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 J G1 = (V1, E1), G2 = (V2, E2) Q�X�
g�8p (direct product) (�"m Kronecker

product, tensor product g cross product) G1 ⊗ G2 9>sm V (G1 ⊗ G2) = V (G1) ⊗ V (G2), �sm E(G1 ⊗ G2) = {(u1, v1)(u2, v2) : u1u2 ∈ E(G1), v1v2 ∈ E(G2)}. }.g G 9 n-double g
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1 da�q>s){A\� :hCR$}t�h�(P_�Z+�s)�� Bondy,

Murty[1] :U(iA��K G = (V, E) R�Y�dh� dG(v) �O G >? v :D�.��9m�:=�y�8~�n d(v), δ(G) R G :G�D�K S ⊂ V , G[S] R# S 2': G :Bh�G−S�O V \S 2': G :Bh��< S = V − S. s)w Kn n n �k�h�� X, Y ⊂ V ,�p 2010 3 3 , 22 DS4�2012 3 10 , 15 DS4
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[X, Y ] n�YE?. X >��YE?. Y >:�t�l� g(G) R G >GF>:�D�H x, y ∈ V (G), e = xy �O�� x i y ���dh G :�dD κ(G) RG�:32Y k, N7+. S ⊂ V, |S| = k < G − S ��dn02'5Lh K1. �[<�s)Æ�A��dh G :��dD λ(G). h G Æ#nr- -κ, Fe κ(G) = δ(G). h G R �d:n -κ :�Fe G :&YG�?WR�Y?:�)�v&YG�?W℄��Y?��[<�s)Æ�A�r- -λ i -λ h�9q (direct product) (�#n Kronecker product, tensor product i cross product)

G1 ⊗G2 :?tn V (G1 ⊗G2) = V (G1)⊗ V (G2), �tn E(G1 ⊗G2) =
{

(u1, v1)(u2, v2) :

u1u2 ∈ E(G1), v1v2 ∈ E(G2)
}

.s)A�~/h G: n-doublehn Dn[G] = G⊗Tn. n Y?:�`xh Tn Rk�h Kn .&Y?zH�YEl75:h�G : double h��w D[G] = D2[G] = G⊗ T2< D2
n[G] = Dn[G] ⊗ Tn, Dk

n[G] = Dk−1
n [G] ⊗ Tn. �n�Y~/hiCjh:9qR~/h�/ Dn[G] �R~/h�. Dn[G] >s)$ (v, h)(w, k) ∈ E(Dn(G)) :&�a�R. G > vw ∈ E(G). Fe V (Tn) = {1, · · · , n}, � Si =

{

(v, i) : v ∈ V (G)
}

, � Si 2':Bhwn Gi. |B
Gi R Dn[G] :e\% G :Bh< Gi ∩ Gj = ∅, i 6= j. _�<� n

⋃

i=1

Gi R Dn[G] :5!Bh�	J�Fe. G > vw ∈ E(G), / (v, i) i (w, j) ~�� (v, j) i (w, i) ~��s)# {G1, · · · , Gn} R Dn[G] :��Q��s)w dDn[G]((v, i)) n dD((v, i)). Fe
(v, i) ∈ V (Dn[G]), /$ dD((v, i)) = ndG(v).

2 Dn[G] K_gs)T{Z'y*:���eS 2.1[2] HC�h G 6= K1,

(1) G R�d:&�a�R D[G] R�d:�
(2) Fe G R�d:/ D[G] :&H?C.�Y>H��[�� 2.1, s)$y*:�!�VX 2.2 HC�h G 6= K1, y*:	<%��
(1) G �d:&�a�R Dn[G] R�d:�
(2) Fe g(G) = 3, / g(Dn[G]) = 3. Fe g(G) ≥ 4, / g(Dn[G]) = 4.

(3) Dn[G] $$;�
(4) κ(Dn[G]) = nκ(G).r K {G1, · · · , Gn} R Dn[G] :��Q��
(1) �n Gi R Dn[G] :e\% G :Bh�Fe G R�d:�/ Gi, i = 1, 2 · · · , nR�d:<C��YBh7|$�~��^ Dn[G] R�d:�M7�Fe G ��d�/ Dn[G] ��d�
(2) ��5Fe xy ∈ E(G), / (x, i)(y, i)(x, j)(y, j)(x, i) R�Y 4- > (i 6= j).

