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Abstract

We consider the reconstruction problem in compressed sensing in which the observations are recorded in a finite
number of bits. They may thus contain quantization errors (from being rounded to the nearest representable value) and
saturation errors (from being outside the range of representable values). Our formulation has an objective of weighted
ℓ2-ℓ1 type, along with constraints that account explicitly for quantization and saturation errors, and is solved with
an augmented Lagrangian method. We prove a consistency result for the recovered solution, stronger than those that
have appeared to date in the literature, showing in particular that asymptotic consistency can be obtained without
oversampling. We present extensive computational comparisons with formulations proposed previously, and variants
thereof.
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1 Introduction

This paper considers a compressive sensing (CS) system in which the measurements are represented by a finite number
of bits, which we denote byB. By defining a quantization interval∆ > 0, and settingG := 2B−1∆, we obtain the
following values for representable measurements:

−G+
∆

2
,−G+

3∆

2
, . . . ,−∆

2
,
∆

2
, . . . , G− ∆

2
. (1)

We assume in our model that actual measurements are recordedby rounding to the nearest value in this set. The
recorded observations thus contain (a) quantization errors, resulting from rounding of the true observation to the
nearest represented number, and (b) saturation errors, when the true observation lies beyond the range of represented
values, namely,[−G + ∆

2 , G − ∆
2 ]. This setup is seen in some compressive sensing hardware architectures (see, for

example, Laska et al., 2007; Tropp et al., 2009; Romberg, 2009; Tropp et al., 2006; Duarte et al., 2008).
Given a sensing matrixΦ ∈ R

M×N and the unknown vectorx, the true observations (without noise) would beΦx.
We denote the recorded observations by the vectory ∈ R

M , whose components take on the values in (1). We partition
Φ into the following three submatrices:

• The saturation parts̄Φ− and Φ̄+, which correspond to those recorded measurements that are represented by
−G+∆/2 or G−∆/2, respectively — the two extreme values in (1). We denote the number of rows in these
two matrices combined bȳM .

• The unsaturated part̃Φ ∈ R
M̃×N , which corresponds to the measurements that are rounded to non-extreme

representable values.

In some existing analyses (Candès et al., 2006; Jacques et al., 2011), the quantization errors are treated as a ran-
dom variables following an i.i.d. uniform distribution in the range[−∆

2 ,
∆
2 ]. This assumption makes sense in many

situations (for example, image processing, audio/video processing), particularly when the quantization interval∆ is
tiny. However, the assumption of a uniform distribution maynot be appropriate when∆ is large, or when an inap-
propriate choice of saturation levelG is made. In this paper, we assume a slightly weaker condition, namely, that the
quantization errors for non-saturated measurements are independent random variable with zero expectation.
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The state-of-the-art formulation to this problem (see Laska et al., 2011) is to combine the basis pursuit model with
saturation constraints, as follows:

min
x
‖x‖1 (2a)

s.t. ‖Φ̃x− ỹ‖2 ≤ ǫ2∆2 (ℓ2) (2b)

Φ̄+x ≥ (G−∆)1 (+ saturation) (2c)

Φ̄−x ≤ (∆−G)1, (− saturation) (2d)

where1 is a column vector with all entries equal to1 andỹ is the quantized subvector of the observation vectory that
corresponds to the unsaturated measurements. It has been shown that the estimation error arising from the formulation
(2) is bounded byO(ǫ∆) in theℓ2 norm sense (see Laska et al., 2011; Candès, 2008; Jacques etal., 2011).

The paper proposes a robust model that replaces (2b) by adding the least square loss in the objective and adds an
ℓ∞ constraint:

min
x

1

2
‖Φ̃x− ỹ‖2 + λ∆‖x‖1 (3a)

s.t. ‖Φ̃x− ỹ‖∞ ≤ ∆/2 (ℓ∞) (3b)

Φ̄+x ≥ (G−∆)1 (+ saturation) (3c)

Φ̄−x ≤ (∆−G)1. (− saturation) (3d)

The ℓ∞ constraint arises immediately from the observation that the quantization error is bounded by∆/2. This
constraint may reduce the feasible region for the recovery problem while retaining feasibility of the true solutionx∗,
thus promoting more robust signal recovery. From the viewpoint of optimization, the constraint (2b) plays the same
role as the least-square loss term in the objective (3a), when the values ofǫ andλ are related appropriately. However,
it will become clear from our analysis that the least-squares loss can lead a tighter bound than using (2b).

The analysis in this paper shows that solutions obtained from this formulation are, in the worst case, better than
the state-of-the-art model (2), and also better than the model in which only theℓ∞ constraint (3b) are applied (in
place of theℓ2 constraint (2b)), as suggested by Jacques et al. (2011). More important, when the number̃M of unsat-
urated measurements goes to infinity faster thanS log(N) (whereS is the sparsity number—the number of nonzero
components inx∗), the estimation error for the solution of (3) vanishes withhigh probability. By comparison, the
state-of-the-art model (2) does not guarantee improvementgiven more measurements. Although Jacques et al. (2011)
show that the estimation error can be eliminated only using theℓ∞ constraint, their “oversampling” condition is much
stronger than our requirement.

We apply the alternating direction method of multipliers (ADMM) (see Eckstein and Bertsekas, 1992; Boyd et al.,
2011) to solve (3). The computational results reported in Section 4 compare the solution properties for (3) to those for
(2) and other formulations in which some of the constraints are omitted.

1.1 Related Work

There have been several recent works on CS with quantizationand saturation. Laska et al. (2011) propose the for-
mulation (2). Jacques et al. (2011) replace theℓ2 constraint (2b) by anℓp constraint (2 ≤ p ≤ ∞) to handle the
oversampling case, and show that valuesp greater than2 are advantageous. The model of Zymnis et al. (2010) allows
Gaussian noise in the measurements before quantization, and solves the resulting formulation with anℓ1-regularized
maximum likelihood formulation. The average distortion introduced by scalar, vector, and entropy coded quantization
of CS is studied by Dai et al. (2011).

The extreme case of 1-bit CS (in which only the sign of the observation is recorded) has been studied by Gupta et al.
(2010) and Boufounos and Baraniuk (2008). In the latter paper, theℓ1 norm objective is minimized on the unit ball,
with a sign consistency constraint. The former paper proposes two algorithms that need no more thanO(S logN) mea-
surements to recover the unknown support of the true signal,but they cannot recover the magnitudes of the nonzeros
reliably.
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1.2 Notation

We use‖ · ‖p to denote theℓp norm, where1 ≤ p ≤ ∞, with ‖ · ‖ denoting theℓ2 norm. We usex∗ for the true signal,
x̂ as the estimated signal (the solution of (3), andh = x̂− x∗ as the difference between them. As mentioned above,S
denotes the number of nonzero elements ofx∗.

