arxiv:1206.2662v1 [g-fin.RM] 12 Jun 2012

Alpha Representation For Active Portfolio Management and Hgh Frequency Trading In
Seemingly Efficient Markets
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Abstract

We introduce a trade strategy representation theorem féonmpeance measurement and portable alpha in high fre-
guency trading, by embedding a robust trading algorithrhdleacribe portfolio manager market timing behavior, in
a canonical multifactor asset pricing model. First, we pnés spectral test for market timing based on behavioral
transformation of the hedge factors design matrix. Secaedfind that the typical trade strategy process is a local
martingale with a background driving Brownian bridge thatnies portfolio manager price reversal strategies. Third,
we show that equilibrium asset pricing models like the CAPN6ts on a set with P-measure zero. So that excess
returns, i.e. positive alpha, relative to a benchmark indegbust to no arbitrage pricing in turbulent capital maske
Fourth, the path properties of alpha are such that it is peditetween suitably chosen stopping times for trading.
Fifth, we demonstrate how, and why, econometric tests dfgar performance tend to under report positive alpha.

Keywords market timing; empirical alpha process; unobserved pbetistrategies; martingale system; behavioural
finance; high frequency trading; Brownian bridge; Jensalpha; portable alpha
JEL Classification Codesz02, G12, G13

1. Introduction

The problem posed is one in which a portfolio manager ("PMants to increase portfolio alpha—the returns
on her portfolio, over and above a benchmark or market gatfdo do so [s]he alters the betasf the
portfolio in anticipation of market movements by augmegti benchmark model with hedge factors
which includes but is not limited to revising asset allogatior readjusting portfolio weights within an
asset class. In other words, altered betas represent thagerardynamic trading strategyConceptually,
the allocation of assets in the benchmark is “fixed” but hefdgeors are stochasfieat least for so called
"portable alpha®.

This paper’s contribution to behavioural finance, and thrgayauan market timing literature, stems from
its reconciliation of active portfolio management with efint markets when portfolio strategy or investment
style is unobservable It employs asymptotic theory to identify an empirical folib alpha process with
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1See e.g.Grundy and Malkie(1996 for viability of beta as a useful metric for covariance witnchmarks Grinold (1993
provides excellent exposition on the versatility of betaesate from its use in the CAPM introduced $iarpg(1964), inter alios

25eeFama and Frenctl996); and Fung and Hsiehl997, pg. 276)

SImplicit in this assessment is the portfolio manager’s oese to good news or bad news accordingly—about assets in her
portfolio—to exploit a so called leverage effect. See @&tack (1976; Braun et al(1995.

4See e.g.,Jensen1967 pg. 10).

5 See Kung and Pohlmar2004 pg. 78-79). To wit, the portfolio may be "market neutrahsé benchmark and or market risk
is hedged away..

6See e.g.Henriksson and Mertoif1981); Grinblatt and Titman(1989; Ferson and Schadqii996; Mamaysky et al (2008);
Kacperczyk et al(2008).
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dynamic portfolio adjustmentshat reflect managerial strategy via martingale systemt@msathat portend
algorithmic trading. Additionally, it proves that the maeable sets for portfolio manager market timing
ability are much larger than those proffered in the extaetdiure which tests for timing ability via statistical
significance of convex payoff structuré{spccordingly, we propose a new and simple test for marketigm
ability based on the spectral circle induced by a behavidtaasformation of the hedge factor matrix.

The paper proceeds as follows. daction 2we formally introduce our model. Whereupon we
summarize our representation theory result in Theogeh® Our spectral test for market timing is presented
in Proposition 2.13 In section 3we apply our theory to the ubiquitous CAPM to provide anak/tabout
Jensen’s alpha. The main result there is Theoffinon the path process of positive alpha.

