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

(φ(u′))′ + q(t)f(t, u) = 0, t ∈ (0, 1)\{τ}, τ ∈ (0, 1),

−∆φ(u′)|t=τ = I(u(τ)),

u(0) = 0, u(1) = 0.

(1.1)q&� φ(s) = |s|p−2s, p > 1, xT τ ∈ (0, 1), mKZQ f CjÆ u = 0 <�sZ� q�= 2009 l 11 
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3p ;?�*=y�3O�k9 p-Laplace `,℄33nh/Irr��?+ 415CjÆ t = 0 
 / � t = 1 <�sZ� I : [0,∞) → [0,∞) P_m$� △φ(u′)|t=τ =

φ(u′)(τ + 0) − φ(u′)(τ − 0), q& φ(u′)(τ + 0), φ(u′)(τ − 0)) p!� φ(u′)(t) Æ t = τ PJ��I
5�I�a-^4���,Jf7�^ (% [1–7]), �^>�f7Tss�mss�0J�,�Æa�^4JzFD�*i�R((N<ÆZJ�v	 (1)CQRBJ�D0j

(% [2–5,8]); (2) �}-&J Krasnoselskii’s%WPTK (% [1,6,7]). D��f7��^4J p-Laplacian a-5pj1Jss���,J>�Æ%^%� [1] M}uW�"
%WPTK�[T�^4Ja-5pj1J Dirichlet ���,�j8�a- p-Laplacian^45pj1E p = 2 �J*�zW� [9] &/h�}%WPTK�fT%�^4Jl: p-Laplacian a-5pj1Jss���,

{
(φ(u′))′ + q(t)f(t, u) = 0, t ∈ (0, 1),

u(0) = 0, u(1) +B(u′(1)) = 0.
(1.2)J�0J<ÆZ� [2] &�8�w}�D0j
f7T�^4JmKZ φ-Laplaciana-���,���n�J{8��>) [1,2,9] Jj
2�Ga- p-Laplacian ^45pj1 (1.1)&�

2 >e\dfA
Ex6lÆZJ<ÆZ���()ÆA

dJ�f&�}G�A
)M}
Schauder %WPTK
lv Leray-Schauder mKZ��}�Hlvo��}J<ÆZ����E��[DdW�Jl: p-laplacian ^45pj1






(φ(u′))′ + q(t)F (t, u) = 0, t ∈ (0, 1)\{τ}, τ ∈ (0, 1),

−∆φ(u′)|t=τ = I(u(τ)),

u(0) = a, u(1) = b,

(2.1)q&�φ(s) = |s|p−2s, p > 1, mKZQ F (t, u) ∈ C([0, 1]×R, R); q(t) : [0, 1] → (0,∞), #x ∫ 1

0
q(t) dt < +∞; I : R→ R P_�8j�t%�Z J = [0, 1], PC[J,R] = {u : J → R|u(t) P_� u′(τ + 0) 
 u′(τ − 0)<Æ�x u′(τ) = u′(τ − 0)}, � PC[J,R] ~.lv BanachD#�q& |u|0 = sup

t∈[0,1]

|u(t)|.
 J ′ = (0, 1), J0 = (0, 1)\{τ}, J0 = [0, τ ], J1 = (τ, 1].� u ∈ PC[J,R] ∩ C2[J0, R] _1j1 (2.1), A
- u �j1 (2.1) J0�
K 2.1[10] S ⊂ PC[J,R] �L\4J��Ex5E S �Jbv�"Æ J l"�1xÆbv Jk (k = 0, 1, 2, · · · ,m) LYP_�



416 u { � a a � 36=�K 2.1 �DURv.'.N	
F : [0, 1] ×R → R �1,
I : R→ R �1,� (2.1) !	�lv0�r �E�Tqz� T : C[0, 1] → C[0, 1],

(Tu)(t) =






a+

∫ t

0

φ−1
(
c−

∫ r

0

q(s)F (s, u(s)) ds
)

dr, 0 ≤ t ≤ τ,

b−

∫ 1

t

φ−1
(
c−

∫ r

0

q(s)F (s, u(s)) ds− I(u(τ))
)

dr, τ ≤ t ≤ 1,q& φ−1(u) = |u|
1

p−1 sgnu � φ Jd�"� c = c(u) = φ(u′(0)) ~DUj16l�T
∫ τ

0

φ−1
(
c−

∫ r

0

q(s)F (s, u(s)) ds
)

dr

+

∫ 1

τ

φ−1
(
c−

∫ r

0

q(s)F (s, u(s)) ds− I(u(τ))
)

dr

=:w(c) = b − a. (2.2)��z� T , A
�6
(i) \�TJ u ∈ C[0, 1], j1 (2.2) �6l0 c ∈ R,

(ii) C[0, 1] Æz� T DJRÆ [0,1] �l"�1xLYP_�#x
(iii) z� T Æ C[0, 1] P_�Z u ∈ C[0, 1] �T��~ w(c) JTqC�

τφ−1
(
c−M ·

∫ 1

0

q(s) ds
)