(3) #�� 2.1 (2) �!74�



206 �  V � � � 36�
(4) K X R G :G�?W< Xi = X ⊗ {i} (i = 1, · · · , n). �) n

⋃

i=1

Xi R Dn[G] :�Y?W�/ κ(Dn[G]) ≤ nκ(G). y*s:�4+ |S| ≥ nκ(G) vÆ�Fe S R Dn[G] :�YG�?W�/K Si = S ∩ V (Gi).Mb 1 H i ∈ {1, 2, · · · , n}, |Si| ≥ κ(G).S/�+.-Y Si N7 |Si| < κ(G). / Gi − Si R�d:�# Dn[G] − S R��d:��+. Gj(j 6= i) N7 Gj − Sj >+.��? (u, j) "F (u, j) . Gi − Si >$$�?�%R NGi
((u, i)) ⊆ Si u |Si| ≥ κ(G), #I�^G�%��#G�s)$� |S| ≥ nκ(G).#H*:�es)Æ�75y*:,`�VX 2.3 C��dh G 6= K1, G Rr- -κ :&�a�R Dn[G] Rr- -κ.r κ(G) = δ(G) ⇔ κ(Dn[G]) = nκ(G) = δ(Dn[G]) = nδ(G).	J�s)$y*:,`�VX 2.4 C��dh G 6= K1, G R -κ :&�a�R Dn[G] R -κ :�r K GR -κ:
{G1, · · · , Gn}R Dn[G]::��Q��s)$ κ(G) = δ(G), #,` 2.3s)$ κ(Dn[G]) = nκ(G) = δ(Dn[G]) = nδ(G). K (v, 1) ∈ G1 < dDn[G]((v, 1)) =

δ(Dn[G]) = nδ(G), / NDn[G]((v, 1)) R Dn[G] :G�?W�K S R Dn[G] :G�?W0�RG�D?:�t�� Si = S ∩ V (Gi); �[%��
2.2(4) :4+s)$ |Si| ≥ κ(G). 	��$ |Si| = |Sj | = κ(G) (i 6= j). )MFe Si �R
Gi :?W�/# Dn[G]− S R��d:��+. Gj (j 6= i) N7 Gj − Sj >+.�dQ5 Tj 8>:?. Gi − Si >$$�?�%R Ti =

{

(u, i) | (u, j) ∈ Tj

} R Gi − Si �YQ5�#I�^ Si R Gi :?W�H%&Y Si s)A�~�: S
(j)
i =

{

(u, j) : (u, i) ∈ Si

}

, s)$Fy:G��Mb 2 HC� i, j, Sj = S
(j)
i .S/�+. Si, Sj N7 Sj 6= S

(j)
i . # |Sj | = |S

(j)
i |, Æ6+.+. (x, i) ∈ Si, (y, j) ∈

Sj (x 6= y), N7 (y, i) ∈ Gi − Si, (x, j) ∈ Gj − Sj . �� (y, i) ' Gj − Sj :&Y�dQ5~�
 (x, j) ' Gi − Si :&Y�dQ5~��s)$ (Gi − Si) ∪ (Gj − Sj) R�d:��[H*:4+s)Æ�7'#I�^G�%���) Si R Gi :-Y?:�)<#G�7 S R Dn[G] :-Y?:�)�/ Dn[G]R -κ :�M7�K Dn[G] R -κ :�s)$ κ(Dn[G]) = nκ(G) = δ(Dn[G]) = nδ(G). #,`
2.3 $ κ(G) = δ(G). K G �R -κ :�K Si i Sj Q�R Gi i Gj :G�W�0R Sii Sj ;I$�Y�R Gi n0 Gj :�Y?:�t��n1� Si :�R Dn[G] :G�?W<�R Dn[G] :�Y?:�t�' Dn[G] R -κ :#I��) G R -κ :�*,` 2.4 s)Æ�H k "b/K4+75y*:,`�VX 2.5 C��dh G 6= K1, G R -κ ::&�a�R Dk

n[G] R -κ :�H Dn[G] :��dD�s)75�℄:y��VX 2.6 CH��dh G 6= K1,K S = [X, Y ]R Dn[G]:G��W�/ |S| ≥ nλ(G)<;f%�1<�1 |X | = 1 n |Y | = 1 <8>:?:DYn λ(G). 	��s)$
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λ(Dn[G]) ≥ nλ(G).r K S = [X, Y ] R Dn[G] :G��W�8> X, Y R Dn[G] − S :�YQ5�s):�4+ |S| ≥ nλ(G). K {G1, · · · , Gn} R Dn[G] :��Q��� Xi = X ∩ V (Gi) i
Yj = Y ∩V (Gj). #H#	s)ÆK Y1, · · · , Yk = ∅, Xt+1, Xt+2, · · · , Xt+l = ∅, 8> t ≥ k.8&: Xi i Yj C�n�t�%Rs)E�75 |S| ≥ kl|G|λ(G) + (n − k − l)2λ(G) +