2. The Canonical Linear Asset Pricing Model

Let
y=X0+2Zy+¢€ (2.1)

be the canonical hedge factor model, i.e., augmented tagsat pricing model (CAPM), for a portfolio
comprised of:X—a matrix of returns fronbenchmark assetsandZ—a matrix of returns frorhedge factors’
mimicking derivatives. The portfolibetais given by the row vectqﬁT = (6T y") ande is a column vector
of idiosyncratic error terms. The hedge factor strategy is embodied zy Thus, moduloidiosyncratic
error, ourportfolio alphais given by

a=272y (2.2)

Whereupony is hedge factor exposure sensitivity—it representstridoding strategyof the portfolio man-
aget?. Similarly, & is benchmark exposure sensitivity We would like to know what impact inclusion of
Z has on the model, including but not limited to its impact cimmesy**. For example, if inclusion of has
no impact, thery is statistically zero: our portfolio manager’s choicezofs not generatinglpha In the
sequel our analyses are based on the following

Assumption 2.1(Filtered probability space)(Q,.#,[F,P). Q is the sample space for states of natufg;
is the o-field of Borel measurable subsets®@f P is a probability measure defined @& and F = {.%s C
F C F, 0<s<t< o} is afiltration of subo-fields of.%.

Assumption 2.2.y: Q — R\{{—o},{eo}}
Assumption 2.3. P — lim7_ ZtT:Tﬂ =0
Assumption 2.4. The hedge factor matrix @ w) = (zj (t,w)) € L%(Q,.#,P). Thus

i. (zj(t,w))is#[0,») ® .7 measurable for the-field of Borel sets” generated o1j0, ).

"See e.g.Urstadt(2010).

8See e.g. Treynor and Mazuy (1966; Treynor and Black (1973; Merton (1981); Bollen and Busse(2001).  Cf.
Grinblatt and Titmar{1989; Ferson and Schadt996).

9See Grinold and Kahn200Q pp. 88-89) for explanation of benchmarking concept.

10Arguably the most popular augmented CAPM-type benchmgriindel isFama and Frencfi993 (3-factor model includes;
benchmark; small minus big stock returns (SMB); high miravg book to market stock returns (HML)). Simehel et al(2010
for a literature review.

11Column vectors are in bold print. The superscript T corresigdo transposition of a vector or matrix accordingly.

12(Jarrow and Protte201Q pg. 2) identifies the constant intercept in a multifactordelcas portfolio alpha. Our approach is
tantamount to explaining that intercept wizh See Avery et al, 2011, pg. 17-18).

13see e.g. Treynor and Black1973 pg. 68) for further interpretation and analytics.

14(MacKinlay and Pastorl998 pg. 5) posited a similar parametrization except that thesduaJames and Steifl961) type
estimation procedure to evaluate the impact of a missingfan returns.



ii. zj(t,w) is F4-adapted.
iii. E [zﬁ- (t, )] < oo.
Assumption 2.5. Markets are liquid so trades are executed at given prices.
Assumption 2.6. Market microstructure effects are negligible.
Assumption 2.7.E[¢] =0, E[g?] < o
Assumption 2.8. 8 is time varying.

To facilitate our asymptotic theory of portfolio alpha, weela canonical dyadic partition of the unit inter-
val [0, 1] starting at an arbitrary time= to, on function spac€|0, 1]*°. In particular,[]" = {t((,”) ,tf‘), e ,tr(,?n)}
is a dyadic partitionj(”) =j.2"for j=1...2" Let Yy be the augmented portfolio return at timﬁ@; xtT(n)
i ]
be the corresponding row vector of returns on the benchmsskts; and:tTm) be the corresponding row
j

vector of returns on hedge factors in the model. tﬁt@t andyt@ be thetj(”)-th period coefficients, and
J ]

DN =0 —Om, AVm =V¥m —Vn (2.3)
j+1 j j+1 j+1 J

j+1
be the corresponding change in model coefficients due toditicthl observatiot?.

Assumption 2.9.A6t(n) andAytm) aref}‘tm)f—measurable.
j+1 j+1

+ j+1

To isolate the impact of the+ 1-th period observation on the model we write

A

Y,m Xo = Zw\ (6m €m
y by t 4 y

=i N R (2.4)

Y. (n) T T € m
tii X ) Z ytfi)l tj1
t "

+1

whereeis the sample estimate of In which case we get the linear relation

Yy = X5tgn) —i—ZVt_(n) +€m (2.5)
J j+1 j+1 j+1
T & T
yt_(n) =X (n) 5t(n) +Z(n) Vt(n) +et(n) (26)
i1 ST L R j+1
wherextTm) andthm) arerow vectors So that if there aren assets in the benchmark portfolio, apdhedge
j+1 j+1
factors/assets, the)QI@ = [an> "'Xt.<”>] is a j x m matrix, andZt@ = [qu "'Zt.<”>] iS aj x p matrix. An
] ] ] ]

additional observation appends a row vector to each matdardingly:’. So thatZ is really a progressively
measurablg x p matrix process foj =0,1,...,2"

15Technical points involving Skorokhod spai0, 1] are ignored here.

