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� Lorenz-Stenflo,
W6"Q��>*!/ [8,9]. 2010#�
u5XH��| LÜ,
OWwQK [10]. 2011 #�
u5�lq�XHN�A^�s)j/�`Har��|b�GWQ�&;,
OWQ [11].Z[&;,
W�Wd�|mt��&;2,WZ[��H�k1&;	-����U�|waGWmt1X�hA&;	-b�dd&;l�WZ[G\�b�� �` [12] �>Wbpw�xO1�,
�)xsV*$s!aKr��>|A&;,
WA^�s)j/	7$Ea�'
A&;,
�;
+��\1x,
W�A	-�
2 K�faRBIOb�6GW�&k^+,
���,
W
wTo:� [12]:



























ẋ1 = −u1x1 + w1x2,

ẋ2 = −u2x2 + w2x1,

ẇ1 = q1 − ε1w1 − x1x2,

ẇ2 = q2 − ε2w2 − x1x2,

(2.1).� u1, u2, ε1, ε2, q1, q2�,
W�/s�q1, q2 $bmtR*/Ww_�u1, u2, ε1, ε2e$bo:�&k^+,
W�R
�M/s (u1, u2, q1, q2, ε1, ε2) = (0.001, 0.0002, 0.19, 0.21,

0.15, 0.15), 2<�� (x1(0), x2(0), w1(0), w2(0)) = (3.2, 8.5, 3.5, 2.0) [�,
 (2.1) WÆ58��M� 1 |b�M (u1, u2, q1, q2, ε1, ε2) = (0.2, 0.5, 5.9, 9.15, 0.5, 0.1), 2<��
(

(x1(0), x2(0), ω1(0), ω2(0)
)

= (2.2, 2.0, 10.5, 20) [�,
 (2.1) WÆ58��M� 2 |b�
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d 1 +� (2.1) � (u1, u2, q1, q2, ε1, ε2) = (0.001, 0.0002, 0.19, 0.21, 0.15, 0.15) ZÆnP (x1, x2, x3) '�S
4V7�
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d 2 +� (2.1) � (u1, u2, q1, q2, ε1, ε2) = (0.2, 0.5, 5.9, 9.15, 0.5, 0.1) ZÆnP (x1, x2, x4) '�S
4V7�g	,

Ẋ = f(X), X ∈ R4, (2.2)U X = (x1, x2, w1, w2) �,
 (2.2) W,~>z�Ω ⊂ R4 ���}\WT/� t0 ≥ 0 �<_[k�X(t, t0, X0)$b
3 X(t, t0, X0) = X0 W,
 (2.2)WO��*$&�W5m.�xO"��8�X(t). O>zX(t, t0, X0)R/� ΩWbqaf� ρ(X(t, t0, X0), Ω) =

inf
Y ∈Ω

∥

∥X(t, t0, X0) − Y
∥

∥.Eo 1[6] O� R4 �C�b�T/ Ω, ℄Tfx ∀X0 ∈ Ω, M t ≥ t0 [� w
X(t, t0, X0) ∈ Ω, �7 Ω �,
 (2.2) Wb��>*!/�Eo 2[6] fx,
 (2.2),M�C��f�aY>#QW Lyapunov�s V (X(t)) ��\s L > 0, α > 0, ∀X0 ∈ R4, M V (X(t)) > L, V (X(t0)) > L [�C��s	7a

(V (x(t)) − L) ≤ (V (x0) − L)e−α(t−t0),��,
 (2.2) \tdA^�s)j'd Lagrange ef.A^�s!a�'2 Ω =
{

X | V (X) ≤ L
} �7�x,
Wb�A^�s)j/�.�"�HZ[M/s u1 > 0, u2 > 0, ε1 > 0, ε2 > 0, q1 > 0, q2 > 0 [�,


(2.1) W6"wQ/��>*!/�A^�s)j/�EV 1 fx/s u1 > 0, u2 > 0, ε1 > 0, ε2 > 0, q1 > 0, q2 > 0, ,
 (2.1) C�b��\s l0 > 0 ℄/�
Ω =

