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1 yu��S<�UbC[\fCbq�eS[J
Jy′(t) − H(t)y(t) = λW (t)y(t), t ∈ I = [a, b), (1.1λ){< a ,,�OI� b ,|�OI (� b = +∞; �% W (t), H(t) 7�{r�6� bIi5#F�). W (t), H(t) ,� I �:%F�C 2n× 2n -'Q*;)� J ,l;)�� J =

(
0 −In

In 0

)
, In , n × n ;P)� W (t) ≥ 0 ,�,KC��6�K�Q��[J (1.1λ) Cn)�eS<J L N Ly(t) := Jy′(t) − H(t)y(t). /℄K��6G$

L2
W [a, b) :=

{
y ∈ C2n

∣∣∣
∫ b

a

y∗(t)W (t)y(t) dt < +∞
}
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432 � � 3 t t � 36>Q��C y, z ∈ L2
W [a, b), K�n�

〈y, z〉W :=

∫ b

a

z∗(t)W (t)y(t) dt��C�℄6 ‖y‖W := (〈y, y〉W )
1

2 . �~ y ∈ L2
W [a, b), Ub�* y ,w`F�C��� W ,�,KC�>}K�D"z[ y ∼ z ⇔ ‖y − z‖W = 0, � L2

W [a, b) �'rD"z[3\C�G$,{r Hilbert G$�NT`��4G$N L2
W [a, b).+uS!UbP,!�\fC�KqG&+N	 ∃ t0 ∈ [a, b), ∀ t0 ≤ b′ ≤ b, �~ y_Q Jy′ − Hy = Wf, Wy = 0, a ≤ t < b′, f ∈ L2

W [a, b′), � y(t) ≡ 0, a ≤ t < b′.M5 1835 r�eSD1�eS�M}K��eS�M�'+N_9XMC�$��eS�Mg2C,{~('C���i�F}Æ\#�CXM�,�5XMC+NK)�wNIyQ�FOJCoS���1-TOJ�{roS�fX{roS��}C_g�Qsy�OJCd$e~z�'=_g,7JPwWY1-C�bq�eS[JyM^�,'ex8tTC�mn���4F%�bq�eS<JCyM^#4=M^���W�,1?'�TECit=�,,���eS<JC{^�
�
bQ�eS[JCx8)"#7�Md<J�{yCx8�[��M^�h!dY�,*Ue)DW��
{^ [1−4].y,<JC6=�z,x8C>I�mI�QMd<JCyM^Cx8FdNRL	K��`��$��[6=��q:CyTE*N,�yTE�f��*3N|�yTE�z,�yTECx8+~|��+0�<|�yTECKqdY�:��x8�C�,n-<JCI66N<$�n%�yCd$�q:�C*�6[CK�q�#C*�6[C BDTE�Qn-Md<JyTECx8� [5] x8Tw`F�1Cr6�Qsy3$Cz[��S� [5] C�2��B^=��I66CM�bq�eS<JIy�Q�Cbq�eS[JCw`F�13$Cz[��Q�kr'B�$<C��I λ, >C[C[JP d rbqWz1���C�
M�<JCIy�'rB�$�,#/eC��SC/v�t�\	�G 1 .N23�G 2 .s1 Hilbert G$<bq�eS<JC{j��ks��S8 (h) <J�Iy�M�<J�I66D�	s1bq�eS<JC{j��q:�KM�G 3 .s1�SCAy/~���Q�kr'B�$<C��I λ, >C[C[JP d (d NSh�eS<JCI66) rbqWzC1���C�
M�<JCIy�'rB�$�,#/eC�
2 |V~k�'{%dUbs1 Hilbert G$<bq�eS<JC{j��ks�(
�M�
 ACloc[a, b) �*��$ [a, b) �:%�QQs�6C�F�
 DM (T ) �*� L  +CS8�eS<J T CK����

DM (T ) :=
{
y∈L2

W [a, b) ∩ ACloc[a, b) |6� f ∈ L2
W [a, b),



3z -$Q���e�<�;#H53Bap�dR:HBHx 433(A Jy′(t) − H(t)y(t) = W (t)f(t)
}
;K�S8<J TM : DM (T ) → L2

W [a, b) N TMy := f ; 
 D0(T0) �*� L  +C�Sh�eS<J T0 CK���
D0(T0) :=

{
y ∈ DM (T ) | y � [a, b) �=3/�}

,K��Sh<J T0 : D0(T0) → L2
W [a, b) N T0y := TMy. ^	UbFA D0(T0) ⊂ DM (T )� T0 ,F�C� T0 *NSh�eS<J��CK���T D0.[x 2.1 Y T N HilbertG$H �Cbq<J�� (T−λI)−1#6��� (T−λI)y = 0bwZ1��* λ N T CC*4� T C>C*4R+C�*N T CIy��N

