
|∇v|2

]
dx. (4.7)

(4.7) '[���5B- d1i > D̃1 > (a+C(ε)
µ1

+ ND4C
2

4C
), d2i > D̃2 > b+ε

µ1
mZ��4�A

D̃1 < d1 < M, D̃2 < d2 < N, d3 < D̃3, d4 ≤ D4  �O? (1.2) o�j(425�`r 4.3 � d3 = d4 = 0. Y��vSI2(4 D1 � D2, 9(�R� D1 � D2 I2(4 D̃1, lM D̃1 > D1, $GA d1 > D̃1, d2 ≥ D2  � (1.2) o�j(425�� '�9(ra {(d1i, d2i)} lM d1i ≥ D1, d2i ≥ D2, � d1i → +∞, d2i →
d2, $GO? (1.2) 9(j(425 (ui, vi). (1.2) =�� ui, vi If,℄�l�E+�
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(ui − ui), (vi − vi), �l`&��[� ε−Young �K'G
∫

Ω

(
d1i|∇ui|2 + d2i|∇vi|2

)
dx

=

∫

Ω

{[
a − (ui + ui) −

mvi

(m + ui)(m + ui)

]
(ui − ui)

2

+
[ v2

i

γuiui

− ui

m + ui

]
(ui − ui)(vi − vi) +

[
b − vi + vi

γui

]
(vi − vi)

2
}

dx

≤
∫

Ω

[
(a + C(ε))(ui − ui)

2 + (b + ε)(vi − vi)
2
]
dx

≤ 1

µ1

∫

Ω

[
(a + C(ε))|∇ui|2 + (b + ε)|∇vi|2

]
dx, (4.8)�= C(ε) �� C, C ���-Y ε L�*��2(4���

lim
d1i→+∞

∫

Ω

(d1i|∇ui|2 + d2i|∇vi|2) dx → +∞,℄� (4.8) G
lim

d1i→+∞

∫

Ω

[
(a + C(ε))|∇ui|2 + (b + ε)|∇vi|2

]
dx → C,�= C *2(4�mZ5s�A d1 > D̃1, d2 ≥ D2  � (1.2) o�j(425�T6LG`r 4.4 � d3 = d4 = 0. Y��vSI2(4 D1 � D2, 9(�R� D1 � D2 I2(4 D̃2, lM D̃2 > D2, $GA d1 ≥ D1, d2 > D̃2  � (1.2) o�j(425�

5 aYv�j^\��Xr<k (1.2) Ij(425I9(n�`r 5.1 Y�~SI2(4 d1, d3 � d4, 9(2(4 D2(d1, d3, d4), A d2 > D2(d1,

d3, d4)  ���9(vt n ≥ 1 $G µ0 < µ1(d) < µ1, µ2(d) ∈ (µn, µn+1) �� σn =
n∑

i=1

dimE(µi) K�4�xn (1.2) 9(j(425�� D̃1, D̃2 � D̃4 �SW 4.1 S	�
2(4 D1, D3, D4 � D2(d1, d3, d4), lM
D1 ≤ d1 < D̃1, D2 ≤ d2 < D̃2, d3 ≥ D3 � D̃4 < d4 ≤ D4. Y 0 ≤ t ≤ 1, e w = (u, v)T ,

d1(t) = 2D̃1 + t[d1 − 2D̃1], d2(t) = 2D̃2 + t[d2 − 2D̃2],

d3(t) = d3, d4(t) =
D̃4

2
+ t
[
d4 −

D̃4

2

]
,

Φ(t,w) = (d1(t)(1 + d3(t)v)u, d2(t)(1 + d4(t)u)v),

G(w) =
(
au − u2 − uv

m + u
, bv − v2

γu

)T

.