{

(x1, x2, w1, w2) | x2
1 + x2

2 + w2
1 + w2

2 ≤ l0
}

(2.3)d,
 (2.1) W6"wQ/��>*!/�.� l0 = max
(x1,x2,w1,w2)∈Γ

(x2
1 + x2

2 + w2
1 + w2

2).
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	 af�f�aY>#QW Lyapunov �s
V (X) = x2

1 + x2
2 + w2

1 + w2
2 (2.4)[-,
 (2.1) WÆ5f[> t :Ns

V̇ =2x1ẋ1 + 2x2ẋ2 + 2w1ẇ1 + 2w2ẇ2

=2x1(−u1x1 + w1x2) + 2x2(−u2x2 + w2x1) + 2w1(q1 − ε1w1 − x1x2)

+ 2w2(q2 − ε2w2 − x1x2)

= − 2u1x
2
1 − 2u2x

2
2 − 2ε1w

2
1 − 2ε2w

2
2 + 2q1w1 + 2q2w2.F V̇ = 0, "�TR.~w��9� Γ:

2u1x
2
1 + 2u2x

2
2 + 2ε1

(

w1 −
q1

2ε1

)2

+ 2ε2

(

w2 −
q2

2ε2

)2

=
q2
1

2ε1
+

q2
2

2ε2
. (2.5)o: (2.5) db�w�W�9��� Γ �.�`\dM

2u1x
2
1 + 2u2x

2
2 + 2ε1

(

w1 −
q1

2ε1

)2

+ 2ε2

(

w2 −
q2

2ε2

)2

>
q2
1

2ε1
+

q2
2

2ε2[�"�w V̇ < 0, �\t�X�|� V = cdI_[AW�i� Γ�.�"�w V̇ > 0,hA� V (X) = x2
1 + x2

2 + w2
1 + w2

2 ���w��9� Γ T<T6G�� maxV
(x1,x2,w1,w2)∈Γd Γ TW\R}\ (0, 0, 0, 0) Wbq(oW6G��h� Γ db�wQ�/� V (X) �

Γ TxO�uxO�s�wQ�/TC�6G6B�ar� V (X)� Γ Tj
<R6G���A6G�8� l0, 2
l0 = maxV

(x1,x2,w1,w2)∈Γ
.fx (2.3) �W/� Ω, "�w Γ ⊂ Ω. "�M.o_�

lim
t→+∞

ρ(X(t), Ω) = 0, (2.6)

X(t) = (x1(t), x2(t), w1(t), w2(t)). "�tm�l�� (2.6) a9u�O*E��U,
 (2.1) WÆ5 ��� Ω ���h� V (X) � Ω ��W�I_.J�
-3
lim

t→+∞
V (X(t)) = V ∗ > l0.�

s = inf
X∈D

(

−V̇ (X(t))
)

,.�� D =
{

X(t) | V ∗ ≤ V (X(t)) ≤ V (X(t0))
}

, t0 <_[>��t V ∗ > 0 , s > 0, |
w
dV (X(t))

dt
≤ −s, (2.7)
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UbvQXZ0-�%:�+�Ukr 197Bi t → +∞ [�"�w 0 ≤ V (X(t)) ≤ V (X(t0)) − s(t − t0) → −∞, �0Edb�Æg�|
 (2.6) a9u�|
t Ω d,
 (2.1) W6"wQ/�6""�t Ω `d,
 (2.1) W�>*!/�}hM.
<U V (X(t)) � Γ TW\ P0(~x0,~y0, ~z0, ~w0) ER}W6G��h� Γ ⊂ Ω, fx Γ TWI�\ (X(t) 6= P0), "�w V̇ (X(t)) < 0, hA,
 (2.1) WI�Æ5 X(t)(X(t) 6= P0)HUN Ω ��M X(t) = P0 [�uxOar X(t) HUN Ω ��2N
T3#5m�"��e> Ω d,
 (2.1) W�>*!/�|
 Ω d,
 (2.1) W6"wQ/��>*!/�Biar 1 T��EV 2 �
V1(x1, x2, w1, w2) = V1(X) = x2

