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THE MAXIMUM LIKELTHOOD DRIFT ESTIMATOR FOR MIXED
FRACTIONAL BROWNIAN MOTION

C. CAI, P. CHIGANSKY, AND M. KLEPTSYNA

ABSTRACT. The paper is concerned with the maximum likelihood estimator (MLE) of
the unknown drift parameter § € R in the continuous-time regression model
X, =0t+ B+ B, te[0,T]

where B, is the Brownian motion and Bf is independent fractional Brownian motion
with the Hurst parameter H € (%7 1). We derive the exact formula for the MLE in
terms of the solution of an integral equation and find the asymptotic distribution of the
estimation error. In particular, it turns out that the Brownian part does not contribute
to the asymptotic variance of the MLE.

1. INTRODUCTION AND THE MAIN RESULT

Consider the continuous-time regression model
Xy =0t+oB;+ B, tec]0,T), (1.1)

where By is the Brownian motion and Bf is independent fractional Brownian motion
(fBm) with the Hurst parameter H € (%, 1), i.e. zero mean Gaussian process with the
correlation function

1
EBHBH = §<|t|2H +|s2H - s|2H), s,t € [0,T].
1) the process B} exhibits the long-range dependence

As is well known, for H € (%,
property

> EB{ (B, - Bff) = o,
j=1

and hence & := 0B, + B}, called in [5] the mized fractional Brownian motion (fBm), can
be thought of as observation noise with both “white” and heavily correlated components.
The mixed fBm has a number of peculiar probabilistic properties, studied in e.g. [5], [2],
[15], which have some relevance to mathematical finance (see e.g. [3]).

The constant ¢ > 0, controlling intensity of the Brownian part, and the Hurst parameter
H can be reconstructed precisely from the trajectory X7 = {X;,t € [0,T]} (see e.g. [1])
and hence are assumed to be known.
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Given the sample path X7, it is required to estimate the unknown drift parameter 6 € R.
The parameter estimation problems in models with mixed fBm have been considered
in the recent monographs [§] and [I2], where construction of the maximum likelihood
estimator (MLE) of # appears as an open problem (see Remark (iii) page 181 in [12] and
the discussion on page 354 in [§]). Our main result aims at filling this gap:

Theorem 1.1. The MLFE of 0 is given by
P fO (t,T dXt
S gt T)dt
wherd] the function g(t,T), t € [0,T) is the unique L*[0, T| solution of the integral equation

(1.2)

T
29(t,T)+ H(2H — 1)/ g(s,T)|s — t|*2ds = o, for a.a. t €[0,T). (1.3)
0

The corresponding estimation error is normal

GT—HNN< m) (1.4)

. 2HT(H + 313 —2H
lim T2_2HE9(9T — 9)2 = ( + 2) ( )

T—o0 N F(% _H)

with the asymptotic variance

where I'(z) is the standard Gamma function.

Remark 1.2. The asymptotic variance in (3] is independent of o and coincides with the
asymptotic variance of the MLE in the problem with ¢ = 0, i.e. estimating the drift of
fBm without additional Brownian component (see Section 5.1 in [9]). This means that the
Brownian part is asymptotically negligible. The MLE for the model with ¢ = 0 is given
by (see Remark 2 page 270 in [6]):

A EH ——H i1 g

where {7 and kp are some constants. It is easy to check that this estimator is applicable to
the data X, generated by the model with any o > 0 and its asymptotic variance coincides
with (LE). In other words, the estimator (L6l has the same asymptotic accuracy as the
genuine MLE.

The proof of Theorem [[LT] suggests an approximation procedure for the function g(¢,7")
(see ([24) and (25)). Its typical form, depicted in Figure [Il versus the weight function
from the estimator (L)), indicates significant difference in the non-asymptotic regime.