+ (1 − τ)φ−1
(
c−M ·

∫ 1

0

q(s) ds−M
)
≤ ω(c)

≤τφ−1
(
c+M ·

∫ 1

0

q(s) ds
)

+ (1 − τ)φ−1
(
c+M ·

∫ 1

0

q(s) ds+M
)
, (2.3)�L M �lv�"#x�

|F (t, u)| ≤M Æ [0, 1] ×R,

|I(u(τ))| ≤M Æ (0, 1).~� φ−1 � R �du�JP_�"�x φ−1(−∞) = −∞, φ−1(+∞) = +∞, ~ wJTq� (2.3) � w j�9�t9�<Æ6lJ c ∈ R _1j1 (2.2), ~9� (i) .N�%�lÆZ�A
C
 a = 0, b = 0. y:�p&�TK� (2.2), C�\�TJ
u ∈ C[0, 1], <Æ ξ1 ∈ (0, τ) 
 ξ2 ∈ (τ, 1), �H

τφ−1
(
c−

∫ ξ1

0

q(s)F (s, u(s)) ds
)

+ (1 − τ)φ−1
(
c−

∫ ξ2

0

q(s)F (s, u(s)) ds− I(u(τ))
)

= 0,
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φ−1

[
τp−1

(
c−

∫ ξ1

0

q(s)F (s, u(s)) ds
)]

=φ−1
[
− (1 − τ)p−1

(
c−

∫ ξ2

0

q(s)F (s, u(s)) ds− I(u(τ))
)]
,��

τp−1
(
c−

∫ ξ1

0

q(s)F (s, u(s)) ds
)

= − (1 − τ)p−1
(
c−

∫ ξ2

0

q(s)F (s, u(s)) ds− I(u(τ))
)
,0H

c =
1

τp−1 + (1 − τ)p−1

[
τp−1

∫ ξ1

0

q(s)F (s, u(s)) ds

+ (1 − τ)p−1
( ∫ ξ2

0

q(s)F (s, u(s)) ds+ I(u(τ))
)]
,q& c �\w�" u ∈ C[0, 1] J (2.2) J6l0�t9

|c| ≤
1

τp−1 + (1 − τ)p−1

[
τp−1M

∫ 1

0

q(s) ds+ (1 − τ)p−1
(
M

∫ 1

0

q(s) ds+M
)]

= : N,#x� ∣∣∣c−
∫ t

0

q(s)F (s, u(s)) ds
∣∣∣ ≤ N, t ∈ [0, 1]\{τ}. (2.4)~ φ JTq� (2.4) CH (Tu)(t) Æ [0, 1]\{τ} ��l"P_J��~

(Tu)′(t) =






φ−1
(
c−

∫ t

0

q(s)F (s, u(s)) ds
)
, 0 ≤ t < τ,

−φ−1
(
c−

∫ t

0

q(s)F (s, u(s)) ds− I(u(τ))
)
, τ < t ≤ 1,

≤

{
φ−1(N), 0 ≤ t < τ,

−φ−1(N +M), τ < t ≤ 1,� (Tu)′(t) Æ [0, τ) 
 (τ, 1] �1�
Æ [0, τ) ��
(Tu)′(t) ≤ L,\�p ε > 0, | δ =

ε

L
, �\ t, s ∈ [0, τ), |t− s| < δ, �

|(Tu)(t) − (Tu)(s)| ≤ L|t− s| < ε.



418 u { � a a � 36=:_ (Tu)(t) Æ [0, τ) �LYP_�H&C� (Tu)(t) Æ (τ, 1] LYP_��� (Tu)(t)Æ�v [0, 1]\{τ} �LYP_J�t9 (ii) .N�
 u0, uj ∈ C[0, 1] xE j → ∞ ��� ‖uj − u0‖ → 0. ��
(Tuj)(t) =






a+

∫ t

0

φ−1
(
cj −

∫ r

0

q(s)F (s, uj(s)) ds
)

dr, 0 ≤ t ≤ τ,

b−

∫ 1

t

φ−1
(
cj −

∫ r

0

q(s)F (s, uj(s)) ds− I(uj(τ))
)

dr, τ ≤ t ≤ 1,q& cj, j = 0, 1, · · · _1DUj1	
∫ τ

0

φ−1
(
cj −

∫ r

0

q(s)F (s, uj(s)) ds
)

dr

+

∫ 1

τ

φ−1
(
cj −

∫ r

0

q(s)F (s, uj(s)) ds− I(uj(τ))
)

dr

=b− a. (2.2)j~� {cj} �1�:_��9P�
 c∗ 8 {cj} J9P�~9PTq�<Æ {cj} J/��QG c∗, 
9/�8 {cj(k)}. � j(k) 
 {cj(k)} B� (2.2)j(k) #Z k → ∞, H
∫ τ

0

φ−1
(
c∗ −

∫ r

0

q(s)F (s, u0(s)) ds
)

dr

+

∫ 1

τ

φ−1
(
c∗ −

∫ r

0

q(s)F (s, u0(s)) ds− I(u0(τ))
)

dr

=b− a.�$f c∗ = c0, t9 cj → c0. ���M}E#�QTKC�
lim

j→∞
(Tuj)(t)

