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Abstract We introduce a robust and fully adaptive method for pointwise estimation in heteroscedastic
regression. We allow for noise and design distributions that are unknown and fulfill very weak assumptions
only. In particular, we do not impose moment conditions on the noise distribution, and we allow for zero
noise. Moreover, we do not require a strictly positive density for the design distribution. In a first step,
we fix a bandwidth and construct M-estimators that consist of a contrast and a kernel. We then choose
the contrast and the kernel that minimize the empirical variance and demonstrate that the corresponding
M-estimator is adaptive with respect to the noise and design distributions and adaptive (Huber) minimax
for contamination models. In a second step, we additionally choose a data-driven bandwidth via Lepski’s
method. This leads to an M-estimator that is adaptive with respect to the noise and design distribu-
tions and, additionally, adaptive with respect to the smoothness of an isotropic, locally polynomial target
function. These results are also extended to anisotropic, locally constant target functions. Our data-driven
approach provides, in particular, a level of robustness that adapts to the noise, contamination, and outliers.
We finally conclude with a detailed discussion of our assumptions and an outlook on possible extensions.

Keywords: Adaptation, Huber contrast, Lepski’s method, M-estimation, minimax estimation, nonparamet-
ric regression, pointwise estimation, robust estimation.

AMS 2000 Subject Classification: Primary 62G08; secondary 62G20, 62G35.

1. Introduction

We introduce a new method for pointwise estimation in heteroscedastic regression that is adap-
tive with respect to the model. The new method is, in particular, adaptive with respect to the
noise and design distributions (D-adaptive) and with respect to the smoothness of the regression
function (S-adaptive).

Let us briefly review the related literature. The asymptotic normality of M-estimators for the
location parameter in regular models is proved in the pioneering paper [12]. Later, minimax results
in nonparametric regression were derived in the series of papers [26-29]. More recently, a block
median method is used in [7] to prove the asymptotic equivalence between Gaussian regression and
homoscedastic regression for deterministic designs and possibly heavy-tailed noises. Together with
a blockwise Stein’s Method with wavelets, this leads to an estimator that is adaptive optimal over
Besov spaces with respect to the Lo-risk and adaptive optimal over isotropic Holder classes with
respect to the punctual risk. This estimator is thus S-adaptive. Additionally, the noise density at 0
is estimated, and a D-adaptive estimator is then found with a plug-in method. However, in contrast
to this paper, only homoscedastic regression is considered and multivariate regression functions,
in particular anisotropic functions, are not allowed for. We finally mention [24], where a modified
version of Lepski’s method is applied in homoscedastic regression.
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What is the main idea behind our approach? Consider the estimation of t° € R in the translation
model Y ~ g(-—1°) for a probability density g. The M-estimator ¢ of t corresponding to a constrast
p and a sample Vy,...,), of )V is then

t:=arg mtm; p(Vi —1).
It holds that (see [12-14])

Vn(t —°) ﬁ N(0,AV), AV := %, (1.1)

where G is the distribution of ), p’ and p”" are the first and second derivatives of the contrast p,
and £ indicates convergence in law. In other words, ¢ is asymptotically normal with asymptotic
variance AV. This result suggests that an optimal estimator is obtained minimizing the asymptotic
variance. This is the main idea behind our approach. To support this idea further, we recall that
(see [12])
/\2

g LG (1),

? ([ prdG)
where I(G) is the Fisher information for the true distribution G' and the infimum is taken over all
twice differentiable contrasts. This implies, together with the Cramer-Rao Inequality, that an effi-
cient M-estimator exists. Huber proposed in [12, Proposal 3] to minimize an estimate of the above
asymptotic variance (since the the distribution G is not available in practice) over the family of
Huber contrasts (see below). He also conjectured that the corresponding estimator is minimax for
certain contamination models. More recently, an M-estimator with a contrast that minimizes an
estimate of the asymptotic variance was introduced for the parametric model, and its asymptotic
normality was proved (see [1]). As examples, Huber contrasts indexed by their scale and a family
of £, losses are treated. In this paper, we consider local M-estimators consisting of a contrast and a
kernel such that an estimate of the nonasymptotic variance is minimized. We present, in particular,
a nonasymptotic result which shows that the corresponding estimator mimics the oracle, that is,
the function that minimizes the true variance. An advantage of our approach is, for example, that
a data-driven selection of the scale of the Huber contrast provides an adaptive robustness with
respect to outliers. Additionally, a suitable choice of the support of the kernel can take a maximal
number of points around xg into account (cf. [10]). In particular, noncentered or even nonconvex
supports can be considered. Finally, we show that our estimator is D-adaptive for various sets of
contrasts and kernels with finite entropy.

(1.2)

We finally study the problem of S-adaptation. Our main goal is to find a simultaneously D- and
S-adaptive pointwise estimator for anisotropic target functions. However, this is not straightforward
since the standard Lepski’s method (see [19, 21]) only applies to isotropic functions. Therefore, we
restrict ourselves to these functions in a first step. We use Lepski’s method for the S-adaptation
plugging-in an estimate of the minimal variance for the D-adaptation (this is also the case in the
context of model selection, see [4], or the Lasso, see [6]).This way, we obtain the first estimator
in heteroscedastic regression with random design and noise distributions with heavy tails which
is simultaneously D- and S-adaptive and optimal in a sense describe later. Additionally, we allow
for zero noise (which is detected by the estimator). Furthermore, we note that the application of
Lepski’s method for nonlinear estimators is still nonstandard, and only very few examples can be
found in the literature ([8, 23, 24]). In a next step, we extend our results to anisotropic target
functions. For this, we have to restrict ourselves to locally constant target functions. We apply a
modification of Lepski’s methods given in [16, 20] and construct an optimal, simultaneously S-and
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D-adaptive estimator. This is the first application of such a method to nonlinear estimators for
anisotropic target functions. Of great interest is, in particular, the corresponding selection of an
anisotropic bandwidth for applications in the context of image denoising (cf. [2]). Moreover, our
methods can be applied to establish robust, adaptive confidence bands (cf. [11]).

The structure of this paper is as follows: In the following section, we first introduce a nonasymp-
totic variance that resembles the asymptotic variance (see Theorem 1) and then provide a choice
for the contrast and the kernel (see Theorem 2). We show, in particular, that the corresponding
estimator is Huber minimax (see Section 2.3). Then, we provide a choice for the bandwidth for
isotropic, locally polynomial target functions (see Theorem 3) and for anisotropic, locally constant
target functions (see Theorem 4). After this, we give a discussion on our assumptions and an out-
look in Section 4. The proofs are finally conducted in Section 5 and in the Appendix, and some
sample entropy calculations are presented in Section 6.1.

2. A D-adaptive Estimator for Fixed Bandwidths

In this section, we consider pointwise estimation in heteroscedastic regression for fixed band-
widths. In the first part, we define an estimator with a local polynomial approach for a fixed kernel
and a fixed contrast. In the second part, we additionally allow for the selection of the kernel and
the contrast via a minimization of the variance of the estimator. Finally, we elaborate on the para-
metric model and relate to important classical results.

Let us specify the model beforehand. We assume the observations AQNS (Xi,Yi)iz1,..n,n € N¥,
to be distributed according to P and to satisfy the set of equations

Y;:f*(Xl)—f'O'(Xl)gz, 221,,7’L (21)

We aim at estimating the target function f* : [0,1]¢ — R at a given point xg on (0,1)%. The target
function is assumed to be smooth, more specifically, it is assumed to belong to a Holder class (see
Definition 4 below). The target function is obscured by the second part of the above model, the
_____ n are assumed to be distributed independently according to the
densities g;(-) with respect to the Lebesgue measure on R. The noise densities may be unknown,
but we assume that »_. g;(-) is symmetric and that there exist A €0, 1] and Ymin > 0 such that

Yminllo %
/ nt Z gi(z)dz > A. (2.2)

Yminllo]lL

The latter assumption is trivially satisfied with A = 1 and ypin = 1 if ||o||ec = 0 (invoking the
convention 1/0 = co). We stress that we do not impose, unlike in the literature on the median
(cf. [7]), any moment assumptions on the noise, and we do not require that the noise densities are
positive at 0. Indeed, Assumption (2.2) imposes that the density >, g;(-) has enough mass on the
interval [~ymin, Ymin] (We refer to Section 4 for a more detailed discussion on the assumptions.)
The noise level o : [0,1]¢ — R* is assumed to be bounded, but may also be unknown. Usually,
the noise level is the variance of the noise, however, this is not the case if the noise distribution
does not have any moments, for example. Finally, the design points (X;)e1, ..., are assumed to be
distributed independently and identically according to u(-). For ease of exposition, we also assume
that (X;)ic1,...n and (&;)ic1,....n are mutually independent.
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2.1. Definitions and First Results

In this part, we introduce an estimator of f*(x¢) with a local polynomial approach for a fixed
bandwidth, a fixed kernel, and a fixed contrast. The properties of this estimator are highlighted in
Theorem 1.

As a first step, we set the framework for the local polynomial approach (LPA), described for
example in [15] and in [30, Chapter 1]. The key idea of the LPA is to approximate the function in
the neighborhood of the point in question by a polynomial. To start, we consider a hyperrectangle,
not necessarily centered neighborhood V;, C [0,1]¢ of the point in question xo € (0,1)¢ such that
th do = HJ— h;, where h; is the jth component of a fixed bandwidth h € H = [Amin, hmax|? C

(0,1)4. The minimal and maximal bandwidths are given by

1/d
Rmin = (M) and Amax = [ln(n)]'l/(2b+d), (2.3)

n

where C' is a constant large enough such that Conditions 1, 2, and 3 in Section 5.1 are satisfied.
Additionally, we define for a fixed b € N the set P := {p = (p1,...,pa) € N®: 0 < |p| < b} with
lp| = p1+ -+ pq and denote its cardinality by |P|. For any multi-indexed vector ¢ = (£,
R:pe 73) € RIPl and for any z € [0, 1]¢, we then define the desired polynomial as

P = 0 (£52) o)

peP

.....

Here, 1 is the indicator function, 2P := 27" ... 28 for all z € R?, and the division by h is under-

stood coordinatewise. Finally, for a fixed M > 0, we define the set of all polynomials of degree b
as F:={Py : t e [-M,M]"I}.

We now introduce the desired estimator of f*(zg). To this end, we first specify what we mean
by a kernel and a contrast. A kernel (function) K : R? — R is a nonnegative function with a
compact support included in [-1/2,1/2]%, [|K||coc < Kmax (for a given constant K. > 1), and
J K(x)dx = 1. For ease of exposition, we use the notation Kj(z) := K ((z —x0)/h) /], h; at
some points. Next, we specify what we mean by a contrast (function):

Definition 1. A function p is called contrast (function) if it has the following properties:
1. p: R — Ry is a conver and symmetric function and p(0) = 0;

2. the derivative p' of p is 1-Lipschitz on R and bounded: ||p']|co < Ymax, fOr a given constant
F)/Inax Z ]‘;

3. the second derivative p" of p is defined almost everywhere and is L, -Lipschitz with respect
to the measure P for some Ly > 0. Moreover, we assume that ||p"|lec <1 (without loss of
generality) and

2€[-Ymin,Ymin]

where Ymin > 0 is defined in (2.2).

Note that Assumption & implies that contrasts are strictly convex on the interval [~Yimin, Ymin]-
Moreover, for a given A > 0, Yy, implicitly depends on the noise distribution via Assumption
(2.2), and we assume that it is known; its estimation is discussed in Section 4. Well-known contrasts
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are, for any scale v > 0, the Huber contrast (see [12])

22/2 if 2] <~
pH,y(2) =
v(|z| —v/2) otherwise

and the contrast induced by the arctan function (see [26])

2
g
Parc,y(2) := yzarctan(z/v) — ) log(1 + 22/+2).