18(Fulkerson et a).201Q pp. 8-9) used a similar parametrization to decomposegiirtfeturns into active and passive compo-
nents.

17In the sequel we suppress the time subscript forxtm: and Zﬂ”) matrices, and writ&X anndZ for notational convenience.
i i
However, we reserve the right to invoke the time subscripteaessary..



2.1 Behavioural Heuristics On Altering Beta

Technically, zT , (@) is not .7, n)-adapted That is, it cannot be determined solely from mtdion
J+1

in J - The portfolio manager must be “clairvoyant” and find somgehtaic numbéf in Jtm . The

gist of Cadogan(20118b is that implied volatility ¢) from options prices is such a cla|rvoyant algebraic

numbet®. Therefore, for some closed class of polynomig# and polynomialsy, h € 2, the hedge

factor(s)zT n can be expressed as a polynongédr) for o € .7, . Wwith coefficients drawn frorrﬁ?
J+

J+1 J

other words, returns forecast must be based on forygéad| and backwardh(y, © Yoy - ¥, )] looking
variables based on derivative pricing. So that J

Yo =9(0) +h(¥m, Yy, - Yo ) + € (2.7)
j+1 1 2

J+1

In which case foix fixed in 2.6, z«» = g(0) is the contribution of new information to returngm |,
j j+1 j+1

after parameter updatés In a nutsheII,Z[m) is predictablé'; thus paving the way for its use in martingale
+1
transform equations. These results are summarized in tiogviog

Lemma 2.10(Predictable hedge factors)

LetzT<n be a vector of returns isomorphic to the terminal payoff obatigent claim, andr be an algebraic
J+1
number mJ m . Let & be the class of closed polynomials with coefﬁmentﬁm ThenzT =g(o)is

e J+1

predictable.

Remark2.1 Kassouf(1969 provides empirical support for this lemma.
The dispositive question here is how to alter the portfslioeta, i.e., forecaq andytm) , to maximize
J+1 i+1
next period's returns. The vector of returns is given by

Y = [ytT<n y<n ]T. Whereupon (2.8)
j+1 j J+1
yt@ = X6t<<n) +Zyt§n) —|—£t_(n) (2.9)
] j+1 j+1 j
ex posttracking error
= X0, +XAd,(y +2ZY.y +E,m, and (2.10)
4 G G
ex antetracking error
z—’%
Yy =X, o 6t<" <n Yo + (2.11)
j+1 G i 1

Ideally, the portfolio manager would like tracking errorlie zero as she tries to replicate the benchmark
and or index ir2.10. See e.qg.,Klton et al, 2003 pp. 676-677). See alsdz(inold and Kahn200Q pg. 49)
who define “tracking error” as “how well the portfolio candkathe benchmark”. It is the “active returns”

185ee e.g.,Clark, 1971, pg. 88) for definition of algebraic number and related cpte@troduced here.

195ee also,Bakshi et al.(2010 who showed that forward looking volatility, i.e. an algator number, from options mar-
ket have predictive power for asset returns. At a more teehrevel, Myneni, 1992 pg. 10) used martingale theory from
(Dellacherie and Meyel982 pg. 135, 74(b)) to advocate for the existencelodl predictable projectiomf processes with inte-
grable variation. To wit, iZ is convex—as hypothesized, then it satisfies the dual peddécprojection criterion.

205ee e.g.Admati and Pfleideref1988 for evolution of trade patterns and information flows.