240 
 � 1 t t 
 36HJgXaO? {
−∆Φ(t,w) = G(t,w), x ∈ Ω,

∂νΦ(t,w) = 0, x ∈ ∂Ω.
(5.1)O? (5.1) Ij(425I9(nK(�XrO?Ij(425

F(t,w) =w − (I − ∆)−1
{
[Φw(t,w)]−1[G(w) + ∇wΦww(w)∇w] + w

}

=0, w ∈ X+I9(n�[��F(1,w) = F(w), DwF(w∗) = I− (I−∆)−1
{
[Φw(t,w∗)]−1Gw(w∗)+I

}
.wESWIB-��W 3.3 GE H(0) > 0; A 1 ≤ i ≤ n  � H(µi) < 0; A i > n  

H(µi) > 0. �*� ∑
H(µi)<0

dimE(µi) =
n∑

i=1

dimE(µi) = σn K�4���W 3.1 G
indexF((1, ·), ω∗) = (−1)σn = −1,�SW 4.1 5�A t = 0  (1.2) :�(425��Y�� µ ≥ 0 � H(µ) > 0. �4�
indexF((0, ·), ω∗) = (−1)0 = 1,d�fr�Y� 0 ≤ t ≤ 1,�SW 2.15�9(2(4 C $G( ∂B(C)� F(t,w) 6= 0. �*�wEXIEi��nG deg(F((1, ·), 0,B(C))) = deg(F((0, ·), 0,B(C))). �� F(t,w)( B(C) y:�(425�xn

deg(F((1, ·), 0,B(C))) = deg (F((0, ·), 0,B(C))) = indexF((0, ·),w∗) = 1.� deg (F((1, ·), 0,B(C))) = index (F((1, ·),w∗)) = −1 mZ��4�O? (1.2) 9(j(425�̀r 5.2 Y�~SI2(4 d1, d2 � d3, 9(2(4 D4(d1, d2, d3) A d4 > D4(d1,

d2, d3)  ���9(vt n ≥ 1 $G µ0 < µ1(d) < µ1, µ2(d) ∈ (µn, µn+1) �� σn =
n∑

i=1

dimE(µi) K�4�xn (1.2) 9(j(425�� D̃1, D̃2 � D̃3 �SW 4.2 S	�
2(4 D1, D2, D3 � D4(d1, d2, d3), lM
D1 ≤ d1 < D̃1, d2 > D̃2, D̃3 < d3 ≤ D3 � D4(d1, d2, d3) < d4 ≤ D4. Y 0 ≤ t ≤ 1, e
w = (u, v)T ,

d1(t) = 2D̃1 + t[d1 − 2D̃1], d2(t) = 2D̃2 + t[d2 − 2D̃2],

d3(t) =
D̃3

2
+ t
[
d3 −

D̃3

2

]
, d4(t) = d4,

Φ(t,w) � G(w) T6�SW 5.1 S	�JgO? (5.1). �SW 5.2 IB-��W 3.3 G
H(0) > 0: A 1 ≤ i ≤ n �H(µi) < 0; A i > n H(µi) > 0. �*� ∑

H(µi)<0

dimE(µi) =

n∑
i=1

dimE(µi) = σn K�4���W 3.1 G indexF((1, ·),w∗) = −1. �SW 4.2 5�A
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t = 0  � indexF((0, ·),w∗) = (−1)0 = 1. �4�T6SW 5.1 I<k��[�XIEi��nGE (1.2) 9(j(425�� 5.1 � n∑
i=1

dimE(µi) K�4�
(i) Y�~SI d3 ≥ 0 � d4 ≥ 0, wE (3.1), L�s)+AfI d1 $G

u∗[bγ −
√

(a − m − bγ)2 + 4am + d4u
∗(2bγ −

√
(a − m − bγ)2 + 4am)]

d1(1 + d3v∗ + d4u∗)(m + u∗)
∈ (µn, µn+1).�*�9(.l<I2(4 D2(d1, d3, d4),$GA d2 > D2(d1, d3, d4) �µ0 < µ1(d) < µ1,

µ2(d) ∈ (µn, µn+1). ���Y��� d2 > D2(d1, d3, d4), (1.2) %>9(j(425�
(ii) ~S d2 > 0 � d3 ≥ 0, wE (3.2), L�s)+AfI d1 $G

