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dx1

dt
= V11(x1, · · · , xn),

dx2

dt
= V12(x1, · · · , xn),

...
dxn

dt
= V1n(x1, · · · , xn).

(1)Gb;#V���$ V1 = V11
∂

∂x1

+ V12
∂

∂x2

+ · · · + V1n
∂

∂xn

`Gk0 ;pV�*�V
Ω(x1, · · · , xn), Ci V1Ω = 0. z

Vi = Vi1
∂

∂x1
+ Vi2

∂

∂x2
+ · · ·Vin

∂

∂xn

, i = 2, 3, · · · , n$0 (1) �	; n − 1 `8uD=;2�� Lie l;{ o�\� Vik (i = 2, 3, · · · , n,

k = 1, 2, · · · , n) ($ x1, x2, · · · , xn ;n��g [5] -�� (V2, V3, · · · , Vn) { n− 1 %	Ll�XlQ�g0 ;�*�V{ ;xx;T�rmV�8uD=;2�� Lie l Gr (r = 1, 2, · · · , s) ;{ o Vr (r = 1, 2, · · · , sP�
[Vi, Vj ] =

j−1
∑

k=1

ck
i,jVk, i, j, k = 1, 2, · · · , s, i < j,+Q{9�2�� Lie l� Gr (r = 1, 2, · · · , s) &iVÆ-�>�Q�{�D=;2�� Lie l-��$9 1 rm0 (1)�	 n−1`D=;2�� Liel�\{ oV�$ Vi (i = 2, 3,

· · · , n), gvP!�

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



V1

V2
...

Vn











Ω =











V11 · · · V1n

V21 · · · V2n

...

Vn1 · · · Vnn























f1

f2
...

fn













=











0

b2
...

bn











, (2)\� Ω �0 (1) ;pV�*�V� bk (k = 2, 3, · · · , n) $/B��{0 �;�*�V�fi = ∂Ω
∂xi

(i = 1, 2, · · · , n). t0 (1)�	; n−1`D=;2�� Lie l�-��I
bj = 0 (j = 2, · · · , n − 1), bn = 1,-80 ;V`�*�V ∫

f1 dx1 + f2dx2 + · · · + fndxn.
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Vi,j,k,l =

∣

∣
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Vik Vil

Vjk Vjl
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∣$<D�
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∣

∣

∣

∣

∣

∣

V11 V12 · · · V1n

V21 V22 · · · V2n

...
...

...
...

Vn1 Vn2 · · · Vnn
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∣; i, j A<; 2 ����\8b;.�l���$ Ai,j,k,l, w
D =

∑

1≤k<l≤n

Vi,j,k,lAi,j,k,l 6= 0.Gk0 (1) ;pV�*�V Ω, g [8] i
V α = β, (3)\�

V =












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

V1,2,1,2 V1,2,1,3 · · · V1,2,n−1,n

...
...

...
...

V1,n,1,2 V1,n,1,3 · · · V1,n,n−1,n

V2,3,1,2 V2,3,1,3 · · · V2,3,n−1,n

...
...

...
...

Vn−1,n,1,2 Vn−1,n,1,3 · · · Vn−1,n,n−1,n




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
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



,

α =



















∂2Ω

∂x1∂x2
−

∂2Ω

∂x2∂x1

∂2Ω

∂x1∂x3
−

∂2Ω

∂x3∂x1
...

∂2Ω

∂xn−1∂xn

−
∂2Ω

∂xn∂xn−1


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, β =
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



0
...

0

−
(

n
∑

k=2

Ck
2,3bk

)

...

−
(

n
∑

k=2

Ck
n−1,nbk

)




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




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

.

� V ∗ $ V ;Æ�#|�w V ×V ∗ = DI,\� I $ n(n−1)
2 �2'#|�gk D 6= 0,i V �R℄[#|�*KP!� β = 0, �

n
∑

k=2

Ck
i,jbk = 0, i < j, i, j = 2, 3, · · · , n,
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C2
2,3 C3

2,3 C4
2,3 · · · Cn−1

2,3 Cn
2,3

...
...