For anyz ∈ R
N , we usezi to denote theith component andzT to denote the subvector corresponding to index set

T ⊂ {1, 2, ..., N}. Similarly, we usẽΦT to denote the column submatrix ofΦ̃ consisting of the columns indexed by
T . The cardinality ofT is denoted by|T |.

In discussing the dimensions of the problem and how they are related to each other in the limit (asN andM̃ both
approach∞), we make use of order notation. Ifα andβ are both positive quantities that depend on the dimensions,we
writeα = O(β) if α can be bounded by a fixed multiple ofβ for all sufficiently large dimensions. We writeα = o(β)
if for anypositive constantφ > 0, we haveα ≤ φβ for all sufficiently large dimensions. We writeα = Ω(β) if both
α = O(β) andβ = O(α).

The projection onto theℓ∞ norm ball with the radiusλ is

P∞(x, λ) := sign(x) ⊙min(|x|, λ)

where⊙ denotes componentwise multiplication and sign(x) is the sign vector ofx. (Theith entry of sign(x) is 1,−1,
or 0 depending on whetherxi is positive, negative, or zero, respectively.)

The indicator functionIΠ(·) for a setΠ is defined to be0 onΠ and∞ otherwise.
Let

Φ̄ =

[

−Φ̄−

Φ̄+

]

andΦ =

[

Φ̃
Φ̄

]

. (4)

The maximum column norm iñΦ is denoted byfmax, that is,

fmax := max
i∈{1,2,...,N}

‖Φ̃·i‖. (5)

We define the following quantities associated with a matrixΨ with N columns:

ρ−p (k,Ψ) := min
|T |≤k,h∈RN

‖ΨThT ‖2p
‖hT ‖2

(6)

and

ρ+p (k,Ψ) := max
|T |≤k,h∈RN

‖ΨThT ‖2p
‖hT ‖2

. (7)

Sometimes we use following notations for short:

ρ−p (k) := ρ−p (k,Φ), ρ+p (k) := ρ+p (k,Φ),

ρ̃−p (k) := ρ−p (k, Φ̃), ρ̃+p (k) := ρ+p (k, Φ̃),

ρ̄−p (k) := ρ−p (k, Φ̄), ρ̄+p (k) := ρ+p (k, Φ̄).

Note that theℓ2 norm is used in each denominator, regardless ofp.
Finally, we denotemax{z, 0} as(z)+ for short.

1.3 Organization

The ADMM optimization framework for solving (3) is discussed in Section 2. Section 3 analyzes the properties of the
solution of (3) in the worst case and compares with existing results. The numerical simulation is reported in Section 4
and some conclusions are offered in Section 5. Proofs appearin the appendix.
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2 Algorithm

This section describes the ADMM algorithm for solving (3). For simpler notation, we combine the saturation con-
straints as follows:

[

−Φ̄−

Φ̄+

]

x ≥
[

(G−∆)1
(G−∆)1

]

⇔ Φ̄x ≥ ȳ,

whereΦ̄ is defined in (4) and̄y is defined in an obvious way. To specify ADMM, we introduce some auxiliary variables
and write (3) as follows.

min
x

1

2
‖Φ̃x− ỹ‖2 + λ‖x‖1

s.t. u = Φ̃x− ỹ

v = Φ̄x− ȳ

‖u‖∞ ≤ ∆/2

v ≥ 0.

(8)

Introducing Lagrange multipliersα andβ for the two equality constraints in (8), we write the augmented Lagrangian
for this formulation, with prox parameterθ > 0 as follows:

LA(x, u, v, z, w, α, β, η, γ)

=
1

2
‖Φ̃x− ỹ‖2 + λ‖x‖1 + 〈α, u − Φ̃x+ ỹ〉+ 〈β, v − Φ̄x+ ȳ〉+

θ

2
‖u− Φ̃x+ ỹ‖2 + θ

2
‖v − Φ̄x+ ȳ‖2 + I‖u‖∞≤∆/2(u) + Iv≥0(v)

(9)

At each iteration of ADMM, we optimize this function with respect to the primal variablesu andv in turn, then update
the dual variablesα andβ in a manner similar to gradient descent. The parameterθ may then be increased before
proceeding to the next iteration.

We summarize the ADMM algorithm inAlgorithm 1.

Algorithm 1 ADMM for (8)

Require: Φ̃, ỹ, Φ̄, ȳ, ∆, K, andx;
1: Initialize θ > 0, α = 0, β = 0, u = Φ̃x− ỹ, andv = Φ̄x− ȳ;
2: for k = 0 : K do
3: u← argminv : LA(x, u, v, α, β, ) = P∞(Φ̃x− ỹ − α/θ,∆/2);
4: w ← argminw : LA(x, u, v, α, β) = max(Φ̄x− ȳ − β/θ, 0);
5: x← argminx : LA(x, u, v, α, β);
6: α← α+ θ(u− Φ̃x+ ỹ);
7: β ← β + θ(v − Φ̄x+ ȳ);
8: Possibly increaseθ;
9: if stopping criteria is satisfiedthen

10: break
11: end if
12: end for

The updates in Steps 3 and 4 have closed-form solutions, as shown. The function to be minimized in Step 5 consists
of an‖x‖1 term in conjunction with a quadratic term inx. Many algorithms can be applied to solve this problem, e.g.,
the SpaRSA algorithm proposed by Wright et al. (2009), the accelerated first order method (Nesterov, 2007), and the
FISTA algorithm (Beck and Teboulle, 2009). The update strategy for θ in Step 7 is flexible. We use the following
simple and useful scheme from He et al. (2000) and Boyd et al. (2011):

θ :=











θτ if ‖r‖ > µ‖d‖
θ/τ if ‖r‖ < µ‖d‖
θ otherwise,

(10)
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wherer andd denote the primal and dual residual errors respectively, specifically,

r =

[

u− Φ̃x+ ỹ
v − Φ̄v + ȳ

]

andd = θ

[

Φ̃(x− xlast)
Φ̄(x− xlast)

]

,

wherexlast denotes the previous value ofx. The parametersµ andτ should be greater than1; we usedµ = 10 and
τ = 2.

3 Analysis

The section analyzes the properties of the solution obtained from our formulation (3). In Subsection 3.1, we obtain
bounds on the norm of the differenceh between the estimator̂x given by (3) and the true signalx∗. Our bounds require
the true solutionx∗ to be feasible for the formulation (3); we derive conditionsthat guarantee that this condition holds,
with a specified probability. In Subsection 3.2, we estimatethe constants that appear in our bounds under certain
assumptions, including an assumption that the full sensingmatrixΦ is Gaussian.

We formalize our assumption about quantization errors as follows.

Assumption 1. The quantization errors(Φ̃x∗ − ỹ)i, i = 1, 2, . . . , M̃ are indepently distributed with expectation0.