Remark 1.3. The equation (3] is known as Fredholm type two equation with weakly
singular kernel (see [I1]). Sometimes it is also referred to as the Wiener-Hopf equation on
the finite interval. It’s solution can be expressed in terms of the solution to a particular
instance of the Riemann boundary value problem, which unfortunately doesn’t seem to be

lthe stochastic integral in the numerator is defined through the usual limit procedure, recalled in
Subsection 2.2]
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The MLE weights functions: mixed fBm and fBm
2.6 T T T T T T

T
mixed fBm
fBm

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time tO [0,T]

F1GuRE 1. The MLE weight function for mixed fBM versus fBm (o = 1,
T=1,H=3/4)

helpful in our case. It is well known, however, that (I3]) has a unique continuous solution,
which even enjoys some regularity properties (see [14]).

Some preliminary calculations show that the asymptotic properties of the MLE in other
models with mixed fBm depend on the way the solution of (LL3]) approaches the solution of
the corresponding first type equation. In particular, the analysis of the MLE for the drift
parameter of the stable mixed fractional Ornstein-Uhlenbeck process depends on how fast
9(0,T) diverges to +00 as T" — oo. The latter in turn reduces to the analysis of a singular
perturbed second type integral equation with weak singularity such as (2.I3]) below. This
is an interesting problem on its own, which to the best of our knowledge, has never been
considered.

2. PROOF oF THEOREM [.1]

2.1. The likelihood function and the MLE. Let B = (By)cjo 7] and B = (Bf!)icjo1y

be processes defined on a measurable space (€2, F) and Py be a probability, under which B
and B are independent, B H is the fractional Brownian motion with the Hurst parameter
H € (3,1) and B is the Brownian motion with drift g, ie.

U§t29t+03t, t e [O,T]
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Under Py, the process X = 0B + B is the mixed fBm with drift 6 as defined in (L.
By Girsanov’s theorem and independence of B and B

dPg 0~ 16

Denote by ug the probability induced by X on the space of continuous functions with
the usual supremum topolgy. Then for a measurable set A,

P, P,
po(A) =Py(X € A) = Bogp, Hxea) = EO( |5T)1{XeA}
[ v@poda),
A

where X = o{X;,t € [0,7]} and ®(z) is a measurable functional, such that
¢(X)— <dTP)O|9’~T>, ]P)O—CL.S.

The latter means that pg < pg for any 8 € R and, since B = B under Py, the corresponding
likelihood function is given by

dP 0 162
Lr(X;0) :EO(dTPJz\:T"X) = E, <exp ( Br — ——T> ‘?X> -
92

0
P 5 2 - :
exp <JMT + 55 (VT T)>

The latter equality holds with My = EO(BT|3":,)§ ) and Vp = Ey (BT — MT)2, since the
process (B, X) is Gaussian and hence the conditional distribution of By given F3 is
Gaussian as well.

Let J; and F¥ be the natural filtrations of (B, B) and X respectively and set

M, = Eo(B|97), te[0,T).

Since B is an F-martingale and FX C F, the process M, is an FX-martingale. Moreover,
since V; = Eo(B?|F;*) — M}? and B? —t is an F-martingale, for s < ¢,

Eo (M7 — (t — Vi)|FY) = Eo(Eo(BE|F;) — t|F2) = Eo(B} — t|F) =
Eo(B2[FY) — s = M2 — (s — V),

i.e. the quadratic variation process of the martingale M is (M); = t —V; and the likelihood
function reads

Lr(x:0) = exp ( Larr — L2 o)
T ) = €Xp o T 2 0_2 T -
The MLE of 0, being the maximizer the above expression, is given by
~ MT

O := am.
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This estimator is unbiased:

Eoo—— =

with the variance

Eg (éT — 9)2 = Eg@% — 0% = 0'2E9 M%2 — 0% =
(M)7
2 M2
o2 exp <—10—2<M>T> Ep exp (—MT> T2 —?
20 (M)7. (2.1)
0 .

ot 6?2 9 (M)r 5 o2
g (Grtmt+ 557~ = i

To recap, the MLE error is a zero mean Gaussian random variable with variance o /(M ).
Next we shall derive an explicit characterization of the martingale M in terms of the
solution of the integral equation (L3]) and will find the appropriate asymptotic as T — oc.