l(n − k − l)λ(G) + k(n − k − l)λ(G).1 k = l = 0 M�s)E�75 |S| ≥ n2λ(G) > nλ(G).1 k = 0, l 6= 0, |S| ≥ (n − l)2λ(G) + l(n − l)λ(G) = n(n − l)λ(G) ≥ nλ(G). E�4+)M;f%�1<�1 |X | = 1 8>:?:DYn λ(G).�[:�s)Æ�4+1 l = 0, k 6= 0 � |S| ≥ nλ(G). ;f%�1<�1 |Y | = 1 8>:?:DYn λ(G).1 k 6= 0, l 6= 0 M�s)E�75 |S| ≥ kl|G|λ(G) + (n − k − l)2λ(G) ≥ 2klλ(G) +

(n − k − l)λ(G) > nλ(G).VX 2.7 C��dh G 6= K1, λ(Dn[G]) = nλ(G) :&�a�R λ(G) = δ(G).r �n δ(G) = λ(G), / λ(Dn[G]) ≤ δ(Dn[G]) = nδ(G) = nλ(G). #,` 2.6

λ(Dn[G]) = nλ(G).K λ(Dn[G]) = nλ(G) i S = [X, Y ] R Dn[G] :G��W�8> X, Y R Dn[G]− S:�YQ5�#,` 2.6 |X | = 1 n |Y | = 1. �OK |X | = 1�/$ nλ(G) = |S| ≥ nδ(G),v λ(G) = δ(G).\U 2.8 C��dh G 6= K1, K2, Fe G R -λ :�/ Dn[G] R -λ :�r K G R -λ :�s)$ λ(G) = δ(G). #,` 2.7 λ(Dn[G]) = nλ(G) = nδ(G) =

δ(Dn[G]). Fe Dn[G] �R -λ :�/$�YG��W S = [X, Y ] N7 |X |, |Y | ≥ 2.

{G1, · · · , Gn} R Dn[G] :��Q��� Xi = X ∩ V (Gi) < Yj = Y ∩ V (Gj).Fe X1, · · · , Xk = ∅, Xk+1, · · · , Xn 6= ∅ < Yk+1, · · · , Yn 6= ∅, /$ |[Xk+i, Yk+i]| ≥

λ(G) (i = 1, · · · , n − k) < |[Gj , Xk+i]| ≥ δ(G) (j = 1, · · · , k; i = 1, · · · , n − k).Fe k ≤ n − 2, / nλ(G) = |S| ≥ (n − k)λ(G) +
k
∑

j=1

n−k
∑

i=1

|[Gj , Xk+i]| ≥ (n − k)λ(G) +

2kδ(G) > nλ(G), #I�Fe k = n − 1, / X = Xn 6= ∅. �n |X | ≥ 2 < X R�d:�s)$ |[X, Gj ]| ≥

δ(G) + 1(j = 1, · · · , k), / nλ(G) = |S| ≥ (n − k)λ(G) +
k
∑

j=1

|[Gj , X ]| > nλ(G), #I�Fe X1, · · · , Xn 6= ∅ u Y1, · · · , Yn 6= ∅, /�Æ�75#I�FeX1, · · · , Xk = ∅u Yk+1, · · · , Yn >-�R�t�/K Yk+l = ∅< Xk+l = G. Xk+l:&Y?. Y1 >;I$ δ(G) ?�?< |[Xk+l, Y1]| ≥ nδ(G). �) nλ(G) = |S| > nλ(G),#I�j s)Æ��4 Dn[P4] R -λ:< P4 �R -λ:��)i! 2.8:1�%��



208 �  V � � � 36�I Q ℄ ^
[1] Bondy J A, Murty U S R. Graph Theory and Its Application. Berlin: Academic Press, 1976

[2] Munarini E, Perelli Cippo C, Scagliola A, Salvi N Z. Double Graphs. Discrete Math. 2008, 308:

242–254
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Abstract Let G = (V, E) be a connected graph. The direct product (also named Kro-

necker product, tensor product and cross product) G1 × G2 has vertex set V (G1 × G2) =

V (G1)×V (G2) and edge set E(G1×G2) = {(u1, v1)(u2, v2) : u1u2 ∈ E(G1), v1v2 ∈ E(G2)}.

We define the n-double of a simple graph G as the graph Dn[G] = G× Tn. The total graph

Tn on n vertices is the graph associated to the total relation (where every vertex is adjacent

to every vertex). It can be obtained from the complete graph Kn by adding a loop to every

vertex. In this paper, we study the (edge)connectivity, super (edge)connectivity of Dn[G].

Key words n-double graphs; (edge)connectivity; super (edge)connectivity
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