1 + x2
2 + w2

1 + w2
2 ,

L2 =
q2
1ε2

ε1ε2β
+

q2
2ε1

ε1ε2β
, β = min{u1, u2, ε1, ε2},�,
 (2.1) wA^�s)j/	7a


V1(X(t)) − L2 ≤ (V1(X(t0)) − L2)e
−β(t−t0), (2.8)�%W�/�

Ω1 =
{

(x1, x2, w1, w2) | V1(X(t)) ≤ L2

}

=
{

(x1, x2, w1, w2) | x2
1 + x2

2 + w2
1 + w2

2 ≤ L2

}

(2.9)�,
 (2.1) WA^�s)j/�	 �
V1(x1, x2, w1, w2) = x2

1 + x2
2 + w2

1 + w2
2, f1(x) = −u1x

2
1, f2(x) = −u2x

2
2,

f3(w) = −ε1w
2
1 + 2q1w1, f4(w) = −ε2w

2
2 + 2q2w2�

df1(x)

dx
= −2u1x1 = 0,

df2(x)

dx
= −2u2x2 = 0,

df3(w)

dw
= −2ε1w1 + 2q1 = 0,

df4(w)

dw
= −2ε2w2 + 2q2 = 0."�TRToo:WO x1 = 0, x2 = 0, w1 = q1

ε1

, w2 = q2

ε2

. h� u1 > 0, u2 > 0, ε1 >

0, ε2 > 0, q1 > 0, q2 > 0, Biw
sup
x∈R

f1(x) + sup
x∈R

f2(x) + sup
w∈R

f3(w) + sup
w∈R

f4(w) =
q2
1

ε1
+

q2
2

ε2
.
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M V1(X(t)) ≥ L2 [�[-,
 (2.1) WÆ5f[>:Ns�"�w
dV1

dt

∣

∣

∣

(2.1)
=2x1(−u1x1 + w1x2) + 2x2(−u2x2 + w2x1)

+ 2w1(q1 − ε1w1 − x1x2) + 2w2(q2 − ε2w2 − x1x2)

= − 2u1x
2
1 − 2u2x

2
2

− 2ε1w
2
1 + 2q1w1 − 2ε2w

2
2 + 2q2w2

= − u1x
2
1 − u2x

2
2 − ε1w

2
1 − ε2w

2
2 − u1x

2
1 − u2x

2
2 − ε1w

2
1 − ε2w

2
2 + 2q1w1 + 2q2w2

≤− βV1 + f1(x) + f2(x) + f3(w) + f4(w)

≤− βV1 + sup
x∈R

f1(x) + sup
x∈R

f2(x) + sup
w∈R

f3(w) + sup
w∈R

f4(w)

≤− βV1 +
q2
1

ε1
+

q2
2

ε2
≤ −βV1 + βL2 ≤ 0,fTo*Xay�,rw

V1(X(t)) ≤ V1(X(t0))e
−β(t−t0) +

∫ t

t0

βL2e
−β(t−τ) dτ

=V1(X(t0))e
−β(t−t0) + L2(1 − e−β(t−t0)),BiM V1(X(t)) ≥ L2, V1(X(t0)) ≥ L2 [�wA^�s	7a