Note that the absolute loss (cf. Assumption 3) and quadratic loss (cf. Assumption 2) do not satisfy
the above conditions. However, they can be mimicked by the Huber contrast with v small (median)
and big (mean). We can now combine a kernel and a contrast to obtain the local A-criterion for
any f € F:

P A(f) :=n"t i)\(XuYi, f), where A(,y,f):=p(y— f(z)) Kn(z), forallz,yecR. (2.4)
i=1

The A-LPA estimator fy(zq) of f*(zo) is finally defined as

fri= arg;réi?__Pn/\(f). (2.5)

The coefficients of the estimated polynomial can be considered as estimators of the derivatives of
the function f* at xo. In this paper, however, we focus on the estimation of f*(x).

The variance of the estimator is crucial for the following. To state it explicitly, we need to
introduce some more notation: First, let A’ and A" be the first and second derivative of the function
d
AMz,y,-) and set I, == [[;_; hj, PC:= Ex y)~p PrC(X,Y), and X := sup, , ¢ [N (z,y, )| =
16"l o I K || o~ We then introduce the crucial quantity

VT PN () + Ny (nITy) ~1/4
vy = | 2 [(J;A)},(f*) (nll1) . (2.6)

We call it nonasymptotic variance since it plays the role of the variance in the risk bounds in the
theorems below. The explicit expressions of the numerator and the denominator can be deduced
from

PG = [ w@K3@) [ [0 (o(@2)] 0t S (2) de o 7
and PX'(f") :/,u(x)Kh(:zr) / P (o(z)z)n™ Zgi () dz du. (2.8)

The variance V() depends on &, but one can show that this dependence is weak. From Assumption
(2.2), the strict convexity of p on [¥min, Ymin], and the boundedness assumption on p’ in Definition
1, we conclude that V(A) < oo. In the particular case h = (1,...,1) (see the parametric case
below), the nonasymptotic variance V (\) tends towards the asymptotic variance AV()) defined in
(1.1) as n — +o0.

At this point, we can give a first result for the above estimator. To this end, we define the bias
term of the estimator as

by, = ;gfffga |f(x) = f*(2)], (2.9)
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and we introduce the entropy term for all € > 0 as

y 1 1 1
B, := 27/0 \ Hr(u) Andu+2 <W + %) Hz, (1) +e. (2.10)

Hz ,(+) is the metric entropy of the set F with respect to the pseudometric

V(i f2) = WP V() - N ()P fufa€ F.
Then, the follwoing result holds:

Theorem 1. If n is sufficiently large (according to Condition 1 in Section 5.1), it holds that for
any A € A, any h € H, and for all ¢ > 1

Fa(mo) — f* (o)

q
. /V()\) nll,/(41In%n
<y (bh + Bom) +2|P|((1 +[P[)M)? exp <_9872 12 /(+ 4C ) ~ :

For a constant Cy (Cy = 4¢|P| - 687 Gamma(q) works, where Gammal(-) is the classical Gamma
function).

E -

Remark 1. We note that we could replace in (2.2) the global quantity ||o||s by the local one
sup,ey, |o(x)|. Moreover, if we additionally impose Condition 8 on n, the second term on the right
hand side of the above bound is of order o(1/n) and thus negligible. However, we stress that the
above result is nonasymptotic - in contrast to the classical results of Huber (cf. [12] and also [26-29)],
[1]). Moreover, we also stress that we do not impose conditions on the design and the noise level
except for its boundedness. In particular, we allow for degenerate designs and vanishing noise.
(A more detailed discussion is given in Section 4.) For the proof, we use Bernstein’s inequality
and chaining arguments, in particular, we use deviation inequalities in [22] that rely on Dudley’s
entropy integral. With this, we can recover the shape of the variance, but we obtain an additional
(large) factor Cqég. The reduction of these factors is of minor interest for this paper. Finally, for
further implications of the above result, we refer to Section 2.3.

Remark 2. The above bound is, to the best of our knowledge, a new result in nonparametric
regression. However, the next step is to choose a \ that minimizes the right hand side. If we
neglect the second term, this reduces to a minimization of the variance term Bow/V(A)/\/th
since the bias term by, does not depend on \. Note that V does not depend on the target function,
and, in particular, not on the smoothness of the target function. This allows for a wide range
of applications in various models, for example, in high dimensional settings (see Section /). The
adaptation with respect to the smoothness of the target function is finally done via the selection
of a suitable bandwidth. The simultaneous D- and S-adaptation is difficult since the variance V
depends on h. We detail this in Section 3.

2.2. Selection of the Kernel and the Contrast for Fixed Bandwidths
(D-adaptation)

How should the combined function A € A, that is, the kernel and the contrast, be selected? We
introduce an oracle that minimizes the bound in Theorem 1 above and then propose a selection
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that mimics this oracle. We first introduce, for a given set of contrasts T, a given set of kernels IC,
and a bandwidth h > 0, the set of possible combined functions A:

A= {)\ Mzyy, f) = p(y — f(:v)) Kp(z), pe Y, K€ IC}. (2.11)

We then note that the bias term by, in Theorem 1 is of importance for the choice of the bandwidth
later. For a fixed bandwidth, however, we can concentrate on the second term only and introduce
the oracle as
A= in V(). 2.12
argmin V() (2.12)
To mimic the oracle A*, we then define the estimator hy

2
. 12
. ) _ VTP [X ()] + N (i)~
A:=argmin V(}\), where V()):= . . (2.13)
AeA PaX'(f3)

N2
Note that we estimate P [\ (f*)]> and PN’ (f*) by their empirical versions P, [/\’ (f,\)] and

P\ ( f,\), and that estimate f* by f,\ and that the explicit expressions for the numerator and

the denominator are given by

-5 3 KFO [# 0= )]
and  P'(f)) = ZK )p" (Yi = fr(X0)).

We now show that the estimator that results from (2.5) and (2.13) performs - up to constants
- as well as the oracle. For this, we define for all z > 0

1
B, :(1\/27/ 1/Hqu)w(u)/\ndu)
0

+ 2 (W + %) H]—‘UA,w(l) + 10\/24'

where Hrya () is the metric entropy of F U A with respect to the pseudometric
w ((f17 )\1)7 (f27 )\2))
" " 2
=v(f1, f2) \/th (f1: M) = K(f2, A2)]? \/HhP M (f) =23 (f2)]7 (2.15)
for any f1, f2 € F, A, A2 €A,

2z

’(f)
VILPIN (O + M /(ndly)7

and v(-,-) is defined above Theorem 1. For example, we give, in the Appendix, the computation of
this entropy for the family of Huber contrasts indexed by the scale. Then, we have the following
result:

w(f,A) =
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Theorem 2. Ifn is sufficiently large (according to Conditions 1 and 2 in Section 5.1), then, for
any h € H and for all ¢ > 1, it holds that

Ey| f5(xo) — f*(wo)|* < 2C, (bh + Bo%) +o(1/n).

Remark 3. We stress that our estimator does not depend on the densities (g;); and (u;); and
the noise level o, and we observe that it achieves - up to constants- the optimal variance V(\*).

We thus call fX D-adaptive optimal. This notion of optimality, however, depends on the family A
under consideration.

Remark 4. Via a bias/variance trade-off, we can obtain S-minimax results (with minimal vari-
ance) with respect to the Holder smoothness [ of the target function (see Definition 4 below)
Indeed, we can obtain the usual S-minimax rate n ,62/(26-1-1) where [ is the harmonic average ofﬂ

2.3. Parametric Case and Huber Minimaxity

We finally elaborate on the special case of parametric estimation, that is, we assume f* =
t% tY € [-M, M], and consider the model Y ~ g(- — V) for a symmetric density g. In parametric
estimation, we set the kernel equal to 1 and thus consider the estimator

n

t,:= arg min 1 Zp(yi —1) (2.16)

tel-M,M] Pt
of the scalar tV.
From the above results, we can now deduce the following corollary:

Corollary 1. Let p* and p be constructed according to (2.12) and (2.13) with h = (1,...,1)
and Ny, t) :==p(y —t) for ally € R and t € [-M, M]. Then, if n is sufficiently large (according to
Conditions 1 and 2 in Section 4.1), it holds that

~ v/ V(p*
Eplt; — %], < 20130% +o(1/n).

We note that the constant M does only appear in the residual term and does not play a major
role in the following.

Let us relate our results to the Huber minimaxity. For this, we define the set of r-contaminated
normal distributions for a contamination level r € [0,1] as

G ={G:G=(1-r)N+rT,T €=},

where N is the standard normal distribution and = is the set of all symmetric real distributions.
The “minimax” variance over this set of distribution is then as follows:
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Lemma 1. Let the distribution Gy be the minimizer of the Fisher information I(G) over G,.
Then, for any r € [0,1]

inf sup AV(p,G) > sup I'Y(G) = I'(Gy),
P Gegr Gegr

where the infimum is taken over all twice differentiable and convex contrasts and AV is defined in
(1.1). Moreover, the expression of the density of the distribution Gy is

e exp (Wt +97/2)  if t< -y

go(2) = \1/;—; exp (—t2/2) if v <t<y |

LEexp (=t +77/2) if =

where vy, is the solution of

LA | 2 \/5 2
1—r'1:2/ e 224y 4+ Y /2,
( ) 0o V2w Yr/T

The first claim follows from (1.2) and the second one from [12, Theorem 2]. Lemma 1 shows that
I'1(Gy) is a lower bound for the asymptotic variance in the worst case. This asymptotic variance
can be achieved, as we see in the following result:

Lemma 2. For any r € [0,1] and the Huber contrast pu, -, as defined in the previous section,
it holds that the Huber corresponds to the mazimum likelihood estimator for the distribution Gy,
pu A, () = -In(go(-)) and

sup AV (pu,,,G) < I''(Go).
Geg,

This is a corollary of [12, Theorem 2]. It means that the estimator constructed with pg ,, has
minimal asymptotic variance for the worst distribution Gg in G,. We may say that I'*(Gg) is the
asymptotic minimax variance and the estimator constructed with py 5, is asymptotic minimax.

Usually, a minimax estimator is desired for an unknown contamination level r. We show that
it can be constructed with Corollary 1: Set Yy = {pH~ @ ¥ € [Ymin, Ymax]} such that v, €

~

[Ymin, Ymax] for all v € [0, 1[. Then, define 4 as the minimizer of V(p,4) (see (2.13)) over [Ymin, Ymax]-
Finally, define t5 according to (2.16) with p = pu 5. The resulting estimator t5 has then the fol-
lowing property:

Corollary 2. For any r € [0,1], it holds that

sup E;o |Z§ — to‘ <
GeGr

The estimator % is thus adaptive with respect to the contamination level r and is (up to con-
stants) asymptotic minimax in the above sense. This corollary is deduced from Corollary 1 and the
definition of V(p*). In the following, we then focus to find upper bounds with the minimal value
of the variance as Theorem 2, that is, the optimality for us.
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3. A D-adaptive and S-adaptive Estimator

In this section, we introduce an estimator of f*(zo) that is simultaneously S- and D-adaptive.
For this, we apply the data-driven procedure introduced above to select the contrast and the kernel,
and we apply the data-driven Lepski’s method to select the bandwidth. Afterwards, we present
adaptive S-minimax results for this D-adaptive estimator.