3.1 Estimation Error Bounds

The following error estimate is our main theorem, proved in the appendix.

Theorem 1. Assume that the true signalx∗ satisfies

‖Φ̃T (Φ̃x∗ − ỹ)‖∞ ≤ λ∆/2. (11)

Lets andl be positive integers in the range1, 2, . . . , N , and define

BL :=6
√
sλ∆, (12a)

B∞ :=
√

M̃∆, (12b)

A0(Ψ) :=ρ−2 (s+ l,Ψ)− 3
√

s/l[ρ+2 (s+ 2l,Ψ)− ρ−2 (s+ 2l,Ψ)] (12c)

A1(Ψ) :=4[ρ+2 (s+ 2l,Ψ)− ρ−2 (s+ 2l,Ψ)], (12d)

C0(Ψ) :=

√

1 + 9s/l

A0(Ψ)
, (12e)

C1(Ψ) :=4 +

√

1 + 9s/lA1(Ψ)

A0(Ψ)
, (12f)

C2(Ψ) :=

√

1 + 9s/l

A0(Ψ)
. (12g)

We have that for anyT0 ⊂ {1, 2, ..., N} with s = |T0|, if A0(Φ̃) > 0, then

‖h‖ ≤C0(Φ̃)BL + C1(Φ̃)/
√
l‖x∗

T c
0
‖1 + C2(Φ̃)B

1/2
L /s1/4‖x∗

T c
0
‖1/21 , (13a)

‖h‖ ≤C2(Φ̃)B∞ + C1(Φ̃)/
√
l‖x∗

T c
0
‖1. (13b)

Suppose that Assumption 1 holds, and letπ ∈ (0, 1) be given. If we defineλ =
√

2 log 2N/πfmax in (3), then with
probability at leastP = 1− π, the inequalities(13a)and(13b)hold.

From the proof in the appendix, one can see that the estimation error bound (13a) is mainly determined by the
least square term in the objective (3a), whereas the estimation error bound (13b) arises from theL∞ constraint (3b).

If we takeT0 as the support set ofx∗, only the first term in (13a) and (13b) remains. It follows that ‖h‖ ≤
min{C0(Φ̃)BL, C2(Φ̃)B∞}. We will compare their values in next subsection.
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3.2 Estimating the Constants

Here we discuss the behaviors of the least square term and theℓ∞ constraints by comparing the values ofC0(Φ̃)BL

andC2(Φ̃)B∞. In order to simplify the comparison, we make the following assumptions.

(i) Φ is a Gaussian random matrix, that is, each entry is i.i.d., drawn from a standard Gaussian distributionN (0, 1).

(ii) the confidence levelP = 1− π is fixed.

(iii) s andl are both equal to the sparsity numberS.

(iv) S log(N) = o(M).

(v) the saturation ratioχ := M̄/M is smaller than a small positive threshold that is defined in Theorem 2.

(vi) T0 is taken as the support set ofx∗, so thatx∗
T c
0
= 0.

Note that (iii) and (iv) together imply thats = l = S ≪M , while (iv) implies thatM̃ = Ω(M).
The discussion following Theorem 2 in Appendix indicates that under these assumptions, the quantities defined in

(12e), (12f), (12f), and (5) satisfy the following estimates:

C0(Φ̃) = Ω(1/M), C1(Φ̃) = Ω(1), C2(Φ̃) = Ω(1/
√
M), fmax = Ω(

√
M),

with high probability, for sufficiently high dimensions. Using the estimates in Theorem 2, we have from the definitions
of BL andB∞ in Theorem 1, with the setting ofλ from Theorem 1, that

C0(Φ̃)BL = O

(

√

S log(N)fmax∆

M

)

= O

(
√

S log(N)

M
∆

)

→ 0, (14a)

C2(Φ̃)B∞ = O

(√

M̃∆√
M

)

= O (∆) . (14b)

Combining the estimation error bounds (13a) and (13b), we have

‖h‖ ≤ min{C0(Φ̃)BL, C2(Φ̃)B∞} = min{O(
√

S log(N)/M), O(1)}∆. (15)

In the regime described by assumption (iv),C0(Φ̃)BL will be asymptotically smaller thanC2(Φ̃)B∞. The bound
in (15) has sizeO(

√

S log(N)/M∆), consistent with the upper bound of the Dantzig selector (Candès and Tao, 2007)
and the LASSO (Zhang, 2009)1. Recall that the estimation error of the state-of-the-art algorithm (2) for quantized

compressed sensing isO(‖Φ̃x∗− ỹ‖/
√

M̃) (Jacques et al., 2011; Laska et al., 2011). Since‖Φ̃x∗− ỹ‖ = O(
√

M̃∆)
(Jacques et al., 2011), this estimate is consistent with theerror that would be obtained if we imposed only theℓ∞ con-
straint (3b) in our formulation. Under the assumption (iv),the estimation error for (3) will vanish as the dimensions
grow, with probability at least1 − π. By contrast, Jacques et al. (2011) do not account for saturation in their formu-
lation and show that the estimation error converges to0 using theℓ∞ constraint only when oversampling happens (in
particular,M ≥ NeS/S) andM → ∞. Our formulation yields a much weaker condition onM than oversampling.
For example,M = S log2(N) would produce consistency in our formulation, but not in (2).

4 Simulations

This section compares results for five variant formulations. The first one is our formulation (3), which we refer to in
the plots asLASSO∞ . We also tried a variant in which theℓ∞ constraint (3b) was omitted from (3). The recovery

1Their bound isO(
√

S log(N)/Mσ) whereσ is the standard deviation of the observation noise which, inthe classical setting for the Dantzig
selector and the LASSO, is assumed to follow a Gaussian distribution.
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performance for this variant was uniformly worse than forLASSO∞ , so we do not show it in our figures. (It is,
however, sometimes better than the formulations describedbelow, and uniformly better thanDantzig .)

The remaining four alternatives are based on the following model, in which theℓ2 norm of the residual appears in
a constraint (rather than the objective) and a constraint ofDantzig type also appears:

min
x
‖x‖1 (16a)

s.t. ‖Φ̃x− ỹ‖2 ≤ ǫ2∆2 (ℓ2) (16b)

‖Φ̃x− ỹ‖∞ ≤ ∆/2 (ℓ∞) (16c)

‖Φ̃T (Φ̃x− ỹ)‖∞ ≤ λ∆/2 (Dantzig) (16d)

Φ̄+x ≥ (G−∆)1 (+ saturation) (16e)

Φ̄−x ≤ (∆−G)1. (− saturation) (16f)

The four formulations are obtained by omitting certain constraints from this model.