V1(X(t)) − L2 ≤ (V1(X(t0)) − L2)e
−β(t−t0),�`af�fTo�ay�<T-3�w

lim
t→+∞

V1(X(t)) ≤ L2,2�
Ω1 =

{

(x1, x2, w1, w2) | |V1(X(t)) ≤ L2

}

=
{

(x1, x2, w1, w2) | x2
1 + x2

2 + w2
1 + w2

2 ≤ L2

}

,�,
 (2.1) WA^�s)j/�.��
L2 =















































q2
1ε2 + q2

2ε1

ε2
1ε2

, ε1 ≤ ε2, ε1 ≤ u1, ε1 ≤ u2,

q2
1ε2 + q2

2ε1

ε1ε
2
2

, ε2 ≤ ε1, ε2 ≤ u1, ε2 ≤ u2,

q2
1ε2 + q2

2ε1

ε1ε2u1
, u1 ≤ ε1, u1 ≤ ε2, u1 ≤ u2,

q2
1ε2 + q2

2ε1

ε1ε2u1
, u2 ≤ ε1, u2 ≤ ε2, u2 ≤ u1.
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3 uRjv_=|BqsEo 3 fxy�p5K&;,

̇
x = f(x), (3.1)

ẏ = g(x, y). (3.2)�t x ∈ Rn, y ∈ Rn, f, g : Rn → Rn e�xO�s�<U (3.1) { (3.2) WOr%�
x(t, x0) � y(t, y0). O}�
3�D lim

t→+∞

∥

∥x(t, x0) − y(t, y0)
∥

∥ = 0, "�\td,
 (3.1){ (3.2) d	-W�H,
 (2.1) 8�;
,
�af:m,
�


























ẏ1 = −u1y1 + y2z1,

ẏ2 = −u2y2 + y1z2 + v2,

ż1 = q1 − ε1z1 − y1y2 + v3,

ż2 = q2 − ε2z2 − y1y2 + v4.

(3.3)�t v2, v3, v4 dl�>z�.� v2 = k(y2 − x2), v3 = y1(y2 − x2), v4 = y1(y2 − x2), k�v/s2{ u1, u2, ε1, ε2, q1, q2 w��EV 3 M k < u2 − 4ρl2ε2+2ρl3+u1l2

4ρε2u1−ρ2l2
, �t 0 < ρ < 4ε2u1

l2
d�\s�;
,
 (2.1)��:m,
 (3.3) ER�A	-�	 uar 2, j
<U |x1| ≤

√
L2 = l, |x2| ≤

√
L2 = l, |w1| ≤

√
L2 = l, |w2| ≤√

L2 = l.� e1 = y1 − x1, e2 = y2 − x2, e3 = z1 − w1, e4 = z2 − w2, �,
 (2.1) �,
 (3.3)W'0,
�



























ė1 = −u1e1 + z1e2 + x2e3,

ė2 = −u2e2 + z2e1 + x1e4 + v2,

ė3 = −ε1e3 − y1e2 − x2e1 + v3,

ė4 = −ε2e4 − y1e2 − x2e1 + v4.

(3.4)<�a Lyapunov �s V (e1, e2, e3, e4) = e2
1 + e2

2 + e2
3 + ρe2

4, �t ρ d
3 0 < ρ < 4ε2u1

l2W�\s�[- (3.4) W��Æ5f[> t :NjT
V̇ (e) =2e1ė1 + 2e2ė2 + 2e3ė3 + 2ρe4ė4

=2e1(−u1e1 + z1e2 + x2e3) + 2e2(−u2e2 + z2e1 + x1e4 + v2)

+ 2e3(−ε1e3 − y1e2 − x2e1 + v3) + 2ρe4(−ε2e4 − y1e2 − x2e1 + v4)

=2e1(−u1e1 + z1e2 + x2e3) + 2e2(−u2e2 + z2e1 + x1e4 + ke2)

+ 2e3(−ε1e3 − y1e2 − x2e1 + y1e2) + 2ρe4(−ε2e4 − y1e2 − x2e1 + y1e2)