= lim
j→∞





a+

∫ t

0

φ−1
(
cj −

∫ r

0

q(s)F (s, uj(s)) ds
)

dr, 0 ≤ t ≤ τ,

b−

∫ 1

t

φ−1
(
cj −

∫ r

0

q(s)F (s, uj(s)) ds− I(uj(τ))
)

dr, τ ≤ t ≤ 1,

=(Tu0)(t), t ∈ [0, 1].� f (Tu)(t) Æ [0, 1] �P_�t9 (iii) .N�~ (i), (ii), (iii),y: Arzela-AscoliTKC��(Tu)(t)�1#x~P_�~ Schouder%WPTKCH T !	�lv%WP�
 T J%WP8 u(t), ��
u(t) =






a+

∫ t

0

φ−1
(
c−

∫ r

0

q(s)F (s, u(s)) ds
)

dr, 0 ≤ t ≤ τ,

b−

∫ 1

t

φ−1
(
c−

∫ r

0

q(s)F (s, u(s)) ds− I(u(τ))
)

dr, τ ≤ t ≤ 1,



3p ;?�*=y�3O�k9 p-Laplace `,℄33nh/Irr��?+ 419q& c _1I#.' (2.2). �� u(0) = a, u(1) = b. t9
u′(t) =





φ−1
(
c−

∫ t

0

q(s)F (s, u(s)) ds
)
, 0 ≤ t < τ,

φ−1
(
c−

∫ t

0

q(s)F (s, u(s)) ds− I(u(τ))
)
, τ < t ≤ 1,

=






φ−1
(
c−

∫ t

0

q(s)F (s, u(s)) ds
)
, 0 ≤ t < τ,

φ−1
(
c−

∫ τ

0

q(s)F (s, u(s)) ds− I(u(τ)) −

∫ t

τ

q(s)F (s, u(s)) ds
)
, τ < t ≤ 1,��

φ(u′(t)) =





c−

∫ t

0

q(s)F (s, u(s)) ds, 0 ≤ t < τ,

c−

∫ τ

0

q(s)F (s, u(s)) ds− I(u(τ)) −

∫ t

τ

q(s)F (s, u(s)) ds, τ < t ≤ 1,

=





c−

∫ t

0

q(s)F (s, u(s)) ds, 0 ≤ t < τ,

φ(u′(τ − 0)) − I(u(τ)) −

∫ t

τ

q(s)F (s, u(s)) ds, τ < t ≤ 1,

=






c−

∫ t

0

q(s)F (s, u(s)) ds, 0 ≤ t < τ,

φ(u′(τ + 0)) −

∫ t

τ

q(s)F (s, u(s)) ds, τ < t ≤ 1,�
−(φ(u′))′ = q(t)F (t, u(t)), t ∈ (0, 1)\{τ},t9��" u(t) � (2.1) J0�A
�fT (2.1) !	�lv0��K 2.2 
DURv.'.N	

F : J ×R −→ R P_ (2.5)x
I : R −→ R P_��1. (2.6)

(I) 





\�p r > 0, <Æ hr ∈ L1

loc(J) x ∫ 1

0

hr(t) dt <∞,�H\ t ∈ J, E |u| ≤ r ���� |F (t, u)| ≤ hr(t)

(2.7).N�#"
<Æ� λ B�J+" M > 0, �
|u|0 = sup

t∈[0,1]

|u(t)| 6= M (2.8)



420 u { � a a � 36=.N�q& u ∈ PC[J,R] ∩ C2[J0, R] �j1




(φ(u′))′ + λp−1q(t)F (t, u) = 0, t ∈ (0, 1),

−∆φ(u′)|t=τ = λp−1I(u(τ)), τ ∈ (0, 1),

u(0) = a, u(1) = b

(2.9)λ\'�J λ ∈ (0, 1) J�p0�� (2.1) �0 u x |u|0 ≤M .

(II) 
 { <Æ h ∈ L1
loc(J) x ∫ 1

0 h(t) dt <∞,�H\� t ∈ J, u ∈ R, � |F (t, u)| ≤ h(t)
(2.10).N�� (2.1) ��0�\�vTKA
%6�f�t8(J�f�1
A
ss�fJTK�m+H&J�q&�lU5TD�m+)iJ%/�A
Cn
 U =

{
u ∈ C[0, 1] : |u|0 < M

}
, #xTqz� Tλ : U → C[0, 1],

(Tλu)(t) =





a+ λ

∫ t

0

φ−1
(
c−

∫ r

0

q(s)F (s, u(s)) ds
)

dr, 0 ≤ t ≤ τ,

b− λ

∫ 1

t

φ−1
(
c−

∫ r

0

q(s)F (s, u(s)) ds− I(u(τ))
)

dr, τ ≤ t ≤ 1,q& c = c(u) = φ(u′(0)) ~DUj16l�T
λ

∫ τ

0

φ−1
(
c−

∫ r

0

q(s)F (s, u(s)) ds
)

dr

+ λ

∫ 1

τ

φ−1
(
c−

∫ r

0

q(s)F (s, u(s)) ds− I(u(τ))
)

dr

=b− a. (2.2)λA
 ℄�f Tλ Æ [0, 1] �l"�1�LYP_#x~P_�(J�fC)�TK 2.1 &L�(pJ�f�
3 k_HMA
)x6Ddj1J<ÆZTK





(φ(u′))′ + q(t)f(t, u) = 0, t ∈ J0,

−∆φ(u′)|t=τ = I(u(τ)), τ ∈ (0, 1),

u(0) = 0, u(1) = 0.