2.2. The martingale representation. Let us recall briefly some relevant properties of
the integrals with respect to fractional Brownian motion. Following the notations of [10],
define the spaces

L2[0,T]::{f [0, T]HRsuchthat/ () du<oo}

\A\g_% = {f [0,T] — R such that / / w)||f ()| |u — v|*"~H dudv < oo}
Ag_% = {f [0,T] — R such that / <s§ H(Ig___ H__f(u))(s)>2ds < 00}7
0

H-1 . . . e . .
where I, * is the fractional integral operator, whose definition is recalled in Subsection

_1 _1
23 below. For H € (1,1) the inclusions L2[0,T] C |A|¥ 2 C A;I % hold (see Remark 4.2
in [10]).

For the simple function of the form,

= kal{[uk7uk+1)}(u), freR, O=uy<us<..<up=T
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the stochastic integral with respect to B is defined by

T n
A f@dB! =" f(BE |~ BH).
k=1

. H-3 . .
Since the simple functions are dense in A * (see Theorem 4.1 in [10]) , the definition of

_1
fOT f(t)dB}! is extended to f € A;I 2 through the limit

T T
/ f(t)dBE :=lim / fndB,
0 nJo

where f, is any sequence of the simple functions, such that lim, |[f — fu|| u-y =0.
T

_1
It turns out however (see Section 5 of [I0]), that the image of AQI{ > under the map
f= fOT f(t)dB}! is a strict subset of @[O,T](BH), the closure in L?(Q2, F,Py) of all possible
linear combinations of the increments of BY. In other words, some linear functionals of

B cannot be realized as stochastic integrals of the above type. Nevertheless we have the
following:

Lemma 2.1. Assume H € (%,1) and let n be a Gaussian random variable, such that
(n,X4), t € [0,T] is a Gaussian random process. Then there exists a function g(-,T) €
L2[0,T), such that

T
Eo(n]|F2¥) = Eon + /0 g9(s,T)dXs, Py—a.s (2.2)

Proof. Following the arguments of the proof of Lemma 10.1 in [7], let (¢;), ¢ = 0,...,2" be
the dyadic partition of [0,77], i.e. t; =427, ¢ =0,...,2" and 3"%” =o{Xy, — Xy,_,,i =
1,...,2"}. Then 3"% n /" 3"% and by the martingale convergence

lim Eo(n|5%,,) = Eo(n] %), Po— a.s. (2.3)

as well as in L?(Q,J,Py), since Eo(n|3":,)§7n) are uniformly integrable. By the Normal
Correlation theorem,

2n
EO(U\?%n) = EOTI + Zgzn—l (Xti - Xti71)7 (2‘4)
i=1
with constants g;* |, i =1,...,2". Define
2n
gn(t7 T) = Z g;,'n—ll{[ti—lyti)}(t)? (25)
i=1

then

T T
Eo(n|fr"1)§7n) = Eon—l—a/o gn(t, T)dBy —I—/O gn(t,T)ngH,
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and
X X 2 2 T 2
Eo(Eo(n\?T,n)—Eo(n\?T,m)> =0 /0 (90 (t,T) = gm(t,T)) dt+

T T
cH/O /0 (906, T) = g (£, 7)) (gn(5,T) — gm(s,T))|s — t|*~2dsdt,

where ¢y := H(2H — 1). Since the kernel in the last integral is positive definite

T
Jim sup 02/0 (gn(t, T) — gm(t,T))2dt < lim sup Eg (Eo(ﬁ!ffrq){n) - Eo(n\?ﬁm)y =0,

. m>n n m>n

where the latter equality holds by [23), since L?(Q2,F,Py) is complete. Since L2[0,T] is
a complete space, there exists a function g(t,T) € L?[0,T], such that lim, ||g — gn|l2 = 0.
Then

T T 2
o (Eo(r5) ~ Bon — o [ ot 1) - [ g TIaBl!) <
2 T 9
3E0<E0(77|3~¥) —Eo(ﬁ|7§{1n)> +302/0 (.gn(t’T) _g(th)) dt+
T T N
BCH/O /0 (gn(t,T) — g(t,T)) (gn(s,T) — g(s,T)) |s — t]2H_2dsdt 27,

_1
where the latter convergence holds, since L?[0,T] C |A|¥ 2 O
Applying the above lemma, we obtain the claimed formulas (L2]) and (I4):