• L∞ : anℓ∞ constraint model that enforces (16c), (16e), and (16f), butnot (16b) or (16d) (that it, the model with
p =∞ in Jacques et al. (2011) but with the addition of saturation constraints)

• L2 : anℓ2 constraint model (that is, the state-of-the-art model in (2) (Laska et al., 2011)) that enforces (16b),
(16e), and (16f) but not (16c) or (16d);

• Dantzig : the Dantzig constraint algorithm with saturation constraints, that is, it enforces (16d), (16e), and (16f)
but not (16b) or (16c);

• L2Dantzig∞ : the full model defined by (16).

Note that we use the same value ofλ in (16d) as in (3), since in both cases they lead to a constraint that the true signal
x∗ satisfies‖Φ̃T (Φ̃x∗ − ỹ)‖∞ ≤ λ∆/2 with a certain probability; see (16d) and (11).

The synthetic data is generated as follows. The measurementmatrix Φ̃ ∈ R
M×N is a Gaussian matrix, each entry

being independently generated fromN (0, 1/R2), for a given parameterR. TheS nonzero elements ofx∗ are in
random locations and are drawn from independently fromN (0, 1). We use SNR= −20 log10(‖x̂ − x∗‖/‖x∗‖) as
the error metric, wherêx is the signal recovered from each of the formulations under consideration. Given values of
saturation parameterG and number of bitsB, the interval∆ is defined accordingly as∆ = 2B−1G. All experiments
are repeated for30 times; we report the average performance.

We now describe how the boundsλ for (3a) and (16d) andǫ for (16b) were chosen for these experiments. Es-
sentially,ǫ andλ should be chosen so that the constraints (16b) and (16d) admit the true signalx∗ with a a high
(specified) probability. There is a tradeoff between tightness of the error estimate and confidence. Larger values of
ǫ andλ can give a more confident estimate, since the defined feasibleregion includesx∗ with a higher probability,
while smaller values provide a tighter estimate. Although Lemma 2 suggests how to chooseλ and Jacques et al. (2011)
show how to determineǫ, the analysis it not tight, especially whenM andN are not particularly large. We use in-
stead an approach based on simulation and on making the assumption (not used elsewhere in the analysis) that the
non-saturated quantization errorsξi = (Φ̃x∗ − ỹ)i are i.i.d. uniform inU[−∆/2,∆/2]. (As noted earlier, this stronger
assumption makes sense in some settings, and has been used inprevious analyses.) We proceed by generating numer-
ous independent samples ofZ ∼ U[−∆/2,∆/2]. Given a confidence level1 − π (for π > 0), we setǫ to the value for
whichP(Z ≥ ǫ∆) = π is satisfied empirically. A similar technique is used to determineλ. When we seek certainty
(π = 0, or confidenceP = 100%), we setǫ andλ according to the true solutionx∗, that is,ǫ = ‖Φ̃x∗ − ỹ‖/∆ and
λ = 2‖Φ̃T (Φ̃x∗ − ỹ)‖∞/∆.

To summarize the various parameters that are varied in our experiments:M andN are dimensions ofΦ, S is
sparsity of solutionx∗, G is saturation level,B is number of bits,R is the inverse standard deviation of the elements
of Φ, andP = 1− π denotes the confidence levels, expressed as a percentage.

In Figure 1, we fix the values ofM , S, G, R, andP , choose two values ofB: 3 and 5. Plots show the average
SNRs (over30 trials) of the solutionŝx recovered from the five models against the dimensionN . In this and all
subsequent figures, the saturation ratio is defined to be(M − M̃)/M , the fraction of extreme measurements. Our
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LASSO∞ formulation and the full modelL2Dantzig∞give the best recovery performance for smallN , while for
largerN , LASSO∞ is roughly tied with the theL2 model. TheL∞ andDantzig models have poorer performance —
a pattern that we continue to observe in subsequent tests.
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Figure 1: Comparison among various models for fixed valuesM = 300, S = 10, G = 4, R = 10, andP = 100%,
and two values ofB (3 and 5, respectively). The graphs show dimensionN (horizontal axis) against SNR (vertical
axis) for values ofN between100 and1000, averaged over30 trials for each combination of parameters.

Figure 2 fixesN ,M ,B,G,R, andP , and plots SNR as a function of sparsity levelS. For all models, the quality of
reconstruction decreases rapidly withS. LASSO∞ andL2Dantzig∞achieve the best results overall, but are roughly
tied with theL2 model for all but the sparsest signals. TheL∞model is competitive for very sparse signals, while the
Dantzig model lags in performance.

We now examine the effect of number of measurementsM on SNR. Figure 3 fixesN , S, G, R, andP , and tries
two values ofB: 3 and5, respectively. Figure 4 fixesB = 4, and allowsN to increase withM in the fixed ratio5/4.
These figures indicate that theLASSO∞ andL2Dantzig∞models are again roughly tied with theL2 model when the
number of measurements is limited. For largerM , our models have a slight advantage over theL2 andL∞models,
which is more evident when the quantization intervals are smaller (that is,B = 4). Another point to note from Figure 4
is thatL∞ outperformsL2 when bothM andN are much larger than the sparsityS.

In Figure 5 we examine the effect of the number of bitsB on SNR, for fixed values ofN , M , S, G, R, andP . The
fidelity of the solution from all models increases linearly with B, with theLASSO∞ , L2Dantzig∞ , andL2 models
being slightly better than the alternatives.

Next we examine the effect on SNR of the confidence level, for fixed values ofN ,M ,B,G, andR. In Figure 6, we
setM = 300 and plot results for two values ofS: 5 and 15. In Figure 7, we use the same values ofS, but setM = 150
instead. Note first that the confidence level does not affect the solution of theL∞model, since this is a deterministic
model, so the reconstruction errors are constant for this model. For the other models, we generally see degradation as
confidence is higher, since the constraints (16b) and (16d) are looser, so the feasible point that minimizes the objective
‖ · ‖1 is further from the optimumx∗. Again, we see a clear advantage forLASSO∞when the sparsity is low,M is
larger, and the confidence levelP is high. For less sparse solutions, theL2 andL2Dantzig∞models have similar or
better performance.

In Figure 8 we examine the effect of saturation boundG on SNR. We fixN ,M ,B,R, andP , and try two values of
S: 5 and10. A tradeoff is evident — the reconstruction performances are not monotonic withG. AsG increases, the
proportion of saturated measurements drops sharply, but the quantization interval also increases, degrading the quality
of the measured observations. We again note a slight advantage for theLASSO∞ andL2Dantzig∞models, with very
similar performance byL2 when the oversampling is lower.