Let us introduce the necessary definitions first. To start, we recall the notion of S-minimaxity.
To this end, let f,,(zo) be an estimator of f*(zo) and S a set of functions. For any ¢ > 0, we then
define the maximal risk and the S-minimaz risk of f, for zp and S as

Rnyq[fn,S] ;= sup Ef‘fn(xo) - f*(a:o)’q and Rnﬁq[S] = infRnyq[fN, S], (3.1)
fres f

respectively. The infimum on the right hand side is taken over all estimators. We can now define
the S-minimaz rates of convergence and the (asymptotic) S-minimaz estimators:

Definition 2. A sequence ¢, is an S-minimazx rate of convergence and the estimatorf s an
(asymptotic) S-minimaz estimator with respect to the set S if

0 < liminf ¢, 7 R, 4[S] < limsup ¢,,? Ry, 4[f,S] < 0.
n—oo

n—oo

Usually, the set § is unknown. In our case, for example, it depends the smoothness ﬁ More
generally, S = S,,,, m € M, for a set of parameters M. It is then desirable to have an estimator that
is adaptive with respect to M. This motivates the following definition, where W := {¢,,(m)},,c v
is a given family of normalizations:

Definition 3. The family ¥ is called admissible if there exist an estimator fn such that

limsup sup ¥, %(m) qu(fn,Sm) < 0.
M

n—,oo me

The estimator fn is then called V-adaptive in the S-minimazx sense.

The LPA is designed for functions that can be locally approximated by polynomials. This is,
for example, the case for Holder classes. Similarly as in [3], we define:

Definition 4. Let 5 := (1,...,84) €)0,400[? such that || = ... = |Ba] =: |B], and let
L,M > 0. The function s : [0,1]¢ — [-M, M| belongs to the anisotropic Hélder Class Ha(f3, L, M)
if for all z,zo € [0, 1]¢

d
|s(x) = P(s)(w —w0)| < LY |a;—wo;|" and
=1
olPls(x)
—_— M
z:[lég]d 8$11)1 s -8:175d ’

PES|5)

where P(s)(x — zo) is the Taylor polynomial of s of order |B| at xo, and x; and x¢,; are the jth
components of x and xq, respectively.
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We distinguish two cases in the following: First, we consider the special case of isotropic Holder
classes, that is, 81 = ... = (4. These classes require only one common bandwidth for all dimensions
that is chosen with the standard version of Lepski’s method (see [19] and [21]). Afterwards, we allow
for anisotropic Holder classes. These classes necessitate a separate bandwidth for every dimension
of the domain under consideration. The standard version of Lepski’s Method is not applicable
because it requires a monotonous bias. We circumvent this problem using a modified version of
Lepski’s method as described in [16] and [20].

3.1. A Fully Adaptive Estimator for Isotropic, Locally Polynomial
Functions

We first allow for functions that can be approximated locally by polynomials but restrict our-
selves to isotropic Holder classes. Therefore, only one bandwidth hiso = hy = ... = hg > 0 has to
be selected. Geometrically, this means that we select a hypercube in R? with edge length his, as
domain of interest (in contrast to the anisotropic case where we select a hyperrectangle with edge
lengths hq, ..., hq).

A major issue is the choice of the bandwidth. Unfortunately, we cannot apply Lepski’s method
directly since the variance V(An,.,)/(nhd ) for (cf. Definition 2.4)

1S0

/\hiso(xvya f) = /\(Iayvf) = p(y - f(I)) Khiso('r) for all z,y € R

(or an estimate of it as, for example, in (2.13)) is not necessarily monotonous with respect to
the bandwidth (see also the next section and Section 4). We can circumvent this problem with a
redefinition of the variance term. For this, we introduce the set of bandwidths H'*° := [Amin, hmax),
where hmin and hpax are defined in (2.3), and we introduce the maximal variance for any p € T
and K € K (see (2.11))
Vmax(pu K) ‘= sup. V()\hiso)' (32)
hiso €M%

The variance V is defined in (2.6) and Ay, := X is defined according to (2.4) with h := (hiso, - - - , Piso)-
The modified variance term Vy,ax(p, K) does not depend on his. On the one hand, we may lose
considerably taking the supremum with respect to hiso, on the other hand, this allows us to avoid
more restrictive assumptions on the design and the noise. This is detailed in Section 4. We now

define, for any p € T, K € K, and A, the new oracle as

(P, K7) = argpe{}}li?elcvmaX(Pv K) (3.3)

and the estimator of the variance as

\A/maX(PaK) = sup {\/()\hiso)7 (3-4)
hisoEHiSO

where V(Ay,_,) is defined in (2.13). We then select a contrast and a kernel according to

(p,K) := argpeg}%leKVmax(p, K) (3.5)

and introduce the isotropic M-estimator as

£hi . -1 _ _
LSO = }/z — Xz K, . Xz . 3.6
fisg® = argiminn E P(Yi — F(Xi) K (i hieo) (X3) (3.6)
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Eventually, we set H15¢ := {hiso e H®°, Im e N : hix = hmaxem} , € €]0,1[, a net on the set of
bandwidths H*° such that |H°| < n and apply Lepski’s method for isotropic functions (see [19]
and [21]) to define the data-driven bandwidth hjgs.:

A iso i ~h! . \A/maX(pa K)
hiso := max } hiso € HZ° : | fieso(z0) — fis=o(x0)| < 20(Bg + is0c(n)) ——mees—,
n(hig)?
for all hl,, € H! such that h, < hiso}, (3.7)
where iso.(n) := 114/In(n|H°|).
We now obtain on isotropic Holder classes
H° (B, L, M) := Hq((B,...,8), L, M), forall 8,L,M >0 (3.8)

the following result:

Theorem 3. For n sufficiently large (according to Conditions 1, 2, and 3 in Section 5.1), xg €
(0,1)%, B €[0,b], and L > 0, we have

q

Vmax(ﬁ*u K*)

W/théo

Ronsg[ 1550 (20), HE(B, L, M)] < €% inf  { Ldh + (By +isoc(n))

1S0 i 180
hiso €M

+o(1/n),

Jor a constant C° (Ci° = 2;1—;21 (% v %) [407 4 2C,] works).

This result has the flavor of an oracle inequality: the first term on the right hand side is supposed
to be a bound of the smallest possible pointwise risk, whereas the second term o(1/n) is, at least

asymptotically, insignificant. The latter is justified by the following corollary:

Corollary 3. Under Conditions of the previous theorem and if Vimax(p*, K*) > 0, we have

B/(2B+4d)
n " '
lim sup sup — Rn, fi];i)so T ,HISO ﬁ, L, M) < co.
n—oo >0, L>0 <(BO + iSOE(n)) Vmax(ﬁ*, K*)) ‘1[ ( ) d ( )]

This corollary can be deduced minimizing the first term on the right hand side of the last theorem
by the usual bias/variance trade-off.

Remark 5. This corollary shows that our estimator is simultaneously S- and D-adaptive. We note
that this result generalizes results in [7] (that rely on the asymptotic equivalence of the block median
method) to heteroscedastic regression with random design. We also stress that our estimator does
not require positive noise densities at their median and thus allows for more general noise densities.
Additionally, the choice of the contrast is Huber minimax (see Corollary 2 and [12]). We also note
that Lepski’s method has been used for locally M-estimators in [24], but not to locally polynomial
M-estimators as it is done here. We can finally deduce the rate (ln(n)/n)ﬁ/(wﬂ) i the above
result from the entropy calculations in Section 6.1. This rate is asymptotically nearly optimal (see
[5] and [19]); the additional factor In(n) is the usual price to pay in pointwise adaptive estimation.
This is discussed in more detail in Section 4.
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Remark 6. Note that our estimator detects the presence of noise or not. Indeed, the mazimal
variance (3.2) vanishes when the noise level is zero. The threshold term, in Lepski’s procedure
(3.7), also vanishes and the procedure then selects a small bandwidth (maybe the smallest one).
Our estimator thus has a small bias and novariance, that is, only a simple approximation of the
target.

3.2. A Fully Adaptive Estimator for Anisotropic, Locally Constant
Functions

In this part, we allow for anisotropic Holder classes and for (possibly) separate bandwidths for
each dimension. In return (see Section 4), we restrict ourselves to locally constant functions, that
is, b = 0 (and thus [P| = 1) and F = [-M, M], and we restrict ourselves to the uniform design
u(-) = 1 with a homoscedastic noise o(-) = o > 0. We introduce an S- and D-adaptive estimator
of f*(xg) in this setting and give its main properties in Theorem 4. The results are, in particular,
applicable to linear estimators, or more generally, to M-estimators with two times differentiable
contrasts.

We first introduce an estimator for each h € H. For this, we define the variance

R > e N N

V(p7 K) : f p”(UZ)% Z?:l gi(z)dz ,

(3.9)

which is independent of the bandwidth h. As above, we then introduce the oracle for a set of
contrasts T and a set of kernels IC as

“K*) = i K). 1
(p*, K7) argpeg};r{lelc\f(p, ) (3.10)

Next, we introduce an estimator of the variance as
v(p7K) = V(Ahmax)7 (3'11)

where V() is defined in (2.13) and Ap,__ (2, y, f) := p(y—f(x)) Kh,..(z). The data-driven selection
of the contrast and the kernel is finally

A ~

(p,K) := argpeg}llr(leKV(p, K), (3.12)
and, similarly to (2.4) and (2.5), the estimator is
o o . .
f* = argminn zi:p( F(Xi) Kn(Xi) (3.13)

for all o € (0,1)%. Tt is again necessary that (5, K) does not depend on the bandwidth h; we discuss
this point in Section 4.

Eventually, we can describe the choice of the bandwidth A with Lepski’s method. For this,
we define for all a,b € R the scalar a V b := max(a,b) and for all h,h’ € (0,1)¢ x (0,1)? the
vector bV h' := (hy V hi,...,hq V h)). We then consider the two families of Locally Constant
Approximation (LCA) estimators

£h Fh,h! FhVh'
d { = } ,
{f }he(o,l)d a / / h,h/€(0,1) % (0,1)
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where fh is defined in (3.13). Note that fh’h/ = fh/’h by symmetry. Recall the definition of the
set of bandwidths H := [humin, Amax]?, Where hmin and hpax are defined in (2.3). Additionally, we
introduce an order < on H such that

d d
h=t e J[m<]]H
j=1 j=1

In particular, the variance is decreasing on this order. We finally introduce a net H. := {hmin} U
{heH :Vj=1,....d,Im; € N : hj = hyax€™}, € €]0,1[ (where we assume that |He| < n),
set anic(n) := 11y/In(n|H.|), and select the bandwidth according to

h:=max{ heH, : ‘fh’h/(x ) — fh/(x )| < 16(By + ani (n))M
= > € - 0 0 = 0 € \/m )
for all b’ € H, such that h’ < h}, (3.14)

where the maximum is taken with respect to the order <, Viyax(+,-) and (p, K) are defined in (3.4)
and (3.12), and B, is defined in (2.14).

We can now give the following result for the estimator f h

Theorem 4. If n is sufficiently large (according to Conditions 1, 2, and 3 in Section 5.1),
zo € (0,1)4, 3 € (0,1]%, and L > 0, then, it holds that

V(p*, K*)

o +o(1/n)

d
Roq[f(x0), Ha(B, L, M)] < C, jnf. LY h? + (By + anic(n))

j=1

for a constant C, (Cq = 2de /2 [5g Gamma(q) 11529] works).

min; f3;

We can also derive the following corollary from Theorem 4 via a bias/variance trade-off:

_ -1
Corollary 4. Let g := (Z; 1/ﬂj) be the harmonic average. Under the conditions of the pre-
vious theorem and if V(p*, K*) > 0, it holds that

B/(28+1)

n ~ -

limsup  sup . Ra[f"(20), Ha(B, L, M)] < oc.
n—00 Fe(0,1)4, L>0 ((BO + anic(n))/V(p*, K*)>

This corollary can be deduced minimizing the first term on the right hand side of the last theorem

by the usual bias/variance trade-off.