21gee Karatzas and Shrey&991, pg. 21).



on the portfolio. This is tantamount to imposing the follagibehavioral restrictions on tlex postracking
error equation

XD ) +2ZY,w +E&m =0 (2.12)
tj+1 tj+1 tJ’
If the proportion of assets in the benchmark is fixed—tedilyi¢his is a "portable alpha” strategy, then

A6t<n —0, and (2.13)

j+1

Thus, hedge factor exposure sensitivity plainly dependsnter alia, the behavior of»:t<n Consistent with
our augmented model, define the projection matrices, seg@rgene 2003 pp. 149- 150)

P = X(XTX)~1XT (2.15)
R, =2(2"2)'Z" (2.16)
My = | — P (2.17)
Mz=1—P (2.18)

Sothat assuming thatandZ are uncorrelated with we have the unrestricted estimate, Sebr{stopherson et al.
1998 pp. 121-122),

Pines= (Z"Mx2)” 1ZTm XYy (2.19)

j+1

Our portfolio manager has superior market timing abiligg §-erson and Schadt996 pg. 436), if

zl, o +&m >0 (2.20)

t+1 j+1 i

So we can rewrit@.11as follows

yt(n) :X (n) 6 (n) —I—maX{O Z (n) y(n +E(n } (221)

j+1 t]+ J+l + J+1

Whereupon substitution @ﬁ > from 2.14in 2.20yields

J+1

& > 2l (2722 (2.22)
j+1 [ i

The functional form in2.21is equivalent to Merton, 1981, pp. 365-366, 368-369) formulation of isomor-
phism between the pattern of returns from market timing atarns on an option strategfy Intuitively, our
parametrization implies that the benchmark is perfecdgked. Thus, any mispricing in the model stems
from the PM performance in selecting hedge factors or cgetihclaims. In any eveng,.22suggests that

if our portfolio manager is bullish, i.e. she believes that teturns process is a semi-martingale that is
favorable to her, see e.gDgob, 1953 pg. 299), then

2l (212) 270 > 50 (2.23)

j+1

Equations2.22and2.23gives rise to the following

225ee alsoGlosten and Jagannath@t994) and @garwal and Naik2004 pg. 68) for extension(s).



Theorem 2.11(Market Timing Theorem) Let Z be a matrix of hedge factors at tim(S tand zT) be
i
an additional row vector of future observations, i.e., #ative prices of the hedge factors. Furthermore

suppose thastjn is a vector of portfolio manager forecast errors, aq@ll is forecast error at trmej(ﬂ)l.

1+
Assume that Z and are uncorrelated, and that ~ (0,1). Then our portfolio manager has market timing
ability iff
sup |E[z 1(Z72) 2T |P> 2" (2.24)

o<j<2n J+1

O

Remark2.2 The theorem essentially implies that as trading frequencyeases, i.en 1 o, our portfolio
manager will have timing ability for any previsible procegs, .7; t > 0}. This is thesui generisof market
timing. It constitutes a mathematical proof Ghance and Hemlg2001) empirical results which found
that the same portfolio managers who seemingly lacked ¢jrability at low frequency were found to have
timing ability at high frequency.

2.2 The Martingale System Equation For Market Timing

This section develops the martingale representation yh&ae Dudley, 2004 pp. 363-365) andBreiman
1968 Chapter 5) for excellent summary of martingales. Let

1 |fz yr<n +&m (w) >0

U (w) = J+1 J+1 J+1 2.25
i (@) 0 |fzn)y’<n +&m (W) <0 (2.25)
J+1 J+1 J+1
and define
G2 =Yy —XtEm O, (2.26)
So that the equation

represents the excess returns from the given portfolidegtya This is the martingale system equation
referred to in Enell 1952 pg. 295). In the context of our model it represents the photfimanager data
mining algorithm which propels her high frequency tradelse $pecific strategy in place can be seen from
rewriting the equation as

2FI

T +

dn=di + Z ytk+ tk 6té:)1) (2.28)
2n .

:d n n n 2.29

v k; B, o) (229

where the summand is tantamount to a call option on the bemtfifn as indicated byMerton (1981);
Henriksson and Merto1981). See also,Henricksson1984 pg. 77). According to%nell 1952 Thm. 2.1, pg. 295)

231n our case, the call option is on some hedge factor(s) tkatracorrelated with the benchmarr se Arguably, the benchmark
constitutes the "microforecast” while the hedge factoc(nprise the "macroforecast” or market timing ability. $@ena(1972.



the sequencgd,, 7n;n > 1} is a semimartingale in whic|[d,| .%1] < E[dn| .%1]. For our purposes it im-
plies that in an efficient market, in the long run, the poitfehanager should be no better off by “judicious”
selection of favorablel, transforms, i.e., option(s) strategies. These artifa@ssammarized in a slightly
modified version of Snell's Theorem as follows:

Proposition 2.12(Snell's Theorem) (Snell 1952 Thm. 2.1, pg. 295).