σp(T ).[x 2.2 Y T N Hilbert G$ H �Cbq<J��Q� ∀ y, z ∈ DM (T ) ⊆ H, 
〈Ty, z〉 = 〈y, T z〉, �*bq<J T NVC�� T NVC�K��� H </e��*bq<J T ,Q*C��bq<J T ,Q*C� T=T ∗, �*bq<J T ,M�C�[x 2.3 Q� Im λ > 0, (T0 − λI)y = 0 >bwZ1R+CG$*N T0 Q� λCIG$��N N(λ− T0). �IG$ N(λ− T0) Q�O6 d+, IG$ N(λ− T0) Q�O6 d−, � d+, d− d�*N T0 Q� λ C,�hI66��N (d+, d−).[x 2.4 Y [f : g](t) = g∗(t)Jf(t).~0 [f : g](t) =�\q:	

∀ f, g ∈ DM (T ), [f : g](b) = lim
x→b−

[f : g](t) P6�.zh 2.1[6] Q��C y, z ∈ ACloc[a, b),

∫ b′

a

[z∗(t)L(y)(t) − L∗(z)(t)y(t)] dt = [y : z]b
′

a , ∀ b′ ∈ [a, b).zh 2.2[7] Q��C λ ∈ C, Y y(·, λ), z(·, λ) d�, (1.1λ), (1.1
λ
) Q�C��1��

[y(·, λ) : z(·, λ)](t) = [y(·, λ) : z(·, λ)](a), t ∈ [a, b).C�E= λ ∈ R %�
[y(·, λ) : z(·, λ)](t) = [y(·, λ) : z(·, λ)](a), t ∈ [a, b).Q��C f, g ∈ DM (T ), 6� y, z ∈ L2

W [a, b), (A Tf = y, T g = z. ��M 2.1, �M 2.2 F0�Q���C b′ ∈ [a, b),

〈Tf, g〉W − 〈f, T g〉W

=

∫ b

a

{
g∗(t)W (t)(Tf)(t) − (Tg)∗(t)W (t)f(t)

}
dt

=

∫ b

a

{
g∗(t)L(f)(t) − L∗(g)(t)f(t)

}
dt
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=(g∗(t)Jf(t))|ba = [f : g](b) − [f : g](a).�K� 2.4 UbF}A?\fC/^	zh 2.3 Q��C f, g ∈ DM (T ),

〈Tf, g〉W − 〈f, T g〉W = [f : g]ba = [f : g](b) − [f : g](a).� [6, �M 2.3], Ub0� n ≤ d+, d− ≤ 2n. � [2, G 4 !] 0� T0 6�M�J"C-yG&, d+ = d−. ��[J (1.1λ) <C[6;),'C�xI66PD�}\%d,!� d+ = d− = d +N�zh 2.4[7] Q��C b̃ ∈ [a, b), �� α, β ∈ C2n, 6� f ∈ ACloc([a, b)), (A
Ly(t) = W (t)f(t), t ∈ [a, b̃),

y(a) = α, y(̃b) = β{r1 ϕ.  ���C y1 ∈ DM (T ), y1(b̃) = β, Y
ỹ(t) =

{
ϕ(t), t ∈ [a, b̃),

y1(t), t ∈ [b̃, b),� ỹ(t) ∈ DM (T ).[h 2.1[1] D0 =
{
y ∈ DM (T ) | y(a) = 0, [y : g](b) = 0, ∀ g ∈ DM (T )

}
.[h 2.2[8] DM (T ) CJZn D(T ) ,Sh<J T0 CM�J"�C-yG&N

DM (T ) 6� f1, · · · , fd _Q\UG&	
(1) f1, · · · , fd i D0 bqWz (f1, · · · , fd C�
bwZbqR�#1� D0 );

(2) [fi : fj ]
b
a = 0, i, j = 1, · · · , d;(A D(T ) =

{
f ∈ DM (T ) | [f : fj ]

b
a = 0, 1 ≤ j ≤ d

}
, {< d ,Sh<J T0 CI66�

3 �w_zh 3.1 � λ,'C� (1.1λ)� DM (T )< drbqWz1�� (1.1λ)� DM (T )< d rbqWz'1�� �Q���eS[J (1.1λ)C d rbqWz1N ϕj = ξj + iηj , {< ξj , ηj N 2nOfS4�6� j = 1, · · · , d. �� Lϕj = λWϕj , � L(ξj + iηj) = λW (ξj + iηj), C�?
L ,'C�>} L(ξj) = λWξj , L(ηj) = λWηj , � ξj , ηj , j = 1, · · · , d N (1.1λ) C 2d r1�� ξ1 6= 0, Y θ1 = ξ1, � ξ1 = 0, �Y θ1 = η1; HYFK� θ2, 4%� θ1, θ2 bqWz��bqWzC k r1 θ1, · · · , θk (k ≤ d− 1)|K��� ξk+1 � θ1, · · · , θk bqWz��Y θk+1 = ξk+1, [3Y θk+1 = ηk+1, �� ϕ1, · · · , ϕk+1 bqWz�x� θ1, · · · , θk+1bqWz��4FA θj (1 ≤ j ≤ d) 9,>�C d rbqWzC'1�zh 3.2 � T ,� L  +CM�Md<J�{K��

D(T ) = D0+̇span {f1, · · · , fd},



3z -$Q���e�<�;#H53Bap�dR:HBHx 435{< f1, · · · , fd �KM 2.2 >K��Æ� g1, · · · , gd ,[J (1.1λ) Q�� λ = µ ∈ R C drbqWzC'1�Y Tµ z,� L  +CM�Md<J�{K��
D(Tµ) = D0+̇span{g1, · · · , gd}.� µ #, T CC*4��

(1) f1, · · · , fd, g1, · · · , gd ,i D0 bqWzC�
(2) D(T ) ∩ D(Tµ) = D0.� (1) ([.Y) �f��6�#�NVC(6 p1, · · · , pd, q1, · · · , qd, (A

p1f1 + · · · + pdfd + q1g1 + · · · + qdgd = y ∈ D0.�Sh<JK��CK�F0�Q���C z ∈ DM ,  [y : z](a) = [y : z](b) = 0. �,
q1[g1 : gi]

b
a + · · · + qd[gd : gi]

b
a + p1[f1 : gi]

b
a + · · · + pd[fd : gi]

b
a = 0, i = 1, · · · , d,

q1[g1 : fi]
b
a + · · · + qd[gd : fi]

b
a + p1[f1 : fi]

b
a + · · · + pd[fd : fi]

b
a = 0, i = 1, · · · , d,� 



[g1 : g1]
b
a · · · [gd : g1]

b
a [f1 : g1]

b
a · · · [fd : g1]

b
a

...
...

...
...

...
...

[g1 : gd]
b
a · · · [gd : gd]

b
a [f1 : gd]

b
a · · · [fd : gd]

b
a

[g1 : f1]
b
a · · · [fd : f1]

b
a [f1 : f1]

b
a · · · [fd : f1]

b
a

...
...

...
...

...
...

[g1 : fd]
b
a · · · [fd : fd]

b
a [f1 : fd]

b
a · · · [fd : fd]

b
a







p1
...

pd

q1
...

qd




= 0.

Y
F =




[g1 : f1]
b
a · · · [gd : f1]

b
a

...
...

...

[g1 : fd]
b
a · · · [gd : fd]

b
a


 ,��)C[6;)F�N F̃ =

(
0 F∗

F 0

)
, {< F ∗ N F uUD8;)�\f.h;) F C9N d. �f�� rank (F ) < d. Y

βi = ([g1 : fi]
b
a, · · · , [gd : fi]

b
a), i = 1, · · · , d.�*;) F C d rofS�� β1, · · · , βd ,bqzC���� {βi}

d
i=1 <7�{r�9F}
{�Cbq�*�Ub#a� β1 = k2β2 + · · · + kdβd, ki ∈ C. �,

[g1, fi]
b
a = k2[g2, fi]

b
a + · · · + kd[gd, fi]

b
a, i = 1, · · · , d.5W

[g1 − k2g2 − · · · − kdgd : fi]
b
a = 0, i = 1, · · · , d.x�KM 2.2 0� g1 − k2g2 − · · · − kdgd ∈ D(T ).



436 � � 3 t t � 36>�N, g1, · · · , gd bqWzC�>} g1 − k2g2 − · · · − kdgd , Ly = µWy CbwZ1�'� µ #, T CC*4`T��, rank (F ) = d.�}�CB^F0�|F̃ | 6= 0,5W pi = qi = 0 (i = 1, · · · , d),'� p1, · · · , pd, q1, · · · , qd#�NV`T�x f1, · · · , fd, g1, · · · , gd ,i D0 bqWzC�
(2) � y ∈ D(T ) ∩ D(Tµ), �6�(6 p̃i, q̃i(i = 1, · · · , d) � g0, f0 ∈ D0, (A

y = p̃1g1 + · · · + p̃dgd + g0, y = q̃1f1 + · · · + q̃dfd + f0.5W
p̃1g1 + · · · + p̃dgd − q̃1f1 − · · · − q̃dfd + g0 − f0 = 0.� (1) 0� f1, · · · , fd, g1, · · · , gd ,i D0 bqWzC��, p̃i = q̃i = 0 (i = 1, · · · , d)� g0 = f0. 5W y = g0 ∈ D0, �, D(T ) ∩ D(Tµ) ⊂ D0. Æ D0 ⊂ D(T ) ∩ D(Tµ), x