2bγ −
√

(a − m − bγ)2 + 4am

d1(m + u∗)
∈ (µn, µn+1).�*�9(.l<I2(4 D4(d1, d2, d3),$GA d4 > D4(d1, d2, d3) �µ0 < µ1(d) < µ1,

µ2(d) ∈ (µn, µn+1). ���Y��� d4 > D4(d1, d3, d4), (1.2) %>9(j(425�`r 5.3 ~S d1,d2,d3, d4. ��9(204 n2 > n1 ≥ 0 $G µ1(d) ∈ (µn1
, µn1+1),

µ2(d) ∈ (µn2
, µn2+1), �� σn =

n2∑
i=n1+1

dimE(µi) K�4�xn (1.2) 9(j(425�� �3s�,T6�SW 5.1. �SW 5.3 IB-��W 3.3 G�A 0 ≤ i ≤ n1 � H(µi) > 0; A n1 < i < n2  � H(µi) < 0; A i ≥ n2  � H(µi) > 0. �*�
∑

H(µi)<0

dimE(µi) =
n∑

i=1

dimE(µi) = σn K�4���W 3.1 G indexF((1, ·),w∗) = −1. �SW 4.1 5�A t = 0  indexF((0, ·),w∗) = 1. wEXIEi��nG (1.2) 9(j(425� W n z }
[1] Peng R, Wang M X. Positive Steady-states of the Holling-tanner Prey-predator Model with Diffusion.

Proc. Roy. Soc. Edinburgh A, 2005, 135(1): 149–164

[2] Wang M X. Stationary Patterns for a Prey-predator Model with Prey-dependent and Ratio- dependent

Functional Responses and Diffusion. Physica D, 2004, 196(1-2): 172–192

[3] Ko W, Ryu K. Qualitative Analysis of a Predator-prey Model with Holling Type II Functional Re-

sponse Incorporating a Prey Refuge. J. Differential Equations, 2006, 231(2): 534–550

[4] Du Y H, Lou Y. Some Uniqueness and Exact Multiplicity Results for a Predator-prey Model. Trans.

Amer. Math. Soc., 1997, 349(6): 2443–2475

[5] Guo G H, Wu J H. Multiplicity and Uniqueness of Positive Solutions for a Predator-prey Model with

B-D Functional Response. Nonlinear Analysis: TMA, 2010, 72(3-4): 1632–1646

[6] Peng R, Wang M X, Yang G Y. Stationary Patterns of the Holling-tanner Prey-predator Model with

Diffusion and Cross-diffusion. Applied Mathematics and Computation, 2008, 196(2): 570–577



242 
 � 1 t t 
 36H
[7] Zeng X Z, Zhou S Q. Non-constant Positive Steady-state Solutions of a Prey-predator Model with

Cross-diffusion. J. Math. Anal. Appl., 2007, 332(2): 989–1009

[8] Wang M X. Stationary Patterns of Strongly Coupled Prey-predator Models. J. Math. Anal. Appl.,

2004, 292(2): 484–505

[9] Kuto K, Yamada Y. Multiple Coexistence States for a Prey-predator System with Cross-diffusion. J.

Differential Equations, 2004, 197(2): 315–348

[10] Wu J H, Guo G H, Ma C. Nonlinear Diffusion Effect on Bifurcation Structures for a Predator-prey

Model. Differential and Integral Equations, 2011, 24(1/2): 177–198

[11] Lou Y, Ni W M. Diffusion, Self-diffusion and Cross-diffusion. J. Differential Equations, 1996, 131(1):

79–131

[12] Lin C S, Ni W M, Takagi I. Large Amplitude Stationary Solutions to a Chemotais Systems. J.

Differential Equations, 1988, 72(1): 1–27

The Existence of Non-constant Positive Solutions for

a Predator-prey Model with Cross-diffusion
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Abstract This paper will discuss a Holling-Tanner predator-prey ecological model with

diffusion and cross-diffusion. By means of maximum principle and Harnack inequality, a

priori estimates are first established. Furthermore, the degree theory is utilized to obtain

the existence and non-existence of non-constant positive solutions. The results indicate that

non-constant positive solutions are created under some conditions.
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