Let (Q,P,.%) be a probability space; B= {dx,.-Z«;k > 1} be a martingale; andux(w); k > 1} be a se-
guence of#-measurable random variables. Define

k—1
dq =di + Z Ui () dir1
j=1

If E[|dk|] < o for all k, thenD = {dk, Z; k> 1} is a martingale, and theis are nonnegative, thed is a
submartingale. If thews are binary random variables taking the valu@ésr 1, then we have

E[d_kfyl] < E[dk|-Z1)

with probability 1.

Proof. SeeSnell(1952. O

2.3 Trade strategy in continuous time, and statistical testor market timing

In this subsection we state some of our main results—mostneferenced proofs. Equatirigl4and
2.19gives rise to the following

Proposition 2.13(Spectral test for market timing)
Let Z be a jx p matrix of hedge factors, X be axjm matrix of benchmark assets, angd X (XTX)~1XT
be the projection matrix on X-space. Define=&T (2| — Px)Z where | is the identity matrix. L&l (A) be
the k-th eigenvalue of A. Let > 0 be a suitably chosen number. Then our portfolio manager inais\g
ability if

max [A(A)|>n

Moreover, this is tantamount to the statistical test:

Ho: max Ax(A) <n versus Hy: Hois nottrue
1<k<p

O
Remark2.3. The exact statistical distribution for max<, Ak(A) is a fairly complex looking function given
in Erten et al(2009. Moreover, in practice it is possible farto be negative based on numerical routines.

Remark2.4. (Hansen and Scheinkmaf009, Cor. 6.1, pg. 200) derived a principal eigenvalue result by
applying semigroup theory to a stochastic discount facteumed to follow a Markov process.

Nonetheless, to computer the power of our spectral test aféepthe following
Theorem 2.14(Power of spectral test for market timindf ¢1 = max<k<p Ac(A) is the largest latent root

of A, and A=HTH, where H~ N(0,1,®X) and W(n, £) is a Wishart distribution with n-degrees of freedom
and dimension p, A-W,(n,Z), then the distribution function faf; can be expressed as

o
o)
=
ST
o]
S
™
\_';‘
NIS

(3 3(n+m+1); —3nn= ) (2.30)



where;F;(-) is a hypergeometric function such that
. C oy v (@i (3p)k

where(a)x =a(a+1)...(a+k—1), andlNy(:) is a multivariate gamma function.
Proof. See Muirhead 2005 pg. 421, Cor. 9.7.2). O
Remark2.5. The multivariate gamma functidng,(-) is defined in Muirhead 2005 pg. 61).

Theorem 2.15(Subordinated Brownian motion)_ets<n be independent and identically distributed with

E[stjm)] =0and E[st?n)] =02<w,forj=12,...,2" Let S =2\ Ligm and forﬁ <t< tJ(Jr)1 define

S[m (nt— [nt])&ny 1

Thenst(ﬂ)z,n — st(”) is a subordinated Brownian motion for some strictly monetfimction ¢-). In particular,

st(ﬂ)z,n(w) - q(”>(a)) ~ Bqt)(w) on the probability spacéQ, .7, P).
Proof. SeeAppendix A O

Theorem 2.16(Trading strategy representatioBadogan(20113).

Let (Q,.#,FF,P) be a filtered probability space, and Z {Zs,.%s; 0 < s < =} be a hedge factor matrix
process on the augmented filtratifh Furthermore, let &% (Zs) be the(i,k)-th element in the expansion
of the transformation matm(ZTZs) 1Z{, and B= {B(s),.#s; s> 0} be Brownian motion adapted t6

such that BO) = x. Lety""(t,w) = —5)_,al® (Z; )&, O X, o (0, tj@l <t < tj(n), with respect to

partition M(™ and characteristic functlop([ () ) )( ). Assuming that B is the background driving Brownian
J Iy

motion for high frequency trading, the I|m|t|ng hedge factensitivity process, i.e. trading strategy—
{ys, %50 < s< o} generated by portfolio manager market timing for Browniastion starting at the point
X > 0 has representation