...
...

...
...

C2
2,n C3

2,n C4
2,n · · · Cn−1

2,n Cn
2,n

C2
3,4 C3

3,4 C4
3,4 · · · Cn−1

3,4 Cn
3,4

...
...

...
...
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...

C2
3,n C3

3,n C4
3,n · · · Cn−1

3,n Cn
3,n

...
...
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...

C2
n−2,n−1 C3

n−2,n−1 C4
n−2,n−1 · · · Cn−1

n−2,n−1 Cn
n−2,n−1

C2
n−2,n C3

n−2,n C4
n−2,n · · · Cn−1

n−2,n Cn
n−2,n

C2
n−1,n C3

n−1,n C4
n−1,n · · · Cn−1

n−1,n Cn
n−1,n
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b3
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...

bn−1
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
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



= 0.

t0 (1) �	; n − 1 `D=;2�� Lie l�-��w
[Vi, Vj ] =

j−1
∑

k=2

Ck
i,j(x1, x2, · · · , xn)Vk, i < j, i, j = 2, 3, · · · , n,� C

p
i,j = 0 (i < j, p ≥ j, i, j = 2, 3, · · · , n), x�P!��w$


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
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C2
2,3 0 0 · · · 0 0
...

...
...

...
...

...

C2
2,n C3

2,n C4
2,n · · · Cn−1

2,n 0

C2
3,4 C3

3,4 0 · · · 0 0
...

...
...

...
...

...

C2
3,n C3

3,n C4
3,n · · · Cn−1

3,n 0
...

...
...

...
...

...

C2
n−2,n−1 C3

n−2,n−1 C4
n−2,n−1 · · · 0 0

C2
n−2,n C3

n−2,n C4
n−2,n · · · Cn−1

n−2,n 0

C2
n−1,n C3

n−1,n C4
n−1,n · · · Cn−1

n−1,n 0





































































b2

b3

b4
...

bn−1

bn























= 0,

5nx�P!��yiV`RE� (b2 b3 · · · bn)T = (0 0 · · · 1), w4 b = (b2 b3 · · · bn)Tg'RE�~�"i β = 0, +H α = 0. g
fi =

∂Ω

∂xi

, i = 1, 2, · · · , n,i
∂fi

∂xj

=
∂fj

∂xi

, i, j = 1, 2, · · · , n,-80 ;V`�*�V ∫

f1dx1 + f2dx2 + · · · + fn dxn.
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





















dx

dt
= y2 + z2,

dy

dt
= −xy − iz

√

x2 + y2 + z2,

dz

dt
= −xz + iy

√

x2 + y2 + z2,

du

dt
= 0,Gb;#V��$

V1 = (y2 + z2)
∂

∂x
+

[

−xy − iz
√

x2 + y2 + z2
] ∂

∂y
+

[

−xz + iy
√

x2 + y2 + z2
] ∂

∂z
,0 �	;w`D=;2�� Lie l�{ oV�$

V2 = z
∂

∂y
− y

∂

∂z
, V3 = x

∂

∂x
+ y

∂

∂y
+ z

∂

∂z
, V4 =

∂

∂u
,g Lie 3o;BZ ��8

[V2, V3] = [V2, V4] = [V3, V4] = 0,-�0 �	;2�� Lie l�-��gB7 1, gvP!�










y2 + z2 −xy − iz
√

x2 + y2 + z2 −xz + iy
√

x2 + y2 + z2 0

0 z −y 0

x y z 0

0 0 0 1





















f1

f2

f3

f4











=











0

0

0

1











,�8P!�;V`RE�$ (f1 f2 f3 f4)
T = (0 0 0 1)T , g'e80 ;V`�*�V

Ω =
∫

du = u.