In Figure 9, we fixN , M , S, B, R, and tune the value ofG to achieve specified saturation ratios of2% and10%.
We plot SNR against the confidence levelP , varied from0% to 100%. Again, we see generally good performance
from theLASSO∞ andL2Dantzig∞models, withL2 being competitive for less sparse solutions.
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Figure 2: Comparison among various models forN = 500,M = 300,B = 4, G = 0.4,R = 10, andP = 100%. The
graph shows sparsity levelS (horizontal axis) plotted against SNR (vertical axis), averaged over30 trials.
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Figure 3: Comparison among various models for fixed valuesN = 500,S = 5,G = 0.4,R = 15, andP = 100%, and
two values ofB (3 and5). The graphs show the number of measurementsM (horizontal axis) against SNR (vertical
axis) for values ofM between20 and300, averaged over30 trials for each combination of parameters.
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Figure 4: Comparison among various models for fixed ratioN/M = 5/4, and fixed valuesS = 10, B = 4, G = 0.4,
R = 15, andP = 100%. The graph shows the number of measurementsM (horizontal axis) against SNR (vertical
axis) for values ofM between100 and1680, averaged over30 trials for each combination of parameters.
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Figure 5: Comparison among various models for fixed valuesN = 500, M = 300, S = 10, G = 0.4, R = 10, and
P = 100%. This graph shows the bit numberB (horizontal axis) against SNR (vertical axis), averaged over30 trials.
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Figure 6: Comparison among various models for fixed valuesN = 400,M = 300,B = 4, G = 0.4, andR = 15, and
sparsity levelsS = 5 andS = 15. The graphs show saturation boundG (horizontal axis) against SNR (vertical axis)
for values ofP between0.0001 and0.99, averaged over30 trials for each combination of parameters.
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Figure 7: Comparison among various models for fixed valuesN = 400, M = 150, B = 4, G = 0.4, andR = 15,
and sparsity levelsS = 5 andS = 15. The graphs show confidenceP (horizontal axis) against SNR (vertical axis) for
values ofP between0.0001 and0.99, averaged over30 trials for each combination of parameters.
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Figure 8: Comparison among various models for fixed values ofN = 500, M = 150, B = 4, R = 15, P = 100%,
and two values ofS: 5 and10. The graphs show confidenceP (horizontal axis) against SNR (left vertical axis) and
saturation ratio (right vertical axis), averaged over30 trials for each combination of parameters.
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Figure 9: Comparison among various models for fixed values ofN = 500, M = 150, S = 5, B = 4, R = 15, and
two values of saturation ratio:2% and10%, which are achieved by tuning the value ofG. The graphs show confidence
P (horizontal axis) against SNR (vertical axis), averaged over30 trials for each combination of parameters.
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Summarizing, we note the following points.

(a) Our proposedLASSO∞ formulation gives either best or equal-best reconstruction performance in most regimes,
with a more marked advantage when the signal is highly sparseand the number of samples is higher.

(b) TheL2 model has similar performance to the full model, and is evenslightly better than our model for less
sparse signals with fewer measurements, since it is not sensitive to the measurement number as the upper bound
suggested by Laska et al. (2011). Although the inequality in(15) also indicates the estimate error by our model
is bounded by a constant due to theℓ∞ constraint, the error bound determined by theℓ∞ constraint is not so
tight as theℓ2 constraint in general. This fact is evident when we compare the theL∞model with theL2 model.

(c) TheL∞model performs well (and is competitive with the others) when the number of unsaturated measure-
ments is relatively large.

(d) TheL2Dantzig∞model is competitive withLASSO∞ if ǫ andλ can be determined from the true signalx∗.
Otherwise,LASSO∞ is more robust to choices of these parameters that do not require knowledge of the true
signals, especially if one desires a high confidence level.

5 Conclusion

We have analyzed a formulation of the reconstruction problem from compressed sensing in which the measurements
are quantized to a finite number of possible values. Our formulation uses an objective ofℓ2-ℓ1 type, along with explicit
constraints that restrict the individual quantization errors to known intervals. We obtain bounds on the estimation error,
and estimate these bounds for the case in which the sensing matrix is Gaussian. Finally, we prove the practical utility
of our formulation by comparing with an approach that has been proposed previously, along with some variations on
this approach that attempt to distil the relative importance of different constraints in the formulation.

Acknowledgments

The authors acknowledge support of National Science Foundation Grant DMS-0914524 and a Wisconsin Alumni
Research Foundation 2011-12 Fall Competition Award.

Appendix

This section contains the proof to Theorem 1, developed via anumber of technical lemmas. At the end, we state and
prove a result (Theorem 2) concerning high-probability estimates of the bounds under additional assumptions on the
sensing matrix̃Φ.

The proof of Theorem 1 essentially follows the standard analysis procedure in compressive sensing. Some sim-
ilar lemmas and proofs can be found in Bickel et al. (2009); Candès and Tao (2007); Candès (2008); Zhang (2009);
Liu et al. (2010, 2012). For completeness, we include all proofs in the following discussion.

LetT0 be any subset of{1, 2, ..., N}, with s := |T0|. Given the error vectorh = x̂−x∗, divide the complementary
index setT c

0 := {1, 2, ..., N}\T0 into a group of subsetsTj ’s (j = 1, 2, . . . , J), without intersection, such thatT1

indicates the index set of the largestl entries ofhT c
0
, T2 contains the next-largestl entries ofhT c

0
, and so forth.2

Lemma 1. We have

‖Φ̃h‖∞ ≤ ∆. (17)

2The last subset may contain fewer thanl elements.
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Proof. From (3b), and invoking feasibility of̂x andx∗, we obtain

‖Φ̃h‖∞ = ‖Φ̃(x̂− x∗)‖∞ ≤ ‖Φ̃x̂− ỹ‖∞ + ‖Φ̃x∗ − ỹ‖∞ ≤ ∆.

Lemma 2. Suppose that Assumption 1 holds. Givenπ ∈ (0, 1), the choiceλ =
√

2 log (2N/π)fmax ensures that the
true signalx∗ satisfies(11), that is

‖Φ̃T (Φ̃x∗ − ỹ)‖∞ ≤ λ∆/2

with probability at least1− π.

Proof. Define the random variableZj = Φ̃T
·j(Φ̃x

∗ − ỹ) = Φ̃T
·jξ, whereξ = [ξ1, ..., ξM̃ ] is defined in an obvious

way. (Note that‖Z‖∞ = ‖Φ̃T (Φ̃x∗ − ỹ)‖∞.) SinceE(Zj) = 0 (from Assumption 1) and all̃Φijξi’s are in the range
[−Φ̃ij∆/2, Φ̃ij∆/2], we use the Hoeffding inequality to obtain

P(Zj > λ∆/2) =P(Zj − E(Zj) > λ∆/2)

=P(

M̃
∑

i=1

Φ̃ijξi − E(Zj) > λ∆/2)

≤ exp
−2(λ∆/2)2

∑M̃
i=1(Φ̃ij∆)2

=exp
−λ2

2
∑

i Φ̃
2
ij

≤ exp
−λ2

2f2
max

,

which implies (using the union bound) that

P(|Zj | > λ∆/2) ≤ 2 exp
−λ2

2f2
max

⇒P(‖Z‖∞ = max
j
|Zj | > λ∆/2) ≤ 2N exp

−λ2

2f2
max

⇒P

(

‖Z‖∞ >

√

1

2
log

2N

π
fmax∆

)

≤ π,

where the last line follows by settingλ to the prescribed value. This completes the proof.