Remark 7. This transfers the results of the previous section to anisotropic Hélder classes. How-
ever, as opposed to the previous results, the above corollary only allows for locally constant func-
tions. Moreover, we note that this is, to the best of our knowledge, the first application of [20]’s
Method to select an anisotropic bandwidth for nonlinear M-estimators. We discuss this in Section 4.
Finally, we refer to the remarks after Theorem 3. The adaptive S-minimax rate (ln(n)/n)ﬂ/(wH)
follows from the definition of is nearly optimal. The optimal rate is given by [17] in the white noise
model for anisotropic Holder functions.
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4. Discussion

Let us detail on the assumptions and restrictions and highlight some open problems:

1.

The symmetry assumption on our model (2.1) (cf. [12], [25]) leads to E¢-(>~, p/(&)) = 0. We
stress that we only assume that the sum ), g;(-) is symmetric. This is satisfied, of course,
if all densities g;(-) are symmetric, but this may not be the case. The symmetry assumption
can be replaced in the proof of Proposition 1 (control of the deviations of M-estimators) if
the expectation stays very small, that is, E¢«(p/(€)) < n'l. To ensure small expectations for
asymmetric sums of densities, we expect that an asymmetric contrast has to be chosen. This
seems to be an interesting but hard problem.

It is well-known that the median is very sensitive to the noise density at 0. Indeed, its
variance is 1/(4¢2(0)). The value of g(0) is estimated in [7], for example, but in practice, this
requires many observations near the location. On the contrary, contrasts as in Definition 1
(the Huber contrast with a scale ~, for example) depend on the mass of the noise density
on the interval [-,v] (denominator of the variance (2.6)). Moreover, note that the term in
assumption (2.2) is, up to p/..., a lower bound of the denominator of the variance in (2.6).
Therefore, the parameter v, can be estimated for a given A similarly as the denominator
of the variance. The mentioned assumption guarantees the consistence of M-estimators with
a contrast strictly convex on the interval [-Yimin, Ymin|. Additionally, if the parameter Yy, is
chosen as a function of A such that there is a sufficiently large mass is on the appropriate
interval, it guarantees a good estimation of the variance for all v > vin. However, we note

that A is expected to require a calibration in practice.

Conditions 2 and 3 on n in the following section are only introduced to simplify the residual
terms in the proofs. However, the first assumption in Condition 1 is crucial. We recall that
bhpa. 1 the bias and Ap!l.  is a lower bound of the denominator of the variance, that is, the
mass of the noise density on [~Vmin, Ymin]. Condition 1 thus means that this mass has to be
larger than the bias. This ensures that the denominator of the variance is not too small and

thus that the estimator is consistent (cf. Lemma 7).

To estimate the variance of M-estimators (2.6), we use its empirical version but the residuals
stays unknown. To solve this problem, we notice Y; — fA is an estimate of o(X;)&; if and
only if fA is a consistent estimator of f*. The assumption (2.2) is assumed to guarantee the
consistence of all of estimators in A. However, a pre-estimator could be used (for example
the contrast associated to the arctan function as defined below Definition 1) and thus a more
general family of estimators could be considered (with some of them nonconsistent).

We do not assume any conditions on the design and the noise level except for the boundedness
of the noise level. The design density and the noise level could be zero or explode at xg. This
can be detected via the variance (2.6) if the rate of convergence is influenced (see [9] for
degenerate design). However, the design and the noise level could compensate each other
such that no effect is visible the variance term. This is a very interesting point and could be
studied in the future.

Lepski’s method is very sensitive to outliers (see [24]). In this paper, however, we chose
the robustness via the minimization of the variance. This could be interesting for many
applications.

In Section 3.2, we present anisotropic results for pointwise estimation in heteroscedastic
regression with heavy tailed noises and random designs. To the best of this knowledge, this is
the first result of this kind for nonlinear M-estimators in our framework. We note, however,
that we have to restrict ourselves to locally constant M-estimators because of the bias term
(cf. Lemma 12).
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10.

11.

12.

Chichignoud & Lederer

We allow in this paper for a selection of the contrast and the kernel from large families.
Additionally, we can extend the family of contrast allowing for a selection the support of
the kernel (not necessarily centered at x). This could be interesting (cf. [2, 10]) especially
for applications. Furthermore, we could add, for example, the selection of the tail of the
contrast. Such extensions are only limited by the required convexity of the contrast and
the complexity of the selection. Indeed, we need that contrast is convex and strictly convex
around 0 to ensure that the denominator of the variance (2.6) is positive. We think that this
has to be studied further.

We obtain the desired variance in Theorems 1 and 2 up to the constants By and By, respec-
tively (cf. Remark 1). These constants are mostly due to Dudley’s integral that is a part of
the deviation inequalities from [22] we use. We expect that these constants can be reduced
with a refined analysis.

The variance and the choice of the contrast and the kernel do not depend on the bias term
(see Theorem 1, (2.13), and Remark 2) and, more generally, do not depend on what we
estimate. This is an interesting point because this allows for a treatment of other problems
as in high dimensional settings. In [18], for example, the Huber loss with an ¢; penalization
is studied. They show that the shape of the tuning parameter is similar to the variance of
M-estimators (cf. (1.1)). We thus expect that our results on the choice of the contrast can
be applied in high dimensional settings.

The simultaneous D- and S-adaptation is a hard problem especially because the variance
(2.6) depends on the bandwidth which is the parameter of interest in S-adaptation (see
Section 3). Lepski’s method requires a decreasing variance with respect to the bandwidth,
but unfortunately, this is not always the case in heteroscedastic regression. For example, the
noise level could be zero in a neighborhood V}, of z¢ and huge on the set Vj,/ \ V},, where Vj,/
is a bigger neighborhood of xg. This would imply that the variance increases. To avoid such
problems, we propose to maximize the variance with respect to h (see Section 3), but this
is a very conservative approach. Models with a homoscedastic noise and a uniform designs
do not have these issues (cf. Section 3.2). It may also happen that the design and the noise
level are such that the variance is decreasing and thus Lepski’s method is applicable without
problems.

From the computation of the entropy (in Section 6.1) and the definition of iso.(n), the shape
of 20(By + iso.(n)) in the threshold term in (3.7) is C'ln(n) where C is a positive and known
constant but large. An appropriate value for applications is rather between 1 and 2 (see [21]).
Usually, such quantities are calibrated with cross-validation or similar methods. Moreover,
we showed in Corollary 3 that our estimator achieves the minimax rate up to a factor In(n).
As mentioned in Remark 5, this is due to the threshold term in the selection rule (3.7) and
is nearly optimal. Indeed, the optimal factor is (b — /) In(n) in a certain sense (see [17]). To
achieve this optimality, the term iso.(n), in (3.7), has to be proportional to In(hmax/Piso)
(see [21]). The same remark applies to the anisotropic rate in Corollary 4 (see [17]). The
optimality of these rates is only proved in the white noise model (see [5, 17, 19]), but we
conjecture that they are nearly S-minimax optimal in more general settings (for all of models
where the Fisher information exists, for example).

5. Proofs of the Main Results

Let us introduce some additional notation to simplify the exposition. First, we introduce the
best approximation of the target f* in F:

fo.= argmin{sup ‘f(x) —f*(w)’ s feF, f(xo) = f*(ﬂﬁo)}- (5.1)

eV}
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The minimum is not necessarily unique, but all minimizers work for our derivations. We then set
t0 = t0(f*, 20, h) := {tg :péE 73} and f° := P,o. Next, we denote the vector of the monomials
(x — x9)P/hP of order smaller or equal than b by X and the smallest eigenvalue of the matrix
J XTXu(z)Ky(z)dz by v. This allows us to define the set

]:5n = {fZPt : Ht—tongl Sén}, (5.2)
where
On = 2P (Apt ) ((lnn)'l + bh/Kh(x)u(:zr)d:r> .
Furthermore, we denote the vector of partial derivatives of the A-criterion P,A(-) (defined in (2.4)
by

ﬁx»::(ggeﬂo)T (53)

peP

and the corresponding expectation and the “parametric” expectation with respect to the distribu-
tion P of (X, fO(X) + o(X)&) by

Pﬁx(ﬂ and  P°[Dy(-)], (5.4)

respectively. Next, we introduce the Jacobian matriz Jp of P° [DA] as

0 ~ 0 0
o) er = (P [D80]) = ([ ammr0)]) (55)
P,g€P Otq s Otq Oty s
where D%(-) is the pth component of Dy(:). The Jacobian matrix exists according to Defini-
tion 1 and Fubini’s Theorem. Furthermore, the sup-norm on R!"l is denoted by | - ||,.., and

the vector of coefficients of the estimated polynomial fA is denoted by ty. Finally, we set @, :=
max {/bp,,..,(Inn)"'} and

ap, = Wm, (5.6)

and
ex = PN (f"). (5.7)

By Definition 1, it holds that infycp ¢y > 0.

5.1. Conditions on n

Condition 1: We assume that n is sufficiently large such that for all A € A

A /1 .
/\M and  YmaxKmaxBo < y/nhd

1
b = .
h 2 2Lp” min

+ 0 < (2lnn)™.

max

Condition 2: We assume that n is sufficiently large such that for all A € A and all h € H

2 K2 Bl
Ymax/VmaxLln(n) < dnmax{Ap;;in/Kh(.r),LL(ZZ?)dI,Hh Alan;P[A/(f*)]Q}
€

\/ nhﬁlin

and a, < 1/3, where a,, is defined in (5.6).

(2\/Lp// )'ymaXlCmaX (5n+bh)+
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Condition 3: We assume that n is sufficiently large such that

nh. /(4 In? n) 114/21n(n) 2Ymaxmax
21 min d <1.
D( ) — 08 r%laxlcma.x + 4’ym&x/Cde (nhﬁlin)l/4 =~ 1, an Apmln(nh'zun)l/4 >

5.2. An Auxilliary Result

Proposition 1. Let A be a set of functions as in (2.4) such that Hroaw < 00, and let n be
sufficiently large (according to Condition 1 above). Then, for any z > 0 and any h € H,

Py <{sup [’f,\ (o) — f*(xo)‘ - 27‘\\;7(1_/3}132 > 3bh} N m {f,\ € f%}) < 2|P|exp(-z),

AEA AEA

where B, is defined in (2.14).

Recall that \ depends on the bandwidth A, which is fixed here. We also note that the constants 2
and 3 can be replaced by o(1). Finally, if only one fixed function A € A is considered, the expressions
simplify considerably as we show in the following lemma:

Lemma 3. Let A € A be fized, Hr, < oo, and let n be sufficiently large (according to Condition
1 above). Then, for any e >0 and any h € H,

o \/ ~ 2
Pj»* <.f>\(1170) - f ’ >2 +3bh, f)\ e ]'—5n> < 2|'P|exp <_€—48> ,

\/ 100+ s
where B is defined in (2.10).

This claim can be deduced similarly as Proposition 1, but one has to choose z such that ¢ =
10z + —2.

(th) /
5.3. Proof of Theorem 1

First, we recall that sup ;¢ z || f|lo < [P|M and set
Q= {v/\ €A fre ]—1;”} and Q° = {3)\ €A, fr¢ f(;n}. (5.8)

Then, since fy € F and ||f*||oc < M, the risk can be bounded by
I@o) = f*(xo)|* = Eg-| fa(zo) — f*(20)| "I + Ep= | fr(zo) — f*(z0)|"Loe
| fa@o) = 7 (20)["Ta + (1 + [P M)TP- ().