Lemma 2.2. For H € (3,1) the equation (L3)) has a unique solution g(-,T) € Lo([0,T]).
Moreover,

T
My = / g(t, T)dX;. (2.6)
0
and
T
M)y = o / o(t, T)dt. (2.7)
0
Proof. By Lemma 1] there exists g(-,T) € L?[0,T], such that
T
My = E(Bp|F¥) = / g(t, T)dX;, Py—a.s.
0

holds. For an arbitrary function h € L?[0,7],

Eo <BT —~ /OTg(r, T)er> /OT h(s)dXs =

Eo </OT dB, —a/ng(t,T)dBt — /OTg(t,T)dBtH> <a /OT h(t)dB, +/OT h(t)dBtH> -

/OT h(s) <0 —o%g(s,T) — cy /OT o s — T’2H—2dr> ds.
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By the orthogonality property of the conditional expectation and by arbitrariness of A, it
follows that g(¢,T') satisfies (L3]) for almost all ¢ € [0, 7.

To argue the uniqueness, suppose that there is a function § € L2[0, T'], which also solves
(@T3). Then A(t) :=g(t,T) — g(t,T) solves

)+ CH/ A(s)]s — t|*H2ds = 0.

Multiplying by A(t) and integrating we get

/A2 dt+cH/ / A(s)A(t)|s — t|*H2dsdt = 0.

Since the kernel in the second integral is positive definite, it follows that A(t) = 0 a.e.,
i.e. g coincides with g a.e.
Finally, since M is a Gaussian martingale,

(M)p = EoM7 = Eo</0T g(s,T)dXs>2 =

T T T
/ g(t,T) <azg(t,T) + CH/ g(s,T)|s — t|2H_2ds> dt = O'/ g(t, T)dt
0 0 0
g

2.3. The explicit solution to an auxiliary equation. Consider the integral equation

1
/ culs — rPA2p(r)dr = (s), 0<s<1 (2.8)
0

where 1) is a given function. This equation is known to admit explicit solution (see e.g.
Lemma 3 in [6] ), which is the key to the closed form asymptotic formula (I5]). For reader’s
convenience we give a short self-contained derivation.

Recall the definition of the Riemann-Liouville fractional integrals (see [13]): for a func-
tion ¢ € L'(a,b) and pu > 0, the left-sided and right-sided integrals are defined as

_ L[ e
I o(x) = ) /a o t)l—udt’ r>a

and

AR
I o(x) = ) /x 0 _(px)l—udt’ x < b,

respectively. The corresponding left and right fractional derivatives of a function f on
[a,b] are defined for p € (0,1):

B 1 d [* f@)
DZ+ (x)_ir(l—,u)ﬁ/a (m—t)ﬂdt

B 1 d (" f@)
Dé,‘_f(w)——m@/x (t —x)m

The following composition rules hold: for any x> 0 and any integrable ¢
Dy Lo o(z) = ¢(). (2.9)

and
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We shall also need the representation formula (eq. (2.1) page 24 in [4])

H-1 rAu
Ir — |72 = (r)” / V! T (= )32 (g — )52,
B(2—-2H,H —3) Jo

where f(a, ) = FF(EIOESY))

Pluggmg this expression into the left hand side of (2.8]) and setting C1(H) := ¢y /B(2—
2H, H — ), we obtain

/01 culs — P 2p(r)dr =
N Rl A e e
(H / /0 PYH=302(y _ g)H=3/201=2H gy iy
N Ll O e L e
cm [

J

) / (rs) =3 (s — 7)H=3/2(p — 7)H=3/200 =21 g1y drdr +
0 Jr
[ o

[e=]

C
C
C

T)H_3/2(T — T)H_3/27'1_2H¢(7‘)d7‘d7' =

s 1
e A I e L A

0

Cu(H)T(H — 5)s" 315, 2 g(s),

where

o H—-% _1
g(r) =L f(r) and f(r) =rT2g(r).
Hence the equation (2.8]) reads

_1
CQ(H)SILI_%I(I)L{r 2g(s) =1, 0<s<t.