Lemma 3. We have

‖hT c
01
‖ ≤

J
∑

j=2

‖hTj
‖ ≤ ‖hT c

0
‖1/
√
l,

whereT01 = T0 ∪ T1.

Proof. First, we have for anyj ≥ 1 that

‖hTj+1
‖2 ≤ l‖hTj+1

‖2∞ ≤ l(‖hTj
‖1/l)2 = ‖hTj

‖21/l,

because the largest value in|hTj+1
| cannot exceed the average value of the components of|hTj

|. It follows that

‖hT c
01
‖ ≤

J
∑

j=2

‖hTj
‖ ≤

J−1
∑

j=1

‖hTj
‖1/
√
l ≤ ‖hT c

0
‖1/
√
l.
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Similar claims or inequalities to Lemma 3 can be found in Zhang (2009); Candès and Tao (2007); Liu et al. (2010).

Lemma 4. Assume that(11)holds. We have

‖hT c
0
‖1 ≤ 3‖hT0

‖1 + 4‖x∗
T c
0
‖1, (18a)

‖h‖ ≤
√

1 + 9s/l‖hT01
‖+ 4‖x∗

T c
0
‖1/
√
l. (18b)

Proof. Sincex̂ is the solution of (3), we have

0 ≥ 1

2
‖Φ̃x̂− ỹ‖2 − 1

2
‖Φ̃x∗ − ỹ‖2 + λ∆(‖x̂‖1 − ‖x∗‖1)

≥ hT Φ̃T (Φ̃x∗ − ỹ) + λ∆(‖x̂‖1 − ‖x∗‖1) (by convexity of(1/2)‖Φ̃x− ỹ‖2)
= hT Φ̃T (Φ̃x∗ − ỹ) + λ∆(‖x̂T0

‖1 − ‖x∗
T0
‖1 + ‖x̂T c

0
‖1 − ‖x∗

T c
0
‖1)

≥ −‖h‖1‖Φ̃T (Φ̃x∗ − ỹ)‖∞ + λ∆(‖x̂T0
‖1 − ‖x∗

T0
‖1 + ‖x̂T c

0
‖1 − ‖x∗

T c
0
‖1)

≥ −‖h‖1λ∆/2 + λ∆(‖x̂T0
‖1 − ‖x∗

T0
‖1 + ‖x̂T c

0
‖1 + ‖x∗

T c
0
‖1 − 2‖x∗

T c
0
‖1) (from (11))

≥ −(‖hT0
‖1 + ‖hT c

0
‖1)λ∆/2 + λ∆(−‖hT0

‖1 + ‖hT c
0
‖1 − 2‖x∗

T c
0
‖1)

≥ 1

2
λ∆‖hT c

0
‖1 −

3

2
λ∆‖hT0

‖1 − 2λ∆‖x∗
T c
0
‖1.

It follows that3‖hT0
‖1 + 4‖x∗

T c
0
‖1 ≥ ‖hT c

0
‖1, proving (18a).

The second inequality (18b) is from

‖h‖2 = ‖hT01
‖2 + ‖hT c

01
‖2

≤ ‖hT01
‖2 + ‖hT c

0
‖21/l (from Lemma 3)

≤ ‖hT01
‖2 + (3‖hT0

‖1 + 4‖x∗
T c
0
‖1)2/l (from (18a))

≤ ‖hT01
‖2 + (3

√
s‖hT01

‖+ 4‖x∗
T c
0
‖1)2/l

= (1 + 9s/l)‖hT01
‖2 + 24

√
s/l‖hT01

‖‖x∗
T c
0
‖1 + 16‖x∗

T c
0
‖21/l

≤
[

√

1 + 9s/l‖hT01
‖+ 4‖x∗

T c
0
‖1/
√
l
]2

.

Lemma 5. Assume that(11)holds. For any matrixΨ with N columns, ands, l ≤ N , we have

‖Ψh‖2 ≥ A0(Ψ)‖hT01
‖2 −A1(Ψ)‖hT01

‖‖x∗
T c
0
‖1/
√
l,

whereA0(Ψ) andA(Ψ) are defined in(12c)and(12d)respectively.

Proof. For anyj ≥ 2, we have

|hT
T01

ΨT
T01

ΨTj
hTj
|

‖hT01
‖‖hTj

‖

=
1

4

∣

∣

∣

∥

∥ΨT01
hT01

/‖hT01
‖+ΨTj

hTj
/‖hTj

‖‖2 − ‖ΨT01
hT01

/‖hT01
‖ −ΨTj

hTj
/‖hTj

‖
∥

∥

2
∣

∣

∣

=
1

4

∣

∣

∣

∣

∣

∥

∥

∥

∥

[

ΨT01
: ΨTj

]

[

hT01
/‖hT01

‖
hTj

/‖hTj
‖

]∥

∥

∥

∥

2

−
∥

∥

∥

∥

[

ΨT01
: ΨTj

]

[

hT01
/‖hT01

‖
−hTj

/‖hTj
‖

]∥

∥

∥

∥

2
∣

∣

∣

∣

∣

≤ 1

4
(2ρ+2 (s+ 2l)− 2ρ−2 (s+ 2l))

=
1

2
(ρ+2 (s+ 2l)− ρ−2 (s+ 2l)). (19)
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The inequality above follows from the definitions (6) and (7), and the fact that fact thathT01
/‖hT01

‖ andhTj
/‖hTj

‖
areℓ2-unit vectors, so that

∥

∥

∥

∥

[

hT01
/‖hT01

‖
hTj

/‖hTj
‖

]
∥

∥

∥

∥

2

=

∥

∥

∥

∥

[

hT01
/‖hT01

‖
−hTj

/‖hTj
‖

]
∥

∥

∥

∥

2

= 2.