Using Lemma 7, Lemma 8, the last inequality, and simple computations, we obtain

Ef- | fa(wo0) — £*(@0)|”
R . . nIly, /(41n% n)
| falxo) = f (Io)’ Io + ((1+ [P|)M)?2[P|exp <_ 9842, K2+ 4fymdxlcmdx

. PN _2\/V(/\)f30 ! 2/VN) By
< 2ME <‘f>\( o) — f*( 0)’ 3bn 7@ >+]IQ <3b + )

TLHh

E¢-

nIly, /(41n% n) (5.9)
98 2 K2 + 4"YmaxK:max ' '

de max

+ (T +|P)M)92|P| exp (
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Let us now bound the first term on the right hand side of the last inequality. To do so, we use
simple computations to obtain

ity a3y, 2V OIB )
B (‘f/\( 0) — f*(x0)| — 3bn N >+HQ

o . . 2,/V(\) By
:q/ 207 | [ fa(mo) — f*(z0)| — 3bp, — == > 2, Q] d.
Setting z = 2V iy the last inequality, using the definition of B., and Corollary 3, we get

\/th
. . 2/VIN B
E;- < F*(0)| — 3bn — 0) 1o
th "

2/ V) o ) 2 TCB
(\/W) /0 g QN%)_“ 0)] 2 3bn + ==, )

82
< vV -
< 2q/P| < /0 R e K
2 /VON B o0 2
< 2¢|P] <3bh + Vni(li\lio> / el Lexp <—€7) de
\% 0

(z0) —

100 + 4e

One may then check that for any a,b > 0 and any ¢ > 1
o0 52
/ €1 te i de < 1+ (a+ b)?? Gammal(q), (5.10)
0

so that

o

where Gamma(-) is the usual Gamma function. From (5.9) and the last inequalities, the theorem
can be deduced. [ |

(o) — J*(z0)| — 3bn — 2\ BO) 1 < 2¢|P] (31) + 2 BO) (11.2)? Gamma(q)

5.4. Proof of Theorem 2

First, we set for all h € H

A:_ﬂ{ V() € [m\/— m\/—]} (5.11)

AEA 1+a

Then, we observe that, since f; € F and ||f5\||oo, [/ lc <M and sup x| flloo < |PIM, the risk
can be bounded by

(@) = f*(x0)|" = Egp+| f5(x0) — £ (20)| " Da + Ep- | £ (w0) — £*(w0)|"Dae

| f3(@o) = f*(x0)|"Ia + (1 + [P)) M) B (A°).
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Using Lemma 9, Lemma 8, the last inequality, and simple computations, we obtain
Ej-|f5(x0) — f*(x0)[
| Fs(@o) = £* (o) |"1a + (1 + IPI) )?(2n7% + Py (Q9))

an/VOV) BO>
A
+

< 2%Ey- <‘f;($0) — f*(wo)| — 3bn — N

a <3bh 4 20V VA Bo V\/\%Ah)BO) + ((L+ [P)M)4(2/n” + Py (Q°)). (5.12)

Let us now bound the first term on the right hand side of the last inequality. To do so, we use
simple computations to obtain

q
; % 20,/ V(X*)B
- ( Fy(ao) — £ (zo)| — 3y — 2V LT %“)
th
e P 2a,+/V(A\*)B
= Q/O (2")1 1Py (’f;(fo) — f*(x0)| — 3bn — # > z',A) dz'. (5.13)
On the event A and by definition of a,, in (5.6), it yields
l—dn [orm e 1= oo (l—a)VI—an ,/—1_% - -

VV(A*) > ——=1\/V(\*) > —=1/ V(A \/ V() = V(A) (5.14)

W) 2 A VYW 2 VY 2 g e &

Setting 2z’ = 2%? Vgh(/\)s in (5.13), defining B, := By + ¢, using the definition of B, the last
inequality, and Proposition 1 with ¢ = 10y/z + (nniﬁ, we get

o e gy 200/ VD) Bo !
Ef*(|f,\( 0) — f*(z0)| — 3bn T >+]1A

2 n A* S B ~ « 2 n V(\* BE
=q < a / 1P, <’f&($o) — [*(w0)| = 3by + u, ) e
0 A

q 2a" /\* Ooaq_l]P’ . ‘f(:v ) — f*(x0)| > 3b —i—L(;\)E Q| de
0 f Ao 0)| = h m ’
) B

<q <2an /\* Oogq—l]P’f* <Sup l’fk(xo) _ f*(:co)\ _3p, L()‘)E
0

VV() e?
< 2q|P| < nHi )> el 1exp< 7100—1—45) de

2/ V(A*)B 2
< 2q|P| <3bh + 0) / g7 L exp (—57) de
0

V/nlly, 100 + 4¢

< 2q|P| (3 V) BO) * (11.2)? Gamma(q).

h

+

IN
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The last inequality is obtained from (5.10). From (5.12) and the last inequality, the theorem can
be deduced. [ |

5.5. Proof of Theorem 3

For ease of exposition, we set k := hjs and k= ﬁiso. Then, one may verify that the oracle
bandwidth

k™ := arg min {Ldﬁ'lkﬁ + 2

Vinax(p*, K*) (Bo +isoe(n))
keHiso

dvnkd

is well defined. Moreover, let us introduce the element k* of the net H1*° such that k* < k* < elk}.
Furthermore, from Condition 3 on n and Lemmas 7 and 9 with h = (k, ..., k), it follows that

) nhd. /(41n*n)
]P) . (Hk e 1SO : f ) < 2 _ m]n
f Hé iso ¢ On | = |,P| ke;so xp ( 987maxlcmax =+ 47maxlCmaX

) <2|P|nt (5.15)

and

. nhd. /(41n®n)
Z ]P)f* (A ) S Z |HISO| + 2|7)| Z exp ( 987[211'&)(’(:[11&)( —+ 4”ymax’(:max)

keHise keHise keHiso
<4|P|n’, (5.16)

where hpyin and A are defined in (2.3) and (5.11), respectively. Thus, we may restrict our consid-
erations in the following to the event ﬂkewso {flw € ]-"gn} N A.

Control of the risk on the event {k* < /%} With the triangular inequality and Lemma 8, we
obtain

B “fiizo(fl?o) - f*(I0)|q]1k*<fc}

< 2Ky [|fE 2)|'1

e (o) — F*(x0)|". (5.17)

k*<k} + 21

lb() lSO

The first term on the right hand side of the last inequality is controlled by the construction of the
procedure (3.7), and thus

v - q
Vm'x 7,K B 1 .
U wo 1so 0)‘q]1kg§];} < Ej’* QOm( o+ iso (n)) |

n(kz)?

On the event [, 40 A, we get similarly as in (5.14)

By [ fhalwo) = fib@0)| "L f] < <20V1+dn vaax(p*J?*)(Bo+iso€(n>>>q,

1=an n(ke)!

where a,, is defined above (5.6). Recall that, by the definitions of the Holder classes (Definition 4),
we can control the bias for any 8 €]0,b] and any k > 0 by

by < sup [P(f*)(z — z0) — f*(z)| < Ldk”, (5.18)
zeVy,
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where P(f*)(z — x0) is the Taylor Polynomial of f* at x¢. So we can deduce finally from Theorem
2 with h = (k, ..., k) and by, = by a bound for the second term in (5.17):

Ld (k)P 4 Y VmaX(p*’K*)B(J) +o(1/n).

n(kz)?

Es-

Frae (20) = f*(w0)|" < 2C, (

Using (5.17) and the last two inequalities, and invoking Condition 2 in Section 5.1, we have a
control of the risk on the event {k* < k}:

By [|FE(w0) = 1 (20)| "1y, 4]

Vmax(p*; K*)(BO + iSOe (n))
n(kz)?

< 2971407 + 20,] <Ld(k:)ﬁ + ) +o(1/n). (5.19)

Control of the risk on the event {k} > l%} In order to control the risk on the complementary
event, we observe that

B/ {

ko (@0) = F*(20) "My ] < (1 [PM)TP- (k7 > ). (5.20)

iso

We now show that the probability P (kX > ]Af) is small. According to the construction of the
procedure (3.7), we have

Vimax (9, K) (B + isoc(n))
n(k’)d

Pr(kl > k) <Pp |IK €, K <k :

Ak* ~pl
fie (o) = flo(wo)| > 20

.y N 20 i\/maX(pa K) (Bo + isoc(n))
o(z0) — f (IO)’ Y (k)

<2 > Py

k' eHiso : k' <k}

On the event (1,40 A, we get similarly as in (5.14)

7 o) = £ (o) > Lo YT @0 VNV (9. K) (Bo + isoem))) |

1 +dn n(k’)d

Pp-(kr>k)<2 > Pp (

k' eHiso s k' <k¥
where a,, is defined above (5.6). According to Condition 2 in Section 5.1, we have a, < 1/3.

Consequently,

Pr(ki>k<2 Y Pp <fi’;;(x0) - f*(xo)‘ o 5V Vmax(p, K)(Bo “806("))) . (5.21)

K €Mz : K/ <K n(k')?

By definition, the oracle bandwidth k* is the one which gives the best trade-off, so that for all
K <kl <Ek*

Ld(k*)ﬁ < Ld(k*)ﬁ _ Vmax(ﬁ*7k*)(30 +iSOE(7’L)) - Vmax(ﬁ*,K*)(Bo +iSO€(7’L))

n(kz) a n(k*)?
- Vimax(p*, K*)(Bo + iso(n))
- n(k/)d
< Vimax(p, K)(Bo + iso. (n))

n(k’)d
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From (5.18), (5.21) and the last inequality, we get

Py (k* > k)

<2 ) <

k' eHiso: k' <ky

<2 ) P <supl

k' EMiso : k' <k K

flSO( ) f*(xO)’ > 2 Vmax<ﬁ7 K) (BO i iSOE(n)) + 3bk>

n(k’)d

Vimax(p, K)(Bo + isoc(n)) < 3
n(k’)d k

flawo) = £ (wo)| - 2

Using isoe( )/(n(k"))*/* <1 (see Condition 3 on n), the definition of iso.(n), Proposition 1 with
h=(K,...,k"), V(A) = Vimax(p, K) and z such that B, = (Bp + iso.(n)), we obtain

. (is0.(n))? .
P (k k) <4 — <4 .
rltem s 'P|k,ew;k/<kfx"< 100+ 4o, () (w0177 ) = P

Then, in view to the last inequality, (5.15), (5.16), (5.19), and (5.20), we conclude

. AH(,TQ) _ f*(wo)}q < 2q—1 [40q+2cq] <Ld(k:)6 n Vmax(ﬁ*,K*)(BO +isoe(n))> +O(1/7’L)

n(ke)!

By definition of k* and k& in the beginning of the proof, the theorem is proved.

5.6. Proof of Theorem 4

One may verify that the oracle bandwidth

V(p*, K*)(Bo + anic(n))

h* = L P2
argmm ZB N

is well defined. Moreover, define the element h¢ of H. such that for all j =1,....d, h ; < h7 <

1h* We then note that the estimator f fl is a constant function and fo=f *(xo) since we only
cons1der locally constant functions (|P| = 1). To stress the importance of the bandwidth, we set

for any h € H
Da(-) i= D3, () =n’" Z (X:)

and
Dp(-):=P /Kh / (o2 + f*(z) — -)G(z)dzdx. (5.22)
Here, My(xz,y, f) = ply — f(2))Kn(z), G(-) := LS 1 9i(), and (p, K) and Dy(-) are defined

n (3.12) and (5.3), respectively. Next, for uniform designs and homoscedastic noise levels, the
quantity cy, simplifies for any Aj, to

Crp = Cp 1= /p”(az)@(z)dz. (5.23)
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Moreover, according to Lemma 10, we have for any two constant functions f, f € Fs,
[f = F1 < (U4 2¢/brpes + 00) jf G DR(F) = Du(f) (5.24)

Furthermore, from Condition 3 on n, Lemma 7, and Lemma 9, it follows that

. nIl, /(41n% n) -
Py (3neH. : ) <2 = <o’ 5.25
! €He : fPEFs) <2 exp 02 K2+ ko) =20 (5.25)
heH.
and 4 5
2 nh&. /(41n°n) a1
P (AS) < = 4+ 2 — min <4 5.26
(89 £ 5 e (- g e L) <y, (5.26)

where A is defined in (5.11). Thus, we restrict our considerations in the following to the event
{fh € F;, forall h e ’HE} NA. Moreover, we work on the event A := {h* < h} and its complement

A¢ separately. For this, we decompose the risk into R4 (fh, f*) =Ky~ [}fh (o) — f*(xo)}qll{A}}
and R4 (fh,f*) =Ky~ [‘fh(:vo) — f*(xo)‘qll{Ac}]

Control of the risk on the event A. With the triangular inequality and Lemma 8, we obtain
Ra (2 07) <370 [Ra (Fr0, 7)) 4 R (205, F79) + Ra (4, 07) ] (5.27)

Let us now control the first term on the right hand side of the last inequality. First, we observe
that

Ra (frh 7Y <Bpe sup |50 (o) = f(w0)|"a. (5.28)
heH : hi=h:
To simplify the presentation, we introduce the notation 7, := (1 + 24/bp,.., + 0n). Using (5.24)

and taking f = fhz’h and f: fh, we then have
|J€hz,h(x0) _ fh(xo)| < Tnc;; ‘Dh(fhz,h) _ Dh(fh)‘ .