. i i
dy' (t,w) = 3 a¥(z2) [L} dt— 3 a™ (z)dB(t, w), x>0
k=1 1-t k=1
for the i-th hedge factor+ 1,...,p,and0 <t < 1.
Proof. Apply Theorem2.15t0 limp_.. Y1 (t, ). See Cadogan2011a Thm. 4.6). O

3. Application: Dynamic alpha in a single factor model

We employ our trade strategy representation theorem, i l&fi® on the behavior of portfolialphain a
single factor model like CAPM, where there is no hedge fadtoparticular, letl;, be anx 1 vector, and

Z=Tp (3.1)
So that

222" =n1T,, anda®™(z)=n"t k=1,...,n (3.2)
{n}



Substitution of these values ih2 and Theorem2.16gives us

al(t) = v<1><t> (3.3)

—da®(t) = —ﬁdt+dB( ) (3.4)

That is the equation of a Brownian bridge startind3é®) = x on the interval0, 1]. See Karlin and Taylor
1981, pg. 268). So that

da®(t) = —dB™ (1) (3.5)
aM(t) =B (0) — B”(t) (3.6)

The Brownian bridge feature suggests that portfolio marsagpen and close their net positions at zero,
and take profits (or losses) in between. See &lgstadt(2010. And the negative sign implies that our
portfolio manager is engaged in a price reversal strate@e €g., Brogaard 2010 pp. 14-15). So that
B (t) < 0= a®(t) > 0. According to Girsanov’s formula ingksendal 2003 pg. 162), we have an
equivalent probability measuf@ based on the martingale transform

M(t, w) :exp(/ot l%SdB(s,a))—/(j(l%s)st) (3.7)

dQ(w) =M(T,w)dP(w), 0<t<T<1 (3.8)

Thus, we have th®-Brownian motion, i.e. Brownian bridge
. / —ds+ B(t), and (3.9)
da® ():—dB def() (3.10)

In other words,aV is aQ-Brownian motion, i.e. Brownian bridge, that reverts to thigin starting aix.
We note that for idiosyncratic risk(t), the CAPM holds ifa M (t) + &(t) = 0, and

da®(t) +@__d5bf(t) £(t)
dt dt dt dt
Hence the "residual(s)€(t), associated with alpha, have an approximately skewed pespattern if

BY () < 0. (Karatzas and Shrey&991, pg. 358) also provide further analytics which show thai®a] we
can write the portfolio alpha process in mean reverting fagm

=0 (3.11)

daM(t) = l_lai_(lt)(t)dterB(t); 0<t<1, a0)=0 (3.12)
_ [tdB(s)

MO = | T3 (3.13)

T(s) =inf{t|]< M >¢> s} (3.14)

G(t) = Bomsyy, (3.15)

Thus, under Dambis-Dubins-Schwarz criteria, alpha is @ tolmanged martingale—in this case Brownian
motion. In the absence of a hedge factor, the single factbenchmark, is perfectly tracked if

alt)=0, B(t,w)=x (3.16)

The foregoing gives rise to the following



Theorem 3.1(Positive CAPM alpha excursion)

LetaM+(t) be the Q-Brownian motion excursion path of CAPM alpha at tiine3.9, and Bt) be standard
one-dimensional Brownian motion. LEt(t) be the first zero of B after aref (t) be the first zero of B before
t =1. So that

t¥(t) =inf{t > 1|B(t) = 0} (3.17)
T%(t) = supft < 1|B(t) = 0} (3.18)
Then
g0+ ) — BT+ 0T ) (3.19)
i (t) —Ta(t)
O
Proof. SeeVervaat(1979. O

Thus, the path properties of portfolio alpha can be identiiad excess returns can be computed
for suitably chosen stopping times. The propésty, w) = x reduces the problem to one of local time [of a
Brownian bridge] ak. We can think ofx as a hurdle rate such as transaction costs that the manager mu
attain to break even. The probability associated with the®®lalpha level sef3 = {w| B(t, w) = x} is
zero. However, even though that set has P-measure zerogdtistime exists. Perhaps more important, the
perfectly hedged portfolio problem, i.e. the CAPM probleeduces to one of stochastic optimal control—
guiding a¥ to a goal of 0 by keeping it as close to 0 as possible. This probbnd related ones, were
solved byBenes et al(1980 and in Karatzas and Shrey&991, Chapter 6.2).