D(T ) ∩ D(Tµ) = D0.[h 3.3 � T N_Q (1.1λ) CM�Md<J� T CI66N d, {< n < d < 2n,!�6�B�$ Ĩ = (µ1, µ2), {< −∞ ≤ µ1 < µ2 ≤ ∞, (A ∀λ ∈ Ĩ, (1.1λ) M d rbqWz1��Q� T0 CarM�J" T K8�Iy σp(T ) �B�$ Ĩ C�
J�$�#/e�� Y Ĩ ,'?�C{B�$� T ,� L  +CM�Md<J�{K��
D(T ) = D0+̇span {f1, · · · , fd}.!� λ ∈ Ĩ #, T CC*4�Q�� λ C[J (1.1λ) � L2

W [a, b) < d rbqWz1��N g1, · · · , gd. ��M 3.1 Ub#a� g1, · · · , gd ,'4�6�Y g = (g1, · · · , gd).C[M�Md<J Tg, {K��N
D(Tg) =

{
y ∈ DM (T ) | [gj : y]ba = 0, j = 1, · · · , d

}
.��M 3.2UbF}0� f1, · · · , fd, g1, · · · , gd,iD0bqWzC��D(T )∩D(Tµ) = D0.Y λi , T � Ĩ �CC*4� yi ,Q�C1� L2

W [a, b) C�E,*C*fS��
〈gj , fi〉w =

∫ b

a

f∗

i Wgj dt =

∫ b

a

(λ − λi)f
∗

i Wgj

λ − λi

dt

=(λ − λi)
−1

∫ b

a

λf∗

i Wgj − λif
∗

i Wgj dt

=(λ − λi)
−1

∫ b

a

f∗

i (λWgj) − (λiW
∗f∗

i )gj dt

=(λ − λi)
−1

∫ b

a

f∗

i L(gj) − L∗(fi)gj dt = (λ − λi)
−1[gj : fi]

b
a.Q��sKC i, [g1 : yi]

b
a, · · · , [gd : yi]

b
a 7�{r#,V�f��Q>C j =

1, · · · , d, [gj : yi]
b
a = 0, � yi ∈ D(Tg). Æ yi , T CC*4�x yi ∈ DM (T ). ��M 3.2 FA yi ∈ DM (T )∩D(Tg) = D0.�N a,,�OI�>} yi(a) = 0 (1 ≤ i ≤ d),'� yi ,C



3z -$Q���e�<�;#H53Bap�dR:HBHx 437*4 λi Q�CC*fS`T��,�Q��sKC i (1 ≤ i ≤ d), [gj : yi]
b
a (1 ≤ j ≤ d)7�{r#NV�Y ci =

d∑
j=1

|[gj : yi]
b
a|

2 > 0, �
d∑

j=1

∣∣〈gj , yi〉W
∣∣2 = (λ − λi)

−2
d∑

j=1

∣∣[gj : yi]
b
a

∣∣2 = (λ − λi)
−2ci,>}

d∑

j=1

‖ui‖
2 ≥

d∑

j=1

∑

i

|〈gj , yi〉W |2 =
∑

i

(λ − λi)
−2ci,�,

0 <
∑

i

(λ − λi)
−2ci < ∞, λ ∈ Ĩ \ {λi}.\. {λi} ��$ Ĩ �W3/e ([.Y). !� {λi} ��$ Ĩ CJ�$ [u, v] �/e�Y

KN =
{
λ
∣∣∣
∑

i

(λ − λi)
−2ci ≤ N

}
=

∞⋂

j=1

{
λ
∣∣∣

j∑

i

(λ − λi)
−2ci ≤ N

}
,� KN ,����

∞⋃

N=1

KN =
{
λ
∣∣∣
∑

i

(λ − λi)
−2ci < ∞

}
= [u, v] \ {λi}.� {λi} ��$ Ĩ CJ�$ [u, v] �/e0�J�$ [u, v] ��krC*4 λi ��C-dhW�#��� KN , x KN �J�$ [u, v] �W3/e�5W

[u, v] \

∞⋃

N=1

KN =
{

λ
∣∣∣
∑

i

(λ − λi)
−2ci = ∞

}
= {λi},GXm��'�C*4 {λi} ,F6�`T�5WF0�Iy σp(T ) �B�$ Ĩ C�
J�$�#/e��s�lk�p
D1C�|�%�W e p q
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Abstract In this paper, the relationship between the number of square-integrable solutions

of the linear Hamiltonian systems with real-values spectral parameter λ and point spectrum

of linear Hamiltonian operators with arbitrary deficiency index d is discussed. If for all λ

in an open interval I, there always exist d linearly independent square-integrable solutions,

then the point spectrum of each self-adjoint extension of the minimal operator is nowhere

dense in I.
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