(3.1)q& I : [0,∞) → [0,∞) P_m$�mKZQ f CjÆ u = 0 <�sZ� q CjÆ t = 0
 / � t = 1 <�sZ�A
)�E�f (3.1) <� PC [J,R]∩C2[J0, R] J0�89�~TK 2.2, \�p2p?J n, A
)E(NDU “\�” �,J PC[J,R] ∩ C2[J0, R] 0



3p ;?�*=y�3O�k9 p-Laplace `,℄33nh/Irr��?+ 421J<ÆZ 




(φ(u′))′ + q(t)f(t, u) = 0, t ∈ J0,

−∆φ(u′)|t=τ = I(u(τ)),

u(0) =
1

n
, u(1) =

1

n
.

(3.2)ni�f (3.1) �0 ℄Z n→ ∞, �l&J�&%M8� Arzela-Ascoli TK��K 3.1 
DU.'.N	
q ∈ C(0, 1), Æ J ′� q > 0 x ∫ 1

0

q(t) dt <∞, (3.3)

f : J × (0,∞) → (0,∞) P_� (3.4)






Æ J × (0,∞) �� 0 ≤ f(t, u) ≤ g(u) + h(u), xÆ (0,∞) �� g > 0 P_m�,Æ [0,∞) ��h ≥ 0 P_ , xÆ (0,∞)�� h

g
m$� (3.5)

{ \�p+" H > 0, <Æ�" ψH Æ J P_ , xÆ J ′ 8�,�HÆ J ′ × (0, H ] �� f(t, u) ≥ ψH(t),
(3.6)#x

∃ r > 0 � ∫ r

0

du

φ−1(g(u))
>

1

2
φ−1

(I(r)
g(r)

+ b0

{
1 +

h(r)

g(r)

})
, (3.7)q&

b0 = max
{∫ 1

2

0

q(t) dt,

∫ 1

1
2

q(t) dt
}
, (3.8)� (3.1) �0 u ∈ PC[J,R] ∩C2[J0, R], xÆ J ′ � u > 0, |u|0 < r.r `��EJ ε > 0, ε < r, �

∫ r

ε

du

φ−1(g(u))
>

1

2
φ−1

(I(r)
g(r)

+ b0

{
1 +

h(r)

g(r)

})
. (3.9)`|�EJ n0 ∈ {1, 2, · · ·}, �H 1

n0
< ε

2 , Z N0 = {n0, n0 + 1, · · ·}. 8� (3.2)n, n ∈ N0�0�A
E�[ 




(φ(u′))′ + q(t)Fn(t, u) = 0, t ∈ J0,

−∆φ(u′)|t=τ = Ĩ(u(τ)),

u(0) =
1

n
, u(1) =

1

n
,

(3.10)nq&
Fn(t, u) =




f(t, u), u ≥

1

n
,

f
(
t,

1

n

)
, u <

1

n
,

Ĩ(u) =

{
I(u), u ≥ 0,

I(0), u < 0.
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)M}TK 2.2 �f\��pJ n ∈ N0, (3.10)n X<Æ0�89�E�[�,2





(φ(u′))′ + λp−1q(t)Fn(t, u) = 0, t ∈ J0,

−∆φ(u′)|t=τ = λp−1Ĩ(u(τ)),

u(0) =
1

n
, u(1) =

1

n
,

(3.11)n
λq& 0 < λ < 1. �E�o�<Æ τn ∈ (0, 1), �HÆ (0, τn) �� u′(t) ≥ 0, Æ (τn, 1) ��

u′(t) ≤ 0, x u(τn) = ‖u‖ = r. Z u � (3.11)n
λ J0�� 0 < τn ≤ τ , ��

u(t) =






1

n
+ λ

∫ t

0

φ−1
(∫ τn

r

q(s)Fn(s, u(s)) ds
)

dr, 0 ≤ t ≤ τn,

1

n
+ λ

[∫ 1

τ

φ−1
(
I(u(τ)) +

∫ r

τn

q(s)Fn(s, u(s)) ds
)

dr
]