Considering the left side of the claimed inequality, we have

‖Ψh‖2

= ‖ΨT01
hT01
‖2 + 2hT

T01
ΨT

T01
ΨT c

01
hT c

01
+ ‖ΨT c

01
hT c

01
‖2

≥ ‖ΨT01
hT01
‖2 − 2

∑

j≥2

|hT
T01

ΨT
T01

ΨTj
hTj
|

≥ ρ−2 (s+ l)‖hT01
‖2 − (ρ+2 (s+ 2l)− ρ−2 (s+ 2l))‖hT01

‖
∑

j≥2

‖hTj
‖ (from (19))

≥ ρ−2 (s+ l)‖hT01
‖2 − (ρ+2 (s+ 2l)− ρ−2 (s+ 2l))‖hT01

‖‖hT c
0
‖1/
√
l (from Lemma 3)

≥ ρ−2 (s+ l)‖hT01
‖2 − (ρ+2 (s+ 2l)− ρ−2 (s+ 2l))‖hT01

‖(3‖hT0
‖1/
√
l + 4‖x∗

T c
0
‖1/
√
l) (from (18a))

≥
(

ρ−2 (s+ l)− 3
√

s/l(ρ+2 (s+ 2l)− ρ−2 (s+ 2l))
)

‖hT01
‖2−

4(ρ+2 (s+ 2l)− ρ−2 (s+ 2l))‖x∗
T c
0
‖1‖hT01

‖/
√
l (using‖hT0

‖1 ≤
√
s‖hT0

‖ ≤ √s‖hT01
‖)

≥ A0(Ψ)‖hT01
‖2 −A1(Ψ)‖hT01

‖‖x∗
T c
0
‖1/
√
l,

which completes the proof.

Lemma 6. Assume that(11)holds. We have

‖Φ̃h‖2 ≤3

2
λ∆‖h‖1 ≤ 6

√
sλ∆‖hT01

‖+ 6λ∆‖x∗
T c
0
‖1, (20a)

‖Φ̃h‖2 ≤M̃∆2, (20b)

Proof. Denote the feasible region of (11) as

F := {x | Φ̄x− ȳ ≥ 0, ‖Φ̃x− ỹ‖∞ ≤ ∆/2}.

Sincex̂ is the optimal solution to (3), we have the optimality condition:

Φ̃T (Φ̃x̂− ỹ) + λ∆∂‖x̂‖1 ∩ −NF (x̂) 6= ∅

whereNF (x̂) denotes the normal cone ofF at the pointx̂ and∂‖x̂‖1 is the subgradient of the function‖.‖1 at the
point x̂. It is equivalent to say that there existg ∈ ∂‖x̂‖1 andn ∈ NF (x̂) such that

Φ̃T (Φ̃x̂− ỹ) + λ∆g + n = 0.

It follows that

Φ̃T Φ̃h+ Φ̃T (Φ̃x∗ − ỹ) + λ∆g + n = 0

⇒ hT Φ̃T Φ̃h+ hT Φ̃T (Φ̃x∗ − ỹ) + λ∆hT g + hTn = 0

⇒ ‖Φ̃h‖2 = −hT Φ̃T (Φ̃x∗ − ỹ)− λ∆hT g − hTn

⇒ ‖Φ̃h‖2 ≤ −hT Φ̃T (Φ̃x∗ − ỹ)− λ∆hT g (usingx∗ ∈ F andhTn ≥ 0)

⇒ ‖Φ̃h‖2 ≤ ‖h‖1‖Φ̃T (Φ̃x∗ − ỹ)‖∞ + λ∆‖h‖1‖g‖∞.
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From‖g‖∞ ≤ 1 and (11), we obtain

‖Φ̃h‖2 ≤ λ∆‖h‖1/2 + λ∆‖h‖1

=
3

2
λ∆‖h‖1

=
3

2
λ∆(‖hT0

‖1 + ‖hT c
0
‖1)

≤ 3

2
λ∆(4‖hT0

‖1 + 4‖x∗
T c
0
‖1) (from (18a))

≤ 6
√
sλ∆‖hT0

‖+ 6λ∆‖x∗
T c
0
‖1,

which proves the first inequality.

From (17), the second inequality is obtained by‖Φ̃h‖2 ≤
(

√

M̃‖Φ̃h‖∞
)2

≤ M̃∆2.

Proof of Theorem 1

Proof. First, assume that (11) holds. TakeΨ = Φ̃ in Lemma 5 and apply (20a). We have

A0(Φ̃)‖hT01
‖2 − (A1(Φ̃)/

√
l)‖x∗

T c
01
‖1‖hT01

‖
≤‖Φ̃h‖2

≤6√sλ∆‖hT01
‖+ 6λ∆‖x∗

T c
0
‖1

=BL‖hT01
‖+ (BL/

√
s)‖x∗

T c
0
‖1.

If follows that

A0(Φ̃)‖hT01
‖2 − ((A1(Φ̃)/

√
l)‖x∗

T c
01
‖1 +BL)‖hT01

‖ ≤ BL/
√
s‖x∗

T c
0
‖1. (21)

Using A0(Φ̃) > 0 (which is assumed in the statement of the theorem), we recallthat for a quadratic inequality
ax2 − bx ≤ c with a, b, c > 0, one has

x ≤ b+
√
b2 + 4ac

2a
≤ 2b+

√
4ac

2a
=

b

a
+

√

c

a
. (22)

Hence (21) implies that

‖hT01
‖ ≤ 1

A0(Φ̃)

(

(A1(Φ̃)/
√
l)‖x∗

T c
01
‖1 +BL

)

+

√

BL‖x∗
T c
0
‖1

√
sA0(Φ̃)

=
BL

A0(Φ̃)
+

A1(Φ̃)

A0(Φ̃)
√
l
‖x∗

T c
0
‖1 +

√

BL√
sA0(Φ̃)

‖x∗
T c
0
‖1/21 .

By invoking (18b), we prove (13a) by

‖h‖ ≤
√

1 + 9s/l‖hT01
‖+ (4/

√
l)‖x∗

T c
0
‖1

≤
√

1 + 9s/lBL

A0(Φ̃)
+

(

4 +

√

1 + 9s/lA1(Φ̃)

A0(Φ̃)

)

(‖x∗
T c
0
‖1/
√
l) +

√

(1 + 9s/l)BL√
sA0(Φ̃)

‖x∗
T c
0
‖1/21

= C0(Φ̃)BL + C1(Φ̃)‖x∗
T c
0
‖1/
√
l + C2(Φ̃)B

1/2
L (‖x∗

T c
0
‖1/21 /s1/4).

Next we prove (13b). TakingΨ = Φ̃ in Lemma 5 and applying (20b), we have

A0(Φ̃)‖hT01
‖2 − (A1(Φ̃)/

√
l)‖x∗

T c
01
‖1‖hT01

‖ ≤ ‖Φ̃h‖2 ≤ M̃∆2 = B2
∞.
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Using (22) again, one has

‖hT01
‖ ≤ A1(Φ̃)

A0(Φ̃)
(‖x∗

T c
0
‖1/
√
l) +

B∞
√

A0(Φ̃)
.

By invoking (18b), we have

‖h‖ ≤
√

1 + 9s/l‖hT01
‖+ (4/

√
l)‖x∗

T c
0
‖1

≤
(

4 +

√

1 + 9s/lA1(Φ̃)

A0(Φ̃)

)

‖x∗
T c
0
‖1/
√
l +

√

1 + 9s/l

A0(Φ̃)
B∞,

proving (13b).
Note that all claims hold under the assumption that (11) is satisfied. Since Lemma 2 shows that (11) holds with

probability at least1 − π with taking λ =
√

2 log(2N/π)fmax, we conclude that all claims hold with the same
probability.