200 k r p Q Q � 36

= − 2u1e

2
1 − 2(u2 − k)e2

2 − 2ε1e
2
3 − 2ρε2e

2
4 + 2(z1 + z2)e1e2 − 2ρx2e1e4 + 2x1e2e4

≤− 2u1e
2
1 − 2(u2 − k)e2

2 − 2ε1e
2
3 − 2ρε2e

2
4 + 4l|e1| |e2| + 2ρl|e1| |e4| + 2l|e2| |e4|

= − ET PE.�t�
E =

[

|e1| , |e2| , |e3| , |e4|
]T

, P =











2u1, −2l, 0, −ρl

−2l, 2(u2 − k), 0, −l

0, 0, 2ε1, 0

−ρl, −l, 0, 2ρε2











.�B�'0,
 (3.4) W�OdEV!aW�f7_
 P m��a_
�`\dt_

P �M
3.~�D


(i) 2u1 > 0,

(ii) 4u1(u2 − k) − 4l2 > 0,

(iii) 2ε1

[

4u1(u2 − k) − 4l2
]

> 0,

(iv) (16ρε1ε2u1 − 4ε1ρ
2l2)(u2 − k) > 16ρl2ε1ε2 + 4ε1ρl3 + 4lε1(u1l + ρl2),W��I7y�M

0 < ρ <
4ε2u1

l2
, k < u2 −

4ρl2ε2 + 2ρl3 + u1l
2

4ρε2u1 − ρ2l2
, k < u2 −

l2

u1[��D (i)–(iv) a	[TR
3�M
0 < ρ <

4ε2u1

l2
, k < min

{

u2 −
l2

u1
, u2 −

4ρl2ε2 + 2ρl3 + u1l
2

4ρε2u1 − ρ2l2

}

= u2−
4ρl2ε2 + 2ρl3 + u1l

2

4ρε2u1 − ρ2l2[� V̇ (e) < 0, A['0,
 (3.4) W�OEV!a�2:m,
 (3.3) �;
,
 (2.1)\1�A	-�
4 ℄yYZ�|\�r�N��"�t7y+UJs�� �A[;
,
 (2.1) �:m,

(3.3) W<_�Dr%<� (x1(0), x2(0), w1(0), w2(0)) = (0.1, 0.1, 0.1, 0.1) � (y1(0), y2(0),

z1(0), z2(0)) = (0.2, 0.2, 0.2, 0.2), M u1 = 0.2, u2 = 0.5, ε1 = 0.5, ε2 = 0.1, q1 = 5.9, q2 =

9.15 (B [12]) [�Bar 2 *�:T l =
√

L2 = 95.2, M[> t → +∞ [�,
 (2.1) WÆ5���.~Ww�9 Ω1 ��
Ω1 =

{

(x1, x2, w1, w2) | V1(X(t)) ≤ L2

}

=
{

(x1, x2, w1, w2) | x2
1 + x2

2 + w2
1 + w2

2 ≤ L2 = (95.2)
2}

,M.� 3 |b��`ar 3 j
P�l�/�Wv,s k = −500,;
,
	-x:m,
	-E��M.� 4 |b�M (u1, u2, q1, q2, ε1, ε2) = (0.001, 0.0002, 0.19, 0.21, 0.15,
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0.15) (B [12]) [��`ar 2, �[ L2 =
q2

1
ε2+q2

2
ε1

ε1ε2u1

= 534.67 = R2, 9 Ω2 W�Y
R =

√
L2 = 23.1, M[> t → +∞ [�,
 (2.1) WÆ5���.~Ww�9 Ω2 =

{(x1, x2, w1, w2)|V1(X(t)) ≤ L2} =
{

(x1, x2, w1, w2) | x2
1 + x2

2 + w2
1 + w2

2 ≤ L2 = 534.67
}�.�M.� 5 |b�.��� 1–2, � 3–5 ��9", (x1, x2, x3, x4) H$9",
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The Dynamical Analysis of a Disk Dynamo System
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Abstract The ultimate bound, positively invariant set and globally exponentially attrac-

tive set of a disk dynamo system are investigated via constructing a Lyapunov function.

Firstly, we derive a four-dimensional ellipsoidal bound for this system. Secondly, the bound-

edness of the system is applied to the complete chaos synchronization. Finally, the corre-

sponding numerical simulations are performed.
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