+λ
[∫ τ

t

φ−1
(∫ r

τn

q(s)Fn(s, u(s)) ds
)

dr
]
, τn ≤ t ≤ τ,

1

n
+ λ

∫ 1

t

φ−1
(
I(u(τ)) +

∫ r

τn

q(s)Fn(s, u(s)) ds
)

dr, τ ≤ t ≤ 1,q& τn ~DUj16l�T
∫ τn

0

φ−1
(∫ τn

r

q(s)Fn(s, u(s)) ds
)

dr

=

∫ 1

τ

φ−1
(
I(u(τ)) +

∫ r

τn

q(s)Fn(s, u(s)) ds
)

dr

+

∫ τ

τn

φ−1
( ∫ r

τn

q(s)Fn(s, u(s)) ds
)

dr,� τ ≤ τn < 1, ��
u(t) =






1

n
+ λ

∫ t

0 φ
−1

(
I(u(τ)) +

∫ τn

r

q(s)Fn(s, u(s)) ds
)

dr, 0 ≤ t ≤ τ,

1

n
+ λ

[∫ τ

0

φ−1
(
I(u(τ)) +

∫ τn

r

q(s)Fn(s, u(s)) ds
)

dr
]

+λ
[∫ t

τ

φ−1
(∫ τn

r

q(s)Fn(s, u(s)) ds
)

dr
]
, τ ≤ t ≤ τn,

1

n
+ λ

∫ 1

t

φ−1
(∫ r

τn

q(s)Fn(s, u(s)) ds
)

dr, τn ≤ t ≤ 1,q& τn ~DUj16l�T
∫ 1

τn

φ−1
( ∫ r

τn

q(s)Fn(s, u(s)) ds
)

dr

=

∫ τ

0

φ−1
(
I(u(τ)) +

∫ τn

r

q(s)Fn(s, u(s)) ds
)

dr

+

∫ τn

τ

φ−1
(∫ τn

r

q(s)Fn(s, u(s)) ds
)

dr,
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u(t) ≥

1

n
, t ∈ [0, 1], Ĩ(u(τ)) = I(u(τ)), Fn(t, u(t)) = f(t, u(t)).\� x ∈ J0, F��

−
(
φ(u′(x))

)′
≤ g(u(x))

{
1 +

h(u(x))

g(u(x))

}
q(x). (3.12)Q[ 1 � 0 < τ < τn, u′(τn) = 0, ) (3.12) : t (τ < t < τn) G τn �p�H

φ(u′(t)) ≤
{

1 +
h(u(τn))

g(u(τn))

} ∫ τn

t

q(x)g(u(x)) dx,��
φ(u′(τ + 0)) ≤

{
1 +

h(u(τn))

g(u(τn))

}∫ τn

τ

q(x)g(u(x)) dx,_~ φ(u′(τ + 0)) − φ(u′(τ − 0)) = −I(u(τ)), C�
φ(u′(τ − 0)) =φ(u′(τ + 0)) + I(u(τ))

≤I(u(τ)) +
{

1 +
h(u(τn))

g(u(τn))

}∫ τn

τ

q(x)g(u(x)) dx,�) (3.12) : t (0 < t < τ) G τ �p�H
φ(u′(t)) ≤φ(u′(τ − 0)) +

{
1 +

h(u(τn))

g(u(τn))

}∫ τ

t

q(x)g(u(x)) dx

≤I(u(τ)) +
{

1 +
h(u(τn))

g(u(τn))

} ∫ τn

t

q(x)g(u(x)) dx,t9
φ(u′(t)) ≤ I(u(τn)) +

{
1 +

h(u(τn))

g(u(τn))

}∫ τn

t

q(x)g(u(x)) dx, 0 < t ≤ τn,�
u′(t) ≤ φ−1

[
I(u(τn)) +

{
1 +

h(u(τn))

g(u(τn))

}∫ τn

t

q(x)g(u(x)) dx
]
,)��: 0 G τn �p�H

∫ u(τn)

1
n

du

φ−1(g(u))
≤

∫ τn

0

φ−1
[I(u(τn))

g(u(τn))
+

{
1 +

h(u(τn))

g(u(τn))

} ∫ τn

t

q(x) dx
]

≤τnφ
−1

[I(u(τn))

g(u(τn))
+

{
1 +

h(u(τn))

g(u(τn))

}∫ τn

0

q(x) dx
]
,:_

∫ u(τn)

ε

du

φ−1(g(u))
≤ τnφ

−1
[I(u(τn))

g(u(τn))
+

{
1 +

h(u(τn))

g(u(τn))

} ∫ τn

0

q(x) dx
]
. (3.13)
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C) (3.12) : τn G t (t ≥ τn) �p��: τn G 1 �p�H
∫ u(τn)

ε

du

φ−1(g(u))
≤ (1 − τn)φ−1

({
1 +

h(u(τn))

g(u(τn))

}∫ 1

τn

q(x) dx
)
. (3.14)Q[ 2 � τn < τ < 1, u′(τn) = 0, ) (3.12) : τn G t (τn < t < τ) �p�H

−φ(u′(t)) ≤
{
1 +

h(u(τn))

g(u(τn))

}∫ t

τn

q(x)g(u(x)) dx,��
−φ(u′(τ − 0)) ≤

{
1 +

h(u(τn))

g(u(τn))

}∫ τ

τn

q(x)g(u(x)) dx,_~ φ(u′(τ + 0)) − φ(u′(τ − 0)) = −I(u(τ)), C�
−φ(u′(τ + 0)) = − φ(u′(τ − 0)) + I(u(τ))