Recall that, by definition, Dy, ( f ") =0 for all h € H. We then obtain from the last inequality for
any h € H

| f1 (o) = [ (wo)| < Ty (’Dh(fh:’h) — Dhrvn (fh:’h)’
[P (771) = D (F11)| + [P (71) = u(#1)) - (5:29)
Using the last inequality and (5.28), we have

R4 (fﬁ’hzafﬁ) <2 B ¢! sup sup | Du(f) — Dhavn(f)]"
heH. fEFs, ¢
q

4 9479 Z Ef- c'ﬁq sup |Du(f) — Du(f)

hEH, : h=h* f€Fsn

Using Lemma 11 and Lemma 12 with A’ = b} and p = p, we get

q

d
Ra (202, fh) < oomin2a [ L3 (he )% |+ 204G, <a"
=1

V(. K*)(Bo + anie(n))>q
nlly,

*
€
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According to Conditions 1 and 2 in Section 5.1, we have 7,, < 2 and a,, < 2V/2. Thus,

Vo K (Bo + anic(n) )

A/ ’I’LH}LI

The second term on the right hand side of (5.27) is controlled by the construction of the procedure
(3.14), thus

d
R (102, f1) < 24C, [ LY (0 ) + (5.30)
j=1

V(5. ) (Bo + amie(m)) ]

N e

Ry (fi"h:,fh:) <Es |16
On the event A,

q

A e ape 1+ an K~*)(B c

T . L SO U
Qn th*

where a,, is defined above (5.6). By the definition of the Holder class (Definition 4) and b, (Defi-

nition (2.9)), we can control the bias for any § : || < b and for any h € H:

d
b < sup [P(7*)( —w0) = ()| < LY R,

where P(f*)(z — o) is the Taylor Polynomial of f* at 2. Finally, with Theorem 2, we can bound
the third term in (5.27):

A(fh )<2O LZ +—w +o(1/n).

Using (5.27), (5.30), (5.31), and the last inequality, and invoking to Condition 2 in Section 5.1, we
have a control of the risk on the event A:

Ra (fil,f*)
d

_ *, K*)(B ie
<301 [290, 4329 420, [ 3 (ne )% 4 YL R o (n)

= Vil

Control of the risk on the event A°. In order to control the risk on the complementary event
A€, we observe that

+o(1/n). (5.32)

R (ffl, f*) < (2M)TP .+ (A°). (5.33)

We now show that the probability P« (A°) is small. According to the construction of the procedure
(3.14), the event A° implies that there exists a b’ € H such that h’ < h¥ and

V(p, K)(By + anic(n))
\/TLHh/ '
Using (5.24) and taking f = fhz"h, and f = fh/, we have on the event A4°¢

1ot (@) = ' (@0)| > 16

V(p, K)(By + anic(n))
o '

Tt [Dw (F454) = D (f7)] > 16
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From the last inequality, we obtain (cf. (5.29))

-~ A

V(p, K)(Bpy + anic(n))
\/th/ '

TnCp sup |Du(f) = Dhzvi (f)| + 27nc; sup

Di(f) - Du(f)] > 16
feFs, feFs,

Together with Lemma 12, this yields

- \/\A/ 5, K)(By + anic(n
Di(f) = Duw(f)] > 16 v ﬁ% )

d
2L Z(h’;j)’@j + 27’an1 Sl;:p
j=1 f€Fs,

On the event (1,5, A, we get similarly as in (5.14)
-+ 1gYT=an Y V(P K)(Bo + anic(n))
1 + dn \/TI,Hh/ ’

where a,, is defined above (5.6). According to Conditions 1 and 2 in Section 5.1, we have 7, < 2
and a, < 1/3. Consequently,

. \% A,f( By + ani.(n d
Buo() ~ Do ()| > DAL LII LN ey
j=1

Di(f) = D ()

d
2L Z(h:_’j)ﬁj + 27'nc;31 Sl;:p
j=1 f€Fs,

-1
Cﬁ sup
fe]'-gn

\/th/

By definition, the oracle bandwidth A} is the one which gives the best trade-off, then for all
h < hf=<h*

d d * * : * * i
I (h;)'gf <7 (h:j)ﬁj _ V(p*, K*)(Bo + ani.(n)) - V(p*, K*)(Bo + anic(n))
> ; ,

N - VIl

V(p*, K*)(By + anic(n))
VIl

. V(p, K)(By + anic(n))

< N .

j=1

<

From last two inequalities, we obtain on the event A€

V(p, K)(Boy + anic(n))
VI, '

-1
¢, sup
feFs,

D (f) = Dw(f)] >

Then, we have a control of the following probability

Drf) _Dh/(f)} By + anic(n)
Py (A°) < Ps. | sup sup } _ Bo .
| ’“e”;“”li C \eKfers,  cyV(p, K) N

Using anic(n)/(nIIy)*/* < 1 (see Condition 3 on n) Lemma 6 with z such that B, = By + ani.(n),
we deduce that

(anic(n))?
Pr(A)< 3 exp <_ , _
W EH, : b/ =h> 100 + 4 anic(n)/(nIly )Y/

< nt.
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From (5.33) and the last inequality, we obtain a control of the risk on the event .4¢:
Rac (f7 1) < (@M,

Then, in view of the last inequality, (5.25), (5.26), and (5.32), we conclude that

Eg+| f"(20) = f*(w0)]|*

d .
_ V(o , K*)(B .
<3971 240, + 327+ 2C,) [ LY (hl)" + (p*, K*)(Bo + anic(n))

= o

With the definition of A* and A} in the beginning of the proof, the theorem can be deduced. R

+o(1/n).

6. Appendix

6.1. A Entropy Calculations

First, let us give a bound for the entropy Hr , (defined below (2.10)) and its Dudley’s integral.
For this, we recall that the metric entropy of a set is the logarithm of the minimal number of balls
(with respect to the corresponding metric) needed to cover the set (see, for example, [31]). For any
v €]0, 1], we then have

1 e8]
Hyr,(v) <[|P|ln (20—]\2/[> and /0 \ Hrw(u) Andu < \/|’P|1n(2M)+\/W/1 Vin(v)/(2v3)dv.

We now give a bound for the entropy Hrua w, that is, (defined below (2.14)) for the special set
of Huber contrasts indexed by the scale v,Yw := {p = pr~ : ¥ € [Ymin, Ymax]} - Here, the positive
constants are chosen such that vmin < 1 and ymax > 1. In this example, we do not consider the
choice of the kernel, we just take the indicator function as kernel and K = {]1[_1/271/2]d(-)}. In this
case, we have A = T. For v €]0, 1], we finally give the following bound

2M V Ymax) Viax
’yélinv2

Hruryw(v) < (14[P])In (16[12 V o] :

and

[ Vet = s i (1012 30 2 )
0 Ymin
+ 1+ |P]| /1 In(v)/(2v3)dv.

n lgilloo Where (g;); are the noise densities in the model (2.1).

.....

6.2. B Proof of the Auxilliary Result

Proof of Proposition 1. The definitions of fy and fO (see (2.5) and (5.1), respectively) imply
that

.....
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Using f,\ € Fs,, Lemma 4, and the last inequality, we have
| Fa(zo) = £ (wo)| < (1= V/8) " SUIP[DA(A)] = PO[DA(f)]llewe -

Recall that by definition f),\(f,\) =0and P° [f))\(fo)] = 0. Thus, for all A € A such that f\ € Fy
the last inequality implies

n?

A@o) = f*(@o)] < (1= V8" (IDA(f) = P[Da)] e + [IP[DAFD] = PP [Da(F)] e ) -
From Lemma 5 and the last display, we obtain
(1= V6"l (||ﬁA(fA) — P[Dr(f)]llew + (1 + Vb1 + 6) CAbh)

1+Vbp + 6, _ - .
< X (1= o) sup EHDAS) = PIDAUN)] llew.-
1—Von FEFs, AEA

As /b + 6, < 1/2 according to Condition 1, this yields

In(xo) — f*(iﬂo)’

IN

| Fa(zo) = f*(20)| <Bbw+2  sup  &DA(f) = P[Da(f)] e
FEFs, AEA

From the last inequality and the definitions of V(-) and ¢y introduced in (2.6) and (5.7), respectively,

we deduce
Py- <{SUP l’f,\ z0) — f* (o)) —2% z 3bh} nN {fk < fﬁn})

AEA AEA

- <J"€]§52?AGA [QC_AHDA(J“) — P[Dx(f)]llewe — 2% = O)
IDA(f) = Pwmﬂm B.

<Py sup

FEFs,  AEA \/_ /P /\/ +/\{>0/ th 1/4 n \/th

Using Lemma 6 and the last inequality, we finally obtain

Py ({/S\lelp l % > 3bh} N m {fx € .an}> < 2|Ple”*

AEA

M) — f*(wo)] — 2

6.3. C Technical Lemmas

We first give a result for the deterministic criterion P° {f),\()} defined in (5.4):

Lemma 4. For any A € A and any h € H, and for n sufficiently large (see Condition 2 in Section
5.1), the following holds:

1. P° {DA(fO)} = 0, and the function P [DA(f)} is bijective as function of Fs, (see Defini-

tion (5.2)) on the corresponding image.
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2. Forany f,f € Fs,.
[t = e < (1= /3) " HIPO[DA()] = POLDA)] llewe
where f =Py and f =P;.
Next, we consider the bias:

Lemma 5. For any h € H and any X € A, if n is sufficiently large (see Condition 2 in Section
5.1), it holds that

sup HPO [DA(f)} — P[DA(f)} Hex, < (14 /b, + dn)eabp.

JE€Fs,
The following lemma allows us to control the deviations of the process D (-):

Lemma 6. For any h € H, it holds that

oup DN =PI Be | pppy ey,
PPN I[PV + X (it VD)

Now, we bound the probability of the event “the A-LPA estimator does not belong to the ball
centered on t° with radius 4,,”.

Py

Lemma 7. For any h € H, if n is sufficiently large (according to Condition 1 in Section 5.1), it

holds that
nIl, /(41n% n)
987[211axlcr2nax + 47111&)(’(:1‘11&)( ,

Pse (2°) < 2|P|exp <
where Q° := {3/\ €A, fA ¢ ]:5"}, and Ymax and Kuyax are defined in Section 2.

Next, we do some simple algebra.
Lemma 8. For any z,y € Rar, it holds that
z? < 2%z — y|4 + 29y,

Moreover, for any l,q € N* and x1,...,x; > 0, it holds that

(5) = (50)

The following lemma allows us to get our hands on the estimator \7()

Lemma 9. For any h € H, if n is sufficiently large according to Condition 2 in Section 5.1, it
holds that

Pe (A) > 1—2/n% — Py (Q°),
where A = [y {\/i\/()\) € [—Vlﬂr%i"\/\/()\), —Vll_Jg:ll"\/V()\)} }, Q¢ is defined in Lemma 7, and a,
is defined in (5.6).
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We now consider functions near the target f*.