3.1 On spurious econoometric tests for alpha

According to Karlin and Taylor 1981, pg. 269) the expected value of alpha starting, @nd its variance is
given by

Ela¥|BU)] = -1 Oaqw =1 (3.20)
Let{ai”, e a,ﬂ,l)} be a sample of alphas fbl-funds. Furthermore, assume that the fund alphas are jgairwi

correlated with correlation coefficiept;. Cf. (Avery et al, 2011, pp. 17-19). So that
a = pya?, loyl<1 @3.21)

The sample mean and variance of the funds are given by

1
ay) = Sla” +oay) (3.22)
1 ) 1
02y = W(Gsil) +...+ 05&1) +2i; cov(ai( ),aj( ) (3.23)
N
|;COV(ai(l)’aj(1))| < |COV(ai(1)7aj(1))|§ Z|pij |§ <2> (3.24)
i#] i) i)

10



In that milieu, at-test for the hypothesidy : a¥) = 0 has test statistic

a a
t og=-N = N (3.25)
a,
o dmaoota )
~ (D
a -
> N__ for sufficiently largeN (3.26)
Va1l
imt =2 >0,’, whereZ_q, is a standard normal r.v. .
l Z D whereZ_q i dard | (3.27)
N—oo Oy [0 Qoo

Ergodic theory” tells us that the limiting value of the test statisti€” is a Brownian bridg®. Moreover,
according t03.20, it tends to be negative valued. Thus, an analyst couldyeesiiclude that the sampled
funds do not generate positive alphaYet, we know from the path properties in Theoréri that there are
stopping times for which the funds do generate positiveal@o contrary toJarrow 2010 pg. 19) false
positive alpha postulate, our theory indicates that theeefalse negative alpha puzzle.

4. Appendix

A. Proof of subordinated Brownian motion Theorem 2.15
Proof. Define
SN= z'j“:lst;m (A.1)
so that

EISV = zlj\lzlE[Et%m] =No? (A.2)

J
Without loss of generality, normalizewith £ so that we hav&[e?] = 1 and
E[(—~)%=1 (A3)
Fort}n> <t <t let

j+1

& = \%[sm (Nt — [y (A4)

245ee e.g.,Gikhman and SkorokhqQd 969 pg. 127)

25 this heuristic example, we ignored issues arising froemgagly unrelated regressions or confidence sets.

25(Phillips, 1998 pg. 1308) noted that the time trend component in a Browniatyb—in our case alpha—contributes to spurious
regression.Also,Kerson et a.2003 pg. 1398) cautioned about seemingly signifidardtios derived from spurious regressions.
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wherelnt] is the integer part ofit. So that

1
gt(?}n — gt(”) — % [S[nt+n.2*”]+
(nt4+n.27" — [t +n.2"")) et in2 m11] — [Sng + (Nt — [NL]) Eng11 (A.5)
_ <[nt+n.27"
f— Zj:[nt]+1 Stj(n)+
(Nt+n.27"— [nt-+n.2"")€nesn2 nr1 — (Nt— [NL]) g1 (A.6)
Which implies
E[(g") st(”))zwt;m] — [nt-+n.2"" — [nt] — 1+
(nt+n.2""— [nt+n.2"")%+ (nt — [nt])? (A7)
=n2"+o(14+n -1 (A.8)
This implies that
E[{ (70— &™) 7,0
J/nie t t"
=2""4o(nt4n7? —% =c(n).2" (A.9)

for some monotone increasing functiof). See e.g.Cadogar(2011h.

To complete the proof of Theorerf.15 we note that according to precepts of construction of Biawn
motion, Brownian scaling, see e.gKdratzas and Shrey&991, Thm. 4.17, pg. 67; and Lemma 9.4, pg. 104),
and Lemma B.1 irCadogan(20113, the quantityet@z,n — st(”) is ascaledBrownian motiorW(c(n)2~")for
somemonotone increasingre-subordinator ‘function & c(-) < 1. O
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