≤I(u(τ)) +
{
1 +

h(u(τn))

g(u(τn))

}∫ τ

τn

q(x)g(u(x)) dx,�) (3.12) : τ G t (τ < t < 1) �p�H
−φ(u′(t)) ≤ − φ(u′(τ + 0)) +

{
1 +

h(u(τn))

g(u(τn))

} ∫ t

τ

q(x)g(u(x)) dx

≤I(u(τ)) +
{
1 +

h(u(τn))

g(u(τn))

} ∫ t

τn

q(x)g(u(x)) dx,t9
−φ(u′(t)) ≤ I(u(τn)) +

{
1 +

h(u(τn))

g(u(τn))

}∫ t

τn

q(x)g(u(x)) dx, τn ≤ t < 1,�
−u′(t) ≤ φ−1

[
I(u(τn)) +

{
1 +

h(u(τn))

g(u(τn))

}∫ t

τn

q(x)g(u(x)) dx
]
,)��: τn G 1 �p�H

∫ u(τn)

1
n

du

φ−1(g(u))
≤

∫ 1

τn

φ−1
[I(u(τn))

g(u(τn))
+

{
1 +

h(u(τn))

g(u(τn))

} ∫ t

τn

q(x) dx
]

≤(1 − τn)φ−1
[I(u(τn))

g(u(τn))
+

{
1 +

h(u(τn))

g(u(τn))

}∫ 1

τn

q(x) dx
]
,:_

∫ u(τn)

ǫ

du

φ−1(g(u))
≤ (1 − τn)φ−1

[I(u(τn))

g(u(τn))
+

{
1 +

h(u(τn))

g(u(τn))

} ∫ 1

τn

q(x) dx
]
. (3.13)′
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C) (3.12) : t (t ≤ τn) G τn �p��: 0 G τn �p�H
∫ u(τn)

ε

du

φ−1(g(u))
≤ τnφ

−1
({

1 +
h(u(τn))

g(u(τn))

}∫ τn

0

q(x) dx
)
. (3.14)′Q[ 3 � τ = τn, u′(τn − 0) ≥ 0, u′(τn +0) ≤ 0, ) (3.12): t (t < τn) G τn �p�H

φ(u′(t)) ≤φ(u′(τn − 0)) +
{
1 +

h(u(τn))

g(u(τn))

}∫ τn

t

q(x)g(u(x)) dx

≤φ(u′(τn + 0)) + I(u(τ)) +
{

1 +
h(u(τn))

g(u(τn))

} ∫ τn

t

q(x)g(u(x)) dx

≤I(u(τ)) +
{
1 +

h(u(τn))

g(u(τn))

}∫ τn

t

q(x)g(u(x)) dx,��
u′(t) ≤ φ−1

[
I(u(τn)) +

{
1 +

h(u(τn))

g(u(τn))

}∫ τn

t

q(x)g(u(x)) dx
]
,)��: 0 G τn �p�H

∫ u(τn)

1
n

du

φ−1(g(u))
≤

∫ τn

0

φ−1
[I(u(τn))

g(u(τn))
+

{
1 +

h(u(τn))

g(u(τn))

} ∫ τn

t

q(x) dx
]

≤τnφ
−1

[I(u(τn))

g(u(τn))
+

{
1 +

h(u(τn))

g(u(τn))

}∫ τn

0

q(x) dx
]
,:_

∫ u(τn)

ε

du

φ−1(g(u))
≤ τnφ

−1
[I(u(τn))

g(u(τn))
+

{
1 +

h(u(τn))

g(u(τn))

}∫ τn

0

q(x) dx
]
. (3.13)′′H&M�A
C) (3.12) : τn G t (t > τn) �p�H

−φ(u′(t)) ≤− φ(u′(τ + 0)) +
{

1 +
h(u(τn))

g(u(τn))

}∫ t

τn

q(x)g(u(x)) dx,

≤− φ(u′(τ − 0)) + I(u(τ)) +
{

1 +
h(u(τn))

g(u(τn))

}∫ t

τn

q(x)g(u(x)) dx,

≤I(u(τ)) +
{

1 +
h(u(τn))

g(u(τn))

}∫ t

τn

q(x)g(u(x)) dx,��
−u′(t) ≤ φ−1

[
I(u(τn)) +

{
1 +

h(u(τn))

g(u(τn))

}∫ t

τn

q(x)g(u(x)) dx
]
,)��: τn G 1 �p�H

∫ u(τn)

1
n

du

φ−1(g(u))
≤

∫ 1

τn

φ−1
[I(u(τn))

g(u(τn))
+

{
1 +

h(u(τn))

g(u(τn))

}∫ t

τn

q(x) dx
]

≤(1 − τn)φ−1
[I(u(τn))

g(u(τn))
+

{
1 +

h(u(τn))

g(u(τn))

}∫ 1

τn

q(x) dx
]
,
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∫ u(τn)

ǫ

du

φ−1(g(u))
≤ (1 − τn)φ−1

[I(u(τn))

g(u(τn))
+

{
1 +

h(u(τn))

g(u(τn))