where Cy(H) := Cy(H)T'?(H — 1) is set for brevity. Assuming integrability required by
the rule (2.9]) and applying it to both sides of this equation, we obtain

1 H-1
- D,
g(T) 02(H) 0+ G( )
where G(s) = 531 ¥(s). Differentiating once again gives
1 H-1
r)=——D, *F
f( ) 02( ) 1- ( )

_1
with F (1) = 7'2H—1D(I)12r 2G(7) and the solution of (X)) is
o(r) =2 f(r).
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In what follows we will need the solution of (28] for )(s) = 1. In this case, G(s) = sz
and .
1 H-1 1 I(s—-H) ,_
- D3 _ 2 1—2H
90 = Po O = TR —2m) "

where we used the formulas from Section 2.5 in [I3]. Hence

1 (- H)
F(r) = 2H—1DH 3 2
(r) =7 o+ "G = T5 om)
and the corresponding solution is
1 1
O(r) =ri M f () = i DR ) =
) (2.10)
1 °E-H) H-L 1 1

2H( ) h

G Te 2m’ | P )= mrn e e

Now with this solution at hand, it is easy to trace back all the integrability assumptions
need for (Z9) to apply. Plugging in all the constants, we also obtain

1 1 1 H,
/¢ T e J, -
f(2—2H,H — ) 1 3

H(QH_l) FZ(H—%) (2—2H)B(__H H):
1 TEe- 3) 1 IPG-H)
H(2H —1) (g_ ) (H OWIr(@2-2H)T(3—-2H)
L@ —H) _ L3 —H)
H(2H - 1)I'(H - Y13 -2H)  2HT(H + 33 -2H)’
where we used the property I'(x + 1) = 2I'(z), = > 0.

(2.11)

2.4. The large sample asymptotic. Finally we are ready to derive the asymptotic
announced in (ILH). Let p:= 7?7~ and define g, (u) :== T*~1g(uT,T), u € [0,1]. Then
(T3] reads
1 1
;02%( u) + CH/ gu(v)|u — o 72y = 0, wel0,1], (2.12)
0
and, moreover,
T 1
(M) = 0'/ g(s,T)ds = O'T2_2H/ gu(u)du. (2.13)
0 0
Define the operator
! 2H—2 H—3
u) = cH/ f)|u— v dv, fe|Ap 2,
0

and the scalar products

— /1 f(s)h(s)ds, f,h e L*0,1]
0
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and
1 rl H—1
<ﬁmK:mH/y/f@mmwkﬂﬁH4mm% hfelAE
0 0

In terms of these notations, the equation (212 becomes

2
o
;gu"i'Kgu =o.

By linearity, the solution of the equation K¢ = o is g(u) = o¢(u), where ¢ is given by the
formula ([2.10), and J, := g, — g satisfies

2 2
5+ K, =-"yg.
I I

_1
Since g € L?[0,1] C \A\f ?, multiplying by d,, and integrating we obtain

0.2

 NIE + 10l = L (9,8,
1 1oull2 ullic = = 71195 0 |-

and, in particular, [|6,/[3 < [(g,6,)|. On the other hand, by the Cauchy-Schwarz inequality
[(9,6.)| < llgll2]|6,]l2 and hence ||, ]2 < [|gl2- Note that 6, also satisfies

2
o
;gﬂ + K(S;U' = 0
Multiplying both sides of this equation by ¢ and integrating, we get

0.2
;<gu,g> + (Ké,,9) = 0.

But
(9 9)| < (0> 9] + lgll3 < I8 ll2llgll2 + llgll3 < 2[lgll5 < o0
and hence

2 p—roo

0'2 0'2
(6, 1)| = {0, Kg)| = [(K6,, 9)| = ;|<9w9>| < ;2Hgll2 —— 0.

In other words,
1

1 1
lim gu(u)du :/0 g(u)du = 0/0 o(u)du.

p—00 Jq

Finally, by the formulas (2.1]) and [2.I3)

2 2 2
T22HER, (6, — 0)2 = 722H_7__ _ g T—ro0, g :
( ) (M) afol gu(u)du o2 fol g(u)du

and, in view of ([2.I1), the asymptotic (L)) follows.
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