Lemma 10. Let Dy(-) : [-M, M] — R and c; be as defined in the proof of Theorem 4 and assume
fre Hd(ﬁ, L, M) and n sufficiently large (according to Condition 1 in Section 5.1). Then, for any

t,t € [f*(w0) — On, f*(z0) + 8,], it holds that
[t —t] < (14 2/bp,.. +6n) }5215 cbl|'Dh(t) — Dy (1)].
Next, we controll the distance of Dy, (f) to Dy, (f) for appropirate bandwidth A and functions f:

Lemma 11. For n sufficiently large (see Condition 3 in Section 5.1), it holds for any h € H that

Ey-cil swp [Da(f) = Da(f)
VASOETS

‘q< Cy [ an/V(p*, K*)(Bo + anic(n)) !
= n|H| vnlly

for a constant C, (C, = 4q247 Gamma(q) works). The functionals D and D are defined in the
proof of Theorem 4, Gammal(q) is the classical Gamma function, V(p*, K*) is defined in (3.9) and
(3.10), anic(n) is defined in Section (3.2), and a, is defined in (5.6).

Eventually, we look at the distance to Dy vi(f) to Di(f) for appropirate bandwidths h and A/
and functions f:

Lemma 12. For any h' € H, any f* € Hd(g,L,M) such that 3 €]0,1)%, and for n sufficiently
large (according to Condition 2 in Section 5.1), it holds that

d
sup sup [Dprvn(f) = Du(f)| < (1+ /0n + ba)csL > (R))%,
j=1

heH fG]'—(sn

where Dy, and cp are defined in (5.22) and (5.23) in the proof of Theorem 4.

6.4. D Proofs of the Technical Lemmas

Proof of Lemma 4. Let us proof the first claim. For this, we note that the components of
PO[Dx(f)] are given by

P = [ (552) o) [0 (owz + 10 - 1) %égi(Z)dz .

Since p and >, g;(-) are symmetric, it holds that [ p/(z)Y", gi(2)dz = 0 and P° [f)f\(fo)] =0
We now show that P [ﬁg()] is injective on the image of F5, exploiting further the symmetry of
p(-) and 3", gi(-). Consider f, f € Fs, such that P°[Dy(f)] = P°[Dx(f)]. We have to show that
f = f. For this, we first note that

>ty — &) (PO[DL(P0)] - P[DE(P)]) =0,

pEP

where t and t are such that P, = f and Py = f . To simplify the presentation, we introduce the
notation u(-) == (f— f°)(-), a(-) := (f = f9)(-), and G(-) :==n* Y7, gi(*). Since G(-) is symmetric,
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K is nonnegative, and p’ is odd and positive on R, the last display implies

/Kh (z) — a(z) /[ '(o(x)z — u(z)) — p'(o(x)z — u(z))] G(z) dzdz=0
& /Kh(x)u(a:) ) —ax ‘/‘p )z — u(x)) —p’(a(x)z—ﬁ(x))’ G(z) dz dz = 0.

As f, f € Fs,, it holds that sup,ey, [w(x)| V|i(x)| < d,. Moreover, using the mean value theorem,
the P-continuity of p”, Assumption (2.2), inf e[, 4] £ (2) > 0 and /5, < $A %, we obtain
P

/Kh x)|u(z) — @z ’/‘p )z —u(x)) — o' (o(x)z — W(z))| G(z) dz da

/Kh (x) — u(x)‘ inf P (0(z)z — s) G(z)dzdx

s:|s|<dp

> /Kh(x)u(:v)’u(x) - 11(90)‘2 inf P (o(2)z — s) G(2)dzdx

s:|s|<dp

> /Kh(x)u(:v)’u(x) - ﬁ(x)fdx L/ p"(0(x)z) G(2)dz — 8, Ly

mm/K () — i(x)|da,

where A, ymin > 0 are introduced in Assumption (2.2) and pmm in Definition 1. The last display
and the positivity of K over its support yield sup,,¢,, ‘u ’ = 0. As u and @ are polynomials

with finite degree, we finally obtain that f = f, and the ﬁrst claim is proved.

Let us now turn to the second claim. We set D(-) := P° [ZN)A()] and note that D(-) is differen-
tiable and injective on Fs, (the latter according to the first claim). We can consequently find an

inverse of the function D on the image of D on Fj5,. We then obtain, denoting the matrix £.,-norm
by ||| - ||lec and the inverse of D by D, for all f € Fs,

17p1 (D)lllso = 11175 (Dlllee = 1II(AIIZE < Up(Hlos = [PA(H] T < (1= Vo) lex.

The constant cy is defined in (5.7) and the last inequality is obtained by the P-continuity of p” and
the condition on ¢,,. The mean value theorem and the last inequality then imply for any f, f € Fs,
and the associated coefficients ¢ and

It =le. = ||D7 o D(f) = Do D()||, <= VE) e [P - D)

loo

This proves the second claim. [ |

Proof of Lemma 5. By the definitions of P[D}(-)] and P°[D5(-)] in (5.4), we have for any
feFs,,any A€ A, and any pe P

[POIDR(D] = P[ (D]
s/ /w )2+ [0@) = f@)) = p'(0(2)2 + [7(x) = ()| G(2)d= da(6.1)
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It additionally holds for all f € Fj, that sup,cy, |f(x) — f(z)| < 6,. Together with the definition
of f%in (5.1), this implies for any f € Fs,

sup |f*(z) — f(z)| < sup [f*(2) = fO(2)] + sup |fO(x) — f(2)] < bn + b

zeVy, eV zeVy,

This implies, since p” exists and is continuous with respect to the measure P (see Definition 1)
and due to the mean value theorem, that for all h € H, all A € A and for all z € V}, there is a
Uy €R : |ug| < by + 0, such that

|0/ (o(2)2 + fO() = f(x)) = o' (o(2)z + f*(2) = f(2))]
<1 (@) = P @)p" (o(2)2 + ua)
< |/ (@) = @) (0" (0(2)2) + 2L,y (bn + ) -

Using /by + 6, < Apll. /(2L,), (6.1), the last inequality, and the definitions of A, by, and cy
defined in (2.2), (2.9) and (5.7) respectively, we obtain for any A € A

s [P[Ds0) - PO

S/ () Kp(z)|f* (z) — fO(x) |/ "( +Apmm\/bh—|—5n} G(z)dz dx
< (1 + /by +5n caby,.

Proof of Lemma 6. In this proof, we use a special case of a deviation inequality derived in [22,
Corollary 6.9]. Adapted to our needs, this deviation inequality reads as follows:

Massart’s Deviations Inequality: Let Xy, ..., X, be independent, real valued random variables
defined on a probability space (£2,A,P). Define S, (r) := E?Zl(w()() En(X;)) for a set of
integrable, real valued functions « € II. If for some positive constants ¢ and b

sup n’t ZE[WQ()Q)} <5? and  sup ||7(-)||ee <D, (6.2)
well i—1 well
it holds for any € € (0,1] and all z >0
P (sup Sp(m) > E+75V2nz 4+ 2132) < exp(-z), (6.3)
well

where ~
E:=27yn /OU VH(u) Andu+2(b+6)H(5),
and H () is the Lo(P)-entropy with bracketing of I1.
Recall that the distance w(-,-) is defined in (2.15). We now apply Massart’s Inequality (6.3)
o e~ 106) (Bp)” K¢ ()

VI PV (f)]P + Al (nlly )1/
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(PN (f*)]? is given in (2.7)) and

ny/II, (D2 (f) — P[D?
i 1, B: %’ H() = H.anUA,w(')u and Sn(ﬂ') = \/_h( )\(f) [ A(f)])
' VI P V() 4+ X () /0
to obtain
—27\/—/ VH, U /\ndu—i—2(%+l) Hr, unw(1),

and

’ XGE wa>we =,

£

fefgn,AeA \/_ /P )\/ _|_)\/ th 1/4 n h (th)3/4

<D Pp ( sup n\/_|Dp P >E+7&m+2l~7z)

pEP FEFsn AN VAT P IN(f +/\go/ nlly)1/4

< 2|P|exp(-z).

Note that the factor 2 in the last inequality appears because we need to control deviations of the
absolute value of the empirical process. The claim is now deduced with simple calculations from
the last display noticing that B, > E//n + Tv2z + 2z(nIl,) /4.

|

Proof of Lemma 7. First, we show that f° is the unique solution of the equality P° [f),\(fﬂ =0
on F. For this, we consider f € F such that P° [ﬁ,\ (f)] = 0. We then observe that

> () — tp) PP[DR(f)] =0,

peEP

where ¢ is such that P, = f and t° is defined in (5.1). Since G(-) :==nt 31" | g;(+) is symmetric, K
and p are nonnegative, and p’ is odd, the last equality implies

[ Er@n@)|@ - £@] [ 5 (0@ + @) - 1) 6(:) dz d =0
& /Kuwmmv%m o) [ 9o+ 1@ - f@)) 6() dz do =0
& Ky @) \/ @)z + |f°(z) - f(2)]) G(z) d= =0 for all z € V.
Thus, if f # f°, there exists an open, nonempty set V C Vj, such that

wg/ﬂ@@k+v%@—f@mG@Mh:&

eV

since f and fO are continuous. Recall that for any z, [ p/(0(x)z)G(z)dz = 0. Since G(z) is a density
and therefore not translation invariant and since [ p”(o(2)2)G(2)dz > 0, this yields

wg/ﬂ@@ﬂ+UW@—f@mG@Mh:0:ﬁm@U%@—f@N:0

eV zeV



34 Chichignoud & Lederer

This contradicts f # f° because f and fo are polynomials of finite degree. In other words, f9is
the unique solution of P°[Dy(f)] =0 on F.

We now look at the event {f) € F;s, forall X e A}. To this end, we recall that fA is the solution
of equation Dy(-) = 0 and the following inclusions hold:

{3\ : ¢ Fs}
g{axz sup  [|Da(f) = P°[Da(H)]],, =, _inf ||P0[Dx<fﬂllel}

fe]-‘\]-‘(;n - f€.7:\.7:5n

2{ sup [[Da(f) = PO[Da(H]l,, = ||P°[Bx<f>ml}- (6.4)

FEF\Fs, , AEA fe]-‘\l]l:lan,keA
Next, for any A € A, it holds that
1DA(f) = P [DA(H]],,
< [DA(F) = P[DAD]Il,, + [P [DA(H] = PPIDAN] ],
< [PHDA(f) = P[DAN], + [PHP[DA(H)] = PIDAN] - (6.5)

We then set 0, := [ p(x)Kp(x)dz and use the continuity of p’ ot derive, similiarly as in Lemma
5, for any A € A

sup [PIDA()] = P IDAD] ., < Db (6.6)
€
To control the stochastic term, we can then apply Massart’s Inequality (6.3) with = = f,
- ~ 1 ny/1ly, ~ -
G=1, b= T H() = Hropaw(), and Sp(r) = e (Dg(f) - P[Dg’(f)])
to obtain .
1
E:27\/ﬁ/ \/ Hrun,w(u) A ndu + 2 (—+1> Hx(1),
0 U ( ) \/H_h ( )
and
~ ~ '-YmaxK:max 2z 2'Ymaxlcmaxz
]P) * su D — P D Z 7E+ 7 maxlcmax +
! (f’ef,EeA 1PA) DA n/1I, E nlIly nlly
VII ~ ~ -
<> Pp| sup %\Di(f) — P[DY(f)]| = E +76v2nz + 2bz
peP FEF NEA Tmax/max
< 2|P|exp(-2).
Setting £ 1= E' + TYmaxKmax % + 22/#“’: and B = 'Ym;"i\/lﬁ—r:“E, we can rewrite the last inequality
to get