}∫ 1

τn

q(x) dx
]
. (3.14)′′~�/ (2.13), (2.14), (2.13)′, (2.14)′ 
 (2.13)′′, (2.14)′′ C�

∫ u(τn)

ε

du

φ−1(g(u))
≤

1

2
φ−1

[I(u(τn))

g(u(τn))
+ b0

{
1 +

h(u(τn))

g(u(τn))

}]
.~9� (3.9) � |u|0 6= r. �y:TK 2.2, (3.10)n �0 un , x |un|0 ≤ r. ��� (�uH&C�),

1

n
≤ un(t) < r \� t ∈ J.DdA
)x6�� un Jz8�wJD1��

un(t) ≥ kt(1 − t) \ t ∈ J. (3.15)8� (3.15) ���E,pG (3.6) ��T�" ψr(t) J<ÆZ�#� ψr(t) Æ J P__Æ J ′ 8��xE (t, un) ∈ J ′ × (0, r] ��� f(t, un) ≥ ψr(t) . HÆA
�[j1
{ (

φ(w′(t))
)′

+ q(t)ψr(t) = 0, t ∈ J0,

w(0) = w(1) = 0.
(3.16)
 w(t) � (3.16) J0�F�� w(t) > 0, t ∈ (0, 1). A
)�f un(t) ≥ w(t). ����Z z(t) = un(t) − w(t), � z(0) = un(0) − w(0) = 1

n
, z(1) = un(1) − w(1) = 1

n
. � z(t) ≥ 0%.N����{# [a, b] ⊂ (0, 1) �H

z(a) = z(b) = 0, x z(t) < 0, t ∈ (a, b).o�<ÆP t0 ∈ (a, b) �H z(t0) = min
t∈(a,b)

z(t) < 0. � τ 6= t0, � z′(t0) = 0. %�lÆZ�%k
 τ > t0. ~�
−

(
φ(u′n(t))

)′
≥ −

(
φ(w′(t))

)′
, t ∈ (a, b). (3.17))��RZ: t, a < t ≤ t0 G t0 �p�H

−φ(u′n(t0)) + φ(u′n(t)) ≥ −φ(w′(t0)) + φ(w′(t)),�
φ(u′n(t)) ≥ φ(w′(t)).t9� z′(t) ≥ 0, t ∈ (a, t0], :_ z(t0) ≥ z(a) = 0 �m�`℄�� τ = t0, � z′(τ − 0) ≤

0, z′(τ + 0) ≥ 0. ) (3.17) : t, a < t < t0 G t0 �p�H
−φ(u′n(τ − 0)) + φ(u′n(t)) ≥ −φ(w′(τ)) + φ(w′(t)),
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φ(u′n(t)) − φ(w′(t)) ≥ I(un(τ)) +

[
φ(u′n(τ + 0)) − φ(w′(τ))

]
≥ 0.t9� z′(t) ≥ 0, t ∈ (a, τ), :_ z(τ) ≥ z(a) = 0 �m�`℄�t9 un(t) ≥ w(t) ≥ t(1 − t)|w|0, | k = |w|0, � (3.15) .N�DdA
)�f

{un}n∈N0 � J ��1LYP_2. (3.18)e��/ (3.12) () u } un B-), �
−(φ(u′n(t)))′ ≤ g(un(t))

{
1 +

h(r)

g(r)

}
q(t) \� t ∈ J0. (3.19)~�Æ J0 � (φ(u′n(t)))′ ≤ 0 , #Æ J � un ≥ 1
n

, H&� (3.11)n
λ − (3.12) J)\C��<Æ τn ∈ J ′ �HÆ (0, τn) � u′n ≥ 0 _Æ (τn, 1)� u′n ≤ 0 , ) (3.19): t (t < τn)G τn �p�H

φ(u′n(t+ 0))

g(un(t))
≤
I(r)

g(r)
+

{
1 +

h(r)

g(r)

} ∫ τn

t

q(x) dx. (3.20)Yljd�) (3.19) : τn G t (t > τn) �p�H
−φ(u′n(t− 0))

g(un(t))
≤

I(r)

g(r)
+

{
1 +

h(r)

g(r)

} ∫ t

τn

q(x) dx. (3.21)HÆA
Cn[g<Æ a0 
 a1, a0 > 0, a1 < 1 x a0 < a1, �
a0 < inf {τn : n ∈ N0} ≤ sup

{
τn : n ∈ N0

}
< a1. (3.22)RO 3.1 �L τn (�u) � (0, 1) i6llP��H un(τn) = max

t∈[0,1]
{un(t)}.HÆA
G�f inf {τn : n ∈ N0} > 0. �9%���<Æ N0 J/� S, �HÆ S&�E n→ ∞ �� τn → 0. ) (3.20) : 0 G τn �p�H

∫ un(τn)

0

dy

φ−1(g(y))
≤ τnφ

−1
[I(r)
g(r)

+
{
1 +

h(r)

g(r)

}∫ τn

0

q(x) dx
]

+

∫ 1
n

0

dy

φ−1(g(y))
. (3.23)�L n ∈ S. ~�Æ S &�E n → ∞ �� τn → 0, �~ (3.23) C�Æ S &�E n → ∞�� un(τn) → 0. _~ un Æ τn 7|H4?��C�E n → ∞ �� un → 0. ��

(3.15) `℄�t9 inf {τn : n ∈ N0} > 0. H&)\CH sup {τn : n ∈ N0} < 1.`T (3.22) &J a0 
 a1 , � (3.20), (3.21) 
 (3.22) ��T
|φ(u′n(t))|

g(un(t))
≤
I(r)

g(r)
+

{
1 +

h(r)

g(r)

}
v(t) \� t ∈ J ′, (3.24)q&

v(t) =

∫ max{t,a1}

min{t,a0}

q(x) dx.