2.2 ;XB1b[NJ0E#!�G Lie A#74Q?D�.+*Kw��	#VP!0 






















dx

dt
= P (x, y, z),

dy

dt
= Q(x, y, z),

dz

dt
= R(x, y, z),

(4)
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��.��(}T9NJ 743Gb;#V��$ X = P ∂
∂x

+ Q ∂
∂y

+ R ∂
∂z

. 0 (4) �	;A`D=;2�� Lie l;{ oV�$
V1 = ξ1(x, y, z)

∂

∂x
+ η1(x, y, z)

∂

∂y
+ ζ1(x, y, z)

∂

∂z
,

V2 = ξ2(x, y, z)
∂

∂x
+ η2(x, y, z)

∂

∂y
+ ζ2(x, y, z)

∂

∂z
,P�

[V1, V2] =

2
∑

i=1

ci(x, y, z)Vi + c0(x, y, z)X,\� ci(x, y, z) (i = 1, 2) $0 (4) ;�*�V{���z
D =

∣

∣

∣

∣

∣

∣

∣

P Q R

ξ1 η1 ζ1

ξ2 η2 ζ2

∣

∣

∣

∣

∣

∣

∣

.$9 2 rm0 (4) �	;A`D=;2�� Lie l{ oV�$ V1, V2, w
c1(x, y, z) = −

[

B2(x, y, z) −
1

µ
V1(µ) −

(∂ξ2

∂x
+

∂η2

∂y
+

∂ζ2

∂z

)

]

,

c2(x, y, z) = B1(x, y, z) −
1

µ
V2(µ) −

(∂ξ1

∂x
+

∂η1

∂y
+

∂ζ1

∂z

)

,\� Bi(x, y, z) P� [X, Vi] = BiX (i = 1, 2), µ = 1
D

.| g [10], µ = 1
D
�0 (4) ;�V℄��+HP�

∂(µP )

∂x
+

∂(µQ)

∂y
+

∂(µR)

∂z
= 0,�

µ
(∂P

∂x
+

∂Q

∂y
+

∂R

∂z

)

+ P
∂µ

∂x
+ Q

∂µ

∂y
+ R

∂µ

∂z
= 0.g Cramer Lw�� (2) 8

f1 = µ

∣

∣

∣

∣

∣

∣

∣

0 Q R

b1 η1 ζ1

b2 η2 ζ2

∣

∣

∣

∣

∣

∣

∣

, f2 = µ

∣

∣

∣

∣

∣

∣

∣

P 0 R

ξ1 b1 ζ1

ξ2 b2 ζ2

∣

∣

∣

∣

∣

∣

∣

.� ∆ = ∂f1

∂y
− ∂f2

∂x
, w

∆ =

[(

−b1

∣

∣

∣

∣

Q R

η2 ζ2

∣

∣

∣

∣

+ b2

∣

∣

∣

∣

Q R

η1 ζ1

∣

∣

∣

∣

)

∂µ

∂y
+ µ

∂

∂y

(

−b1

∣

∣

∣

∣

Q R

η2 ς2

∣

∣

∣

∣

+ b2

∣

∣

∣

∣

Q R

η1 ς1

∣

∣

∣

∣

)]

−

[(

b1

∣

∣

∣

∣

P R

ξ2 ζ2

∣

∣

∣

∣

− b2

∣

∣

∣

∣

Q R

ξ1 ζ1

∣

∣

∣

∣

)

∂µ

∂x
+ µ

∂

∂x

(

b1

∣

∣

∣

∣

P R

ξ2 ζ2

∣

∣

∣

∣

− b2

∣

∣

∣

∣

Q R

ξ1 ζ1

∣

∣

∣

∣

)]

= − b1

[

µ
(

P
∂ζ2

∂x
+ Q

∂ζ2

∂y
+ R

∂ζ2

∂z
− ξ2

∂R

∂x
− η2

∂R

∂y
− ζ2

∂R

∂z

)
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(

ξ2
∂µ

∂x
+ η2

∂µ

∂y
+ ζ2

∂µ

∂z
+ µ

∂ξ2

∂x
+ µ

∂η2

∂y
+ µ

∂ζ2

∂z

)]

+ b2

[

µ
(

P
∂ζ1

∂x
+ Q

∂ζ1

∂y
+ R

∂ζ1

∂z
− ξ1

∂R

∂x
− η1

∂R

∂y
− ζ1

∂R

∂z

)