3 5 nIly (e — E')?
P;. Di(f) — P[D >c) <2 .
! (fGS}}TE\)GA || A(f) [ )\(f)} ||éoo B E) B |P| P ( 987r211axK:12nax + 47maxK:maX(‘€ - E/)

Using (6.5), (6.6), and the last inequality, we then obtain for all € > 0

Py ( sup || Da(f) —PO[DA(f)}HZI >e |P|>

JEF\Fs,, AEA

. th(E — E/ — 19hbh)2
9842, K2+ dymaxKmax(e — B/ —9pby) )

max max

< 2I7’|6Xp(
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Now, let us look at inf e 7\ 7, xea | PP [ﬁ,\(f)} Hel in (6.4). By the definition of Dj(-), we have for
any f € F\Fs, and any A € A

1P DA, = D

[ (552) wormate) [ oe)s-+ £26) - 1) 6oy i

pEP
0 . P
- I;,Htto_ml /(w 3 0) u(w)Kh(:v)/p’(a(x)erfO(x)_f(x)) G(2)dz do

u(m)Kh(:v)/p’(o(x)z—i—fO(:C) — f(z)) G(2)dz dz|,

10 = tlle,

where ¢ is such that f = P;. Since G(-) is symmetric, p/(-) increasing (because of the convexity of
p), K is nonnegative, and p’ is odd (p is symmetric) and positive on R (because of p'(0) = 0, the
convexity of p and the strict convexity around 0), the last equality implies for all f € F\F;,

0 r)— Jx
D, = %mmh(m) [ ooz + 11w - 1)) 6(:)ado

|f0(z) = f(2)] , |fO(x) — f(2)|
10—l N(x)Kh(x)/P o(z)z + 6n—||t0 il G(z)dz dz.

Since | fO(z) — f(x)|[It° — t]|;,' <1, we obtain with the mean value theorem for all f € F\Fs,

122D

O(z) — f(a)|?
HPO[[)A(f)}HZI > 5n/%u(xﬂ(ﬂ@ug{ggn]/p” (o(x)z +u) G(z)dz dx

2
| ()|
" el e H@)En(@)  nf "(o(z)z 4+ u) G(z)dz dz.
bl 200 ) [IEIZ, () Kon ( )ue[o,én} p" (o(z) ) G(2)

We then derive, using that v/, < 2 A Ap Fre and p” is P-continuous,

onApmin | Pe(z) |2

. 0T 7 A
inf_[|P [D/\(f)melz 9 tsl\tlll?lzén 12,

K dz.
Ll (@)K () do

We then observe that P;(r) = tXT and thus

/ Mu(z)Kh(x)dx

14117,

XTX
1117,

w(x)Ky, (x)dx] tr.

The matrix [ X' Xp(z)Kp(z)dz is positive definite (this follows from standart results, see, for
instance, [30], Lemma 1.6). We can thus write

XTX
I,

th >v/|P|,

w(x) Ky (x)dx

where v is the smallest eigenvalue of the matrix [ X' Xu(z) Ky (x)dr. In summary, we have

Ap;/ﬂin Vén

inf [P [DA())]]],, = 2P

FEF\Fs,  AEA
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With 6, = 2|P*((Inn) ™t + 9bs)/(ApL;,v), Inequalities (6.4) and (6.7), and the last inequality,
we obtain

£ 2 I Ap;lﬂinyén
Pr{3X€EA: fag Fs,} < Py sup || Da(f) = P [DA(N)]|l,, = —oim—
FEF\Fs,, AEA 2|P|
nll, ((Inn)t — E')?
< 2 —
- m“p<%ﬁmmm+mmwmmmmhiw
Invoking Condition 1 on n in Section 5.1 and the definition of E’, the desired claim follows. [ |

Proof of Lemma 8. For any x,y > 0, we have

! =z —y+yl!
= [z —yl+ +yl"Hr >y} + [y — [y — 2]+ ["1{z < y}
< 2z —yl§ + 2% ) 1{z >y} +yil{z <y}
< 29z — y]i + 29419,

For the second part, we set x := (x1,...,2;)7 and use Hélder’s Inequality to derive
zlle, < 1714,

from which the proof follows. [ |

Proof of Lemma 9. We first recall by the definition of the estimator (2.13)

0Py [V -+ X (o)
Pn/\”(fk)

V() =

)

where
Py [V ()] = > %Hh [0/ (i = AA(X)] K (Xi - IO)

and
n

Then, using Massart’s Inequality (given in the proof of Lemma 6) with 7(X;) = m (o' (Yi—
2 aoN - = e mee T
FEDPE? (B52), 6 =1, b= 7,
H3/2 ) )
HO) = Hryonol), ==t and 8,(0) = o (PO - PO,

we can control the deviations the process 7w as follows:

P [ VO - PP 2 et ) <o o
* su n - ey s =~ n-, .
" \rerinen™” VAT,
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where Vmax, Kmax and B, are defined in Section (2). Slmllarly, using Massart’s Inequality with
=1,

(X)) = ——p" (Vi — (X)) K (¥522), 5 b=
HO) = Hpyonol), 2= ani(), and Sulm) = —8 (RA(7) = PX'(7).
we control the deviations of 7 as follows:
Pp<m%g@um%> PN(f)] = Eﬁ5§§ﬂ2>SWM. (6.9)

Then, by the continuity of p’ and p” almost everywhere, p' < ymax, [0 lco < 1, Ymax > 1 (see
Definition 1), f, f* € Fs,, and the mean value theorem, we have for all f € F5,

Xi—{EO
ZE\pY FX3))? =o' (Vi = f1(X !K2<T)

S 2'Ymax max(5n + bh)

PIN(H = PIN(f

Similarly,

sup |P)\H(f) — P)\H(f*)l < Lp”’Coo (571 + bh) < Lp//’}/maxlcmax(én =+ bh)
fe]'-gn

2 2
Denote by sy, := (2V Ly )YmaxKmax (9n + bn) + W\/%&W, Moreover, we observe (under Con-
dition 2 on n) that

Sp, < @ max {Apﬁlin/Kh(:zr)u(x)dx,Hh >1\I€1£P [/\/(f*)]Q} ,

and thus
<G . 1 px . 10 pxy12 )
sn_anmax{)l\lelgP/\ (f ),Hh)l\g\P[/\ (/)] }

Using this, (6.8), and (6.9), we obtain for A € A with probability 1 —2/n? — Pz (Q°)

S P V()] + sn + Xoo (0lln) Y TF G,
e < Y Y - ATl

(f*) = sn T 1l-ay )
and
V/___ v&hf’N [ = s+ N (nll,,) 7 1/4 ¢T:zﬁvr——
P)\”(f)—i—sn ~ 1+a,
This proves the claim. [ |

Proof of Lemma 10. We recall that
/Kh / (o2 + f*(z) — t)G(2)dzdx,

and thus, with the mean value theorem, there exists a ¢ € [t,t~] such that

Dy(t) — Du(t) = (t —1t) /Kh / (02 + f*(x) — ¢)G(z)dzdx.
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As t,f € [f*(x0) — On, f*(20) + 6] and f* € Hy(f3, L, M), we have for any z € Vj,
[f (@) — e < 1f(2) = 7 (@o) [ + " (20) — €] < bhypas + O (6.10)
Using ¢; = [ p"(02)G(z)dz and the previous two inequalities, we obtain
Di(t) — Da(t))]

- |t—t|’/Kh P (02 + f*(x) = ¢)G(2)dzdx

=1l ’/Kh P (02 + f*(z) - G(z)dzd:c—/Kh(:c)/ﬁ”(az)G(z)dzdx—f—c,; .

As p" is Ly _Lipschitz, we obtain with (6.10) and Condition 1 in Section 5.1

‘/Kh / (02 + f*(z) — G(z)dzda:—/Kh(a:)/p”(az)G(z)dzdx

<Ly / ()| (@) - clda
< Lyt (b + 6n)
< oV Dl + O
We then deduce from the last two displays that
Dn(t) = Du()] = €5(1 = V/bhyyan + 00|t — 1]

and with Condition 1 finally

[t — 2] < (14 2y/bhyyur + 0n)¢5 [Di(t) — Di(d)].

|
Proof of Lemma 11. Let us first set for any h € H
V(p*, K*)(Bo + ani.(n))
Th = .
TLHh
Thus, with Lemma 8, we obtain
i . q
Ep-c sup [Dulf) = Da(f)]
fE€Fs,
q
< 29Ej- <c;31 sup [Dp(f) — Dh(f)‘ - Th) + 297, (6.11)
' feFs,
+
Next, note that 0;31 ‘ﬁh() — Dh(-)‘ < 29maxKmax (Ap;,) "t =: T. Consequently,
q
Ef-| ¢ sup |Dp(f) — Dh(f)‘ —Th
fEFs, +
T ~
< q/ u?™ Py c'ﬁl sup |Dp(f) — Dh(f)’ — 15 > u | du. (6.12)
0 JE€Fs,
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Similarly as in (5.14), we derive on the event {A,Vh € H.}

VR > V0o = eV

where \; (z,y, f) := p*(y — f(z)) K} (z) and M (z,y, f) = Ay — f(z)) Ky(z) for all z,y € R.

Setting u = %\/%K*)a in (6.12), using the last inequality, and Lemma 6 with z > 0 such that

By + ani.(n) + ¢ = B,, we get

Dn(f) —Dh(f)‘ —Th>
n +

< gt /T ey (G s [Bu) - Du()] 2 VOW)(Bo +anic(n) +¢) |
= qT, g o C, Sup — = g
" Jo ! P reFs, " " vnlly

7 Du(H) = Pulh)| By + ani
SqTZ/ g1 'Ps. [ sup sup > o +anic(n) + ¢ de

0 pK feFs,  cpn/V(An) nlly,

T : 2
B + anic(n))
< 2¢q7? a-1 — (e d
= T /0 =P ( 100 + 4(e + anic(n))/(nll,)1/4 y

Using ani.(n)/(nI1,)"* < 1, (29maxKCmax (01, A) )/ (n11,)Y/4 < 1 (Condition 3 on n in Section
5.1), and (5.10) with a = 104 and b = 4, we get

q

E - <c;31 sup
fe€Fs,

Dh(f) —Dh(f)’ —Th>

+
: 2 T 2
< 207 exp [ — (Bie(n))” / PR A I
= “Th P ( 108 R S Ty e
2
< n|73 [ 77(11.4)7 Gammal(q).
From (6.11) and the last inequality, the lemma can be deduced. [ |

Proof of Lemma 12. Recall that we consider the uniform design and the homoscedastic noise
level. By the definition of D} and with a change of variables, we have

sup |Dh/vh(f) - Dh(f)|
J€Fs,

= sup
fe]'-gn

/K /A oz + [*(wo + ha) — f(20))G(2)dz dz|

/K /A' oz + f*(xzo+hVhz)— f(x0))G(2)dz dx
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where G(-) = 23" | gi(-). Using f € Hy(5, L, M), the L;-continuity of p”, the last equality, and

n
the mean value theorem, we obtain:

sup ‘Dh/vh(f) - Dh(f)‘
fe€Fsn

< sup /ﬁ”(az—l—s)G(z)dz/K(x)‘f*(a:o—l-h\/h':z:) — [*(wo + ha)|dx
|81 <28+ 2bn 0

d
< (/ p"(02)G(z)dz + 2L (6, + bhmx)> LZ |hj V b — hj|P.

Jj=1

With Condition 1, this yields

d
sup | Duvn(f) = Du(f)] < (14 /6 + bro)eal Y (R
j=1

fe]'-gn
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