High-Probability Estimates of the Estimation Error

For use in these results, we define the quantity

χ := M̄/M = (M − M̃)/M, (23)

which is the fraction of saturated measurements.

Theorem 2. AssumeΦ ∈ R
M×N to be a Gaussian random matrix, that is, each entry is i.i.d. and drawn from a

standard Gaussian distributionN (0, 1). Let Φ̃ ∈ R
M̃×N be the submatrix ofΦ taking M̃ rows fromΦ, with the

remainingM̄ rows being used to form the other submatrixΦ̄ ∈ R
M̄×N , as defined in(4). Then by choosing a

thresholdτ sufficiently small, and assuming thatχ satisfies the boundχ(1− logχ) ≤ τ , we have for anyk ≥ 1 such
thatk logN = o(M) that, with probability larger than1−O(exp(−Ω(M))), the following estimates hold:

√

ρ+2 (k) ≤
17

16

√
M + o(

√
M), (24a)

√

ρ−2 (k) ≥
15

16

√
M − o(

√
M), (24b)

√

ρ̃+2 (k) ≤
17

16

√

M̃ + o(
√
M), (24c)

√

ρ̃−2 (k) ≥
15

16

√

M̃ − o(
√
M). (24d)

Proof. From the definition ofρ+2 (k), we have

√

ρ+2 (k) = max
|T |≤k,T⊂{1,2,...,N}

σmax(ΦT ),

whereσmax(ΦT ) is the maximal singular value ofΦT . From Vershynin (2011, Theorem 5.39), we have for anyt > 0
that

σmax(ΦT ) ≤
√
M +O(

√
k) + t

with probability larger than1−O(exp(−Ω(t2)). Since the number of possible choices forT is

(

N

k

)

≤
(

eN

k

)k

,
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we have with probability at least

1−
(

N

k

)

O(exp (−Ω(t2))) ≥ 1−O(exp (k log (eN/k)− Ω(t2))

that
√

ρ+2 (k) = max
|T |≤k,T⊂{1,2,...,N}

σmax(ΦT ) ≤
√
M +O(

√
k) + t.

Takingt =
√
M/16, and noting thatk = o(M), we obtain the inequality (24a), with probability at least

1−O(exp (k log(eN/k)− Ω(t2))

= 1−O(exp (k log(eN/k)− Ω(M))

= 1−O(exp (o(M)− Ω(M))

≥ 1−O(exp(−Ω(M)))

The second inequality (24b) can be obtained similarly from

min
|T |≤k,T⊂{1,2,...,N}

σmin(ΦT ) ≤
√
M −O(

√
k)− t,

whereσmin(ΦT ) is the minimal singular value ofΦT . (We sett =
√
M/16 as above.)

Next we prove (24c). We have

√

ρ̃+2 (k) = max
h,|T |≤k

‖Φ̃ThT ‖
‖hT ‖

≤ max
|T |≤k,|R|≤M̃

σmax(ΦR,T ),

whereR ⊂ {1, 2, . . . ,M} andT ⊂ {1, 2, . . . , N} are subsets of the row and column indices ofΦ, respectively, and
ΦR,T is the submatrix ofΦ consisting of rows inR and columns inT . We now apply the result in Vershynin (2011,
Theorem 5.39) again: For anyt > 0, we have

σmax(ΦR,T ) ≤
√

M̃ +O(
√
k) + t

with probability larger than1−O(exp (−Ω(t2))). The number of possible choices forR is

(

M

M̄

)

≤
(

eM

M̄

)M̄

=

(

e

χ

)χM

= exp(Mχ log(e/χ)) ≤ exp(τM),

so that the number of possible combinations for(R, T ) is bounded as follows:
(

M

M̄

)(

N

k

)

≤ exp (τM + k log(eN/k)) .

We thus have

P

(

√

ρ̃+2 (k) ≤
√

M̃ +O(
√
k) + t

)

≥ P

(

max
|R|≤M̃,|T |≤k

σ(ΦR,T ) ≤
√

M̃ +O(
√
k) + t

)

≥ 1−
(

M

M̃

)(

N

k

)

O(e−Ω(t2))

= 1−O
[

exp
(

τM + k log(eN/k)− Ω(t2)
)]

.
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Taking t =
√

M̃/16, and noting again thatk = o(M), we obtain the inequality in (24c). Working further on the
probability bound, for this choice oft, we have

1−O
[

exp
(

τM + k log(eN/k)− Ω(M̃)
)]

= 1−O [exp (τM + k log(eN/k)− Ω(M))]

= 1−O(exp(−Ω(M))),

where the first equality follows from̃M = (1 − χ)M and for the second equality we assume thatτ is chosen small
enough to ensure that theΩ(M) term in the exponent dominates theτM term.

A similar procedure can be used to prove (24d).

We finally derive estimates ofC0(Φ̃), C1(Φ̃), C2(Φ̃), andfmax, that are used in the discussion at the end of
Section 3.

From Theorem 2, we have that under assumptions (iii), (iv), and (v) the quantityA1(Φ̃) defined in (12d) is bounded
as follows:

A1(Φ̃) = 4

(

√

ρ̃+2 (s+ 2l) +

√

ρ̃−2 (s+ 2l)

)(

√

ρ̃+2 (s+ 2l)−
√

ρ̃−2 (s+ 2l)

)

≤ 4(2
√

M̃ + o(
√
M))(

1

8

√

M̃ + o(
√
M))

= M̃ + o(M) = Ω(M).

Usings = l, the quantity ofA0(Φ̃) defined in (12c) is bounded as follows:

A0(Φ̃) = ρ̃−2 (s+ l)− 3
√

s/l

4
A1(Φ̃)

≥ 15

16
M̃ − o(M)− 3

4
M̃ − o(M)

=
3

16
M̃ − o(M)

= Ω(M),

for all sufficiently large dimensions and small saturation ratioχ, sinceM̃ = (1−χ)M . Using the estimates above for
A0(Φ̃) andA1(Φ̃), together withs = l, in the definitions (12e), (12f), and (12g), we obtain

C0(Φ̃) =

√

1 + 9s/l

A0(Ψ)
= Ω(1/M),

C1(Φ̃) =4 +

√

1 + 9s/lA1(Ψ)

A0(Ψ)
= Ω(1),

C2(Φ̃) =

√

1 + 9s/l

A0(Ψ)
= Ω(1/

√
M),

as claimed. Finally, the estimate offmax can be estimated byfmax =
√

ρ̃+2 (1) ≤ 17
16

√

M̃ + o(M) = O(
√
M).
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