− R
(

ξ1
∂µ

∂x
+ η1

∂µ

∂y
+ ζ1

∂µ

∂z
+ µ

∂ξ1

∂x
+ µ

∂η1

∂y
+ µ

∂ζ1

∂z

)]

.g
[X, V1] = XV1 − V1X = B1(x, y, z)X = B1(x, y, z)

[

P
∂

∂x
+ Q

∂

∂y
+ R

∂

∂z

]

,-�
P

∂ζ1

∂x
+ Q

∂ζ1

∂y
+ R

∂ζ1

∂z
− ξ1

∂R

∂x
− η1

∂R

∂y
− ζ1

∂R

∂z
= B1(x, y, z)R,�7

P
∂ζ2

∂x
+ Q

∂ζ2

∂y
+ R

∂ζ2

∂z
− ξ2

∂R

∂x
− η2

∂R

∂y
− ζ2

∂R

∂z
= B2(x, y, z)R,.s ∆ -8

∆ =R

{

− b1

[

µB2(x, y, z) − V1(µ) − µ
(∂ξ2

∂x
+

∂η2

∂y
+

∂ζ2

∂z

)]

+ b2

[

µB1(x, y, z) − V2(µ) − µ
(∂ξ1

∂x
+

∂η1

∂y
+

∂ζ1

∂z

)]

}

. (5)g [V1, V2] =
2
∑

i=1

ci(x, y, z)Vi + c0(x, y, z)X, [X, V1] = B1(x, y, z)X, -8
ξ1

∂ξ2

∂x
+ η1

∂ξ2

∂y
+ ζ1

∂ξ2

∂z
= ξ2

∂ξ1

∂x
+ η2

∂ξ1

∂y
+ ζ2

∂ξ1

∂z
+ c0P + c1ξ1 + c2ξ2,

ξ1
∂η2

∂x
+ η1

∂η2

∂y
+ ζ1

∂η2

∂z
= ξ2

∂η1

∂x
+ η2

∂η1

∂y
+ ζ2

∂η1

∂z
+ c0Q + c1η1 + c2η2,

ξ1
∂ζ2

∂x
+ η1

∂ζ2

∂y
+ ζ1

∂ζ2

∂z
= ξ2

∂ζ1

∂x
+ η2

∂ζ1

∂y
+ ζ2

∂ζ1

∂z
+ c0R + c1ζ1 + c2ζ2,

ξ1
∂P

∂x
+ η1

∂P

∂y
+ ζ1

∂P

∂z
= P

∂ξ1

∂x
+ Q

∂ξ1

∂y
+ R

∂ξ1

∂z
− PB1,

ξ1
∂Q

∂x
+ η1

∂Q

∂y
+ ζ1

∂Q

∂z
= P

∂η1

∂x
+ Q

∂η1

∂y
+ R

∂η1

∂z
− QB1,

ξ1
∂R

∂x
+ η1

∂R

∂y
+ ζ1

∂R

∂z
= P

∂ζ1

∂x
+ Q

∂ζ1

∂y
+ R

∂ζ1

∂z
− RB1,+H

V1(D) =
(

c2 − B1 +
∂ξ1

∂x
+

∂η1

∂y
+

∂ζ1

∂z

)

D, V1(µ) = V1

( 1

D

)

= −
1

D2
V1(D),�7 V2(µ) = V2

(

1
D

)

= − 1
D2 V2(D), .s (5), }78 ∆ = µR(c1b1 + c2b2), m (5) ���wB78��
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





















dx

dt
= x2z + xy2,

dy

dt
= xy,

dz

dt
= −y2(z + 3) − xz(z + 1),Gb;#V��$

X = (x2z + xy2)
∂

∂x
+ (xy)

∂

∂y
+

[

−y2(z + 3) − xz(z + 1)
] ∂

∂z
.0 �	;A`D=;2�� Lie l;{ oV�$

V1 =
1

y

∂

∂x
−

z + 1

xy

∂

∂z
, V2 =

x

y2 + x(z + 1)