428 u { � a a � 36=o� v ∈ L1[J ]. Z B : [0,∞) → [0,∞) Tq8
B(z) =

∫ z

0

du

φ−1(g(u))
.,pG B � [0,∞) G [0,∞) J�z� (��~� g > 0 Æ (0,∞) m�� B(∞) = ∞),x B Æ [0, a] �\�p a > 0 P_���

{B(un)}n∈N0 � J ��1LYP_2. (3.25)LYP_ZJ�f�D (�L t, s ∈ J)

|B(un(t)) −B(un(s))| =
∣∣∣
∫ t

s

d(un(x))

φ−1(g(un(x)))

∣∣∣

≤
1

2
|t− s|φ−1

[
I(r)

g(r)
+

{
1 +

h(r)

g(r)

} ∣∣∣
∫ t

s

v(x) dx
∣∣∣
]
.9%L�$f�Æ [0, B(r)] � B−1 l"P_x

|un(t) − un(s)| = |B−1(B(un(t))) −B−1(B(un(s)))|��HGT (3.18).

Arzela-Ascoli TK��T<Æ N0 &J/^U N 
�" u ∈ PC[J,R] ∩ C2[J0, R],�HÆ J �E n→ ∞ �� un l"�Q� u , x u(0) = u(1) = 0, |u|0 ≤ r , u(t) ≥ 0\ t ∈ J .N�|T t ∈ (0, τ) , � un (n ∈ N) _1�pj1
un(t) = un

(τ
2

)
+

∫ t

τ

2

φ−1
[
φ
(
u′n

(τ
2

))
−

∫ r

τ

2

q(s) f(s, un(s)) ds
]
dr, t ∈ (0, τ),\� t ∈ (0, τ). t8\ s ∈ J ′ � 0 ≤ un(s) ≤ r, 'n {

u′n
(

τ
2

)}
, n ∈ N , ��1^U��� {

u′n
(

τ
2

)}
n∈N

�lv�Q/U�t9 {un(t)}n∈N Æ (0, τ) �L\4J�8j�t%

{
u′n

(
τ
2

)}
n∈N
89�Q/U#xZ r0 ∈ R �(J�I�Æ N �Z n → ∞ (�L f Æ4� [

min
(

τ
2 , t

)
, max

(
τ
2 , t

)]
× (0, r] �l"P_), ��HG

u(t) = u
(τ

2

)
+

∫ t

τ

2

φ−1
(
φ(r0) −

∫ r

τ

2

q(s) f(s, u(s)) ds
)

dr, t ∈ (0, τ).A
Cn\bv t ∈ (0, τ) 6�()\�HG (φ(u′))′ + q(t) f(t, u) = 0 \ t ∈ (0, τ) .N�/K�Æ (τ, 1) �A
CnHGL/J.\�4
�F_o% |u|0 < r (q���� |u|0 = r , �~ (3.12)–(3.14) H&)\CnHG`℄).



3p ;?�*=y�3O�k9 p-Laplace `,℄33nh/Irr��?+ 429L 3.1 �[���,	




(φ(u′))′ + σ (u−α + uβ + 1) = 0, t ∈ J0,

−∆φ(u′)|t=τ = σuβ(τ),

u(0) = u(1) = 0, α > 0, β > p− 1.

(3.26)
 0 < σ < 2
5

( 2(p−1)
p−1+α

)p−1
, � (3.26) �0 u ∈ PC[J,R] ∩ C2[J0, R] , xÆ J ′ � u > 0,

|u|0 < 1.8�9�A
Cnw}TK 3.1. Z q(s) = σ, g(u) = u−α, h(u) = uβ + 1. F�
(3.3)–(3.6) .N�#x�

b0 = max
{∫ 1

2

0

q(t) dt ,

∫ 1

1
2

q(t) dt
}

=
1

2
σ.| r = 1, ~�

∫ r

0

du

φ−1(g(u))
=

∫ 1

0

u
α

(p−1) du =
p− 1

p− 1 + α
,

1

2
φ−1

(I(r)
g(r)

+ b0

{
1 +

h(r)

g(r)

})
=

1

2
φ−1(σ + 3b0) =

1

2

(5

2
σ
) 1

p−1

,��
p− 1

p− 1 + α
>

1

2

(5

2
σ
) 1

p−1

.t9C� (3.7) .N�y:TK 3.1. C�.\.N�: I X Z
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