∂

∂x
+

y2

x[y2 + x(z + 1)]

∂

∂z
,YM�

c1(x, y, z) =
1

y2 + x(z + 1)
= −

[

B2(x, y, z) −
1

µ
V1(µ) −

(∂ξ2

∂x
+

∂η2

∂y
+

∂ζ2

∂z

)

]

,

c2(x, y, z) = 0 = B1(x, y, z) −
1

µ
V2(µ) −

(∂ξ1

∂x
+

∂η1

∂y
+

∂ζ1

∂z

)

.$9 3 rm0 (4) �	A`D=;2�� Lie l�0 (4) �	;{ oV�$
V1, V2 , wP!�







P Q R

ξ1 η1 ζ1

ξ2 η2 ζ2













f1

f2

f3






=







0

b1

b2





iP�
∂f1

∂y
=

∂f2

∂x
,

∂f1

∂z
=

∂f3

∂x
,

∂f3

∂y
=

∂f2

∂z;RE� (f1, f2, f3)
T ;"P��$ c1(x, y, z)b1 + c2(x, y, z)b2 = 0.| frp �� [9] �B7 3.1.gip gG�>����S<� ∂f1

∂y
= ∂f2

∂x
. gB7 2;�S-� ∆ = µR(c1b1 + c2b2),℄'�4 c1b1 + c2b2 = 0 ~� ∆ = 0, w ∂f1

∂y
= ∂f2

∂x
.` 2 B7 3 �;�MGk ci (i = 1, 2) $n�~Q =�H [9] �B7 3.1, �G

ci (i = 1, 2) ($��~ =�i [9] �B7 3.1 $�)B7 3 ;VÆ�
b2�$9 4 rm0 (4) �	;2�� Lie l�-��wP!�






P Q R

ξ1 η1 ζ1

ξ2 η2 ζ2













f1

f2

f3






=







0

b1

b2






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∂f1

∂y
=

∂f2

∂x
,

∂f1

∂z
=

∂f3

∂x
,

∂f3

∂y
=

∂f2

∂z;RE� (f1, f2, f3)
T .| rm0 (4) �	;2�� Lie l�-��{ oV�$ V1, V2, w c2 = 0, gB7 1, -g b1 = 0, i c1(x, y, z)b1 + c2(x, y, z)b2 = 0, 
$B7 3, i

∂f1

∂y
=

∂f2

∂x
,

∂f1

∂z
=

∂f3

∂x
,

∂f3

∂y
=

∂f2

∂z
.` 3 gx�B7�M-���P0 ��	;2�� Lie l�-��wB7 3 �;e�*�V;��VB =�+H-XfXPLe0 ;V`�*�V�

3 2=gxR�M�V)%�t�	0 �	;2�� Lie l��-�;�w-$e0 ;�*�V-4VB;P��Gk�	;2�� Liel�&i-�>; n��	0 �+Qb%V� bi (i = 2, 3, · · · , n) iB;g��-Xe80 ;V`�*�V���=�Gkw��	0 �40 �	;2�� Lie l�-�~� [9] �e�*�V;PL;��VB =��)��e;PL�e%C0 ;V`�*�V�H;f2�� Lie l�;{V-�>Whe%D=;�*�V;`�{V*�y�P�V��M�� 5 L O
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Searching for First Integral of Autonomous System Based on a

Kind of Solvability of One-parameter Lie Groups

Xue Chongzheng HU Yanxia

(Department of Mathematics and Physics, North China Electric Power University, Beijing 102206)

(E-mail: yxiahu@163.com)

Abstract The method for obtaining one first integral of autonomous systems accepting

a series of one-parameter Lie groups with the solvability was discussed. For n-th order

autonomous systems accepting n − 1 solvable one-parameter Lie groups, a specific method

for obtaining first integrals by valuing the parameters was given. Specially, the method for

obtaining first integrals of the third order autonomous systems accepting two solvable one-

parameter Lie groups was discussed. Furthermore, the method for obtaining first integrals

was proved to be right without any conditions.
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