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ABSTRACT. A game or Israeli option is an American style option where both the writer and the holder
have the right to terminate the contract before the expiration time. As [9] shows the fair price for this
option can be expressed as the value of a Dynkin game. In general, there are no explicit formulas for
fair prices of American and game options and approximations are used for their computations. The
paper [17] provides error estimates for binomial approximation of American put options and here we
extend the approach of [I7] in order to obtain error estimates for binomial approximations of game put
options which is more complicated as it requires us to deal with two free boundaries corresponding to
the writer and to the holder of the game option.

1. INTRODUCTION

A put option on a stock can be interpreted as a contract between a holder and a writer which allows
the former to claim from the latter at an exercise time ¢ the amount (K —.S;)™ where K is a fixed amount
called the option’s strike, S; is the stock price at time ¢ and (z)* = maz(z,0). In the American options
case its holder has the right to choose any exercise time before the contract matures while in the game
options case the contract writer also has the right to terminate it at any time before its maturity but
then he is required to pay a cancellation fee in addition to the payoff above.

The fair price of American options and of game options is defined as the minimal amount the writer
needs to construct a self-financing portfolio which covers his obligation to pay according to the option’s
contract. It is well known that in the American options case the fair price can be obtained as a value of an
appropriate optimal stopping problem while for game options we have to deal with an optimal stopping
(Dynkin) game (see [9]). In general, both for American options and, even more so, for game options with
finite maturity explicit formulas for their price are not available and approximation methods come into
the picture while estimates of their errors become important. One of most easily implemented methods is
the binomial approximation of stock prices modelled by the geometric Brownian motion and [17] provided
corresponding error estimates for American put options. In the present paper we extend this approach
in order to provide error estimates of binomial approximations for game put options. We observe that
for perpetual game options some explicit formulas can be obtained (see [I5]) but the finite maturity case
studied here seems to be more realistic.

Approximating the Brownian motion by appropriately normalized sums of Bernoulli random variables
the paper [17] provided (error) estimates const-n=3/* and const-n=2/3 for the difference between the
price of an American put option and the price of its corresponding nth binomial model approximation.
Using again the binomial approximation of the Brownian motion as above we construct in this paper two
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approximating procedures such that the difference between the price of a game put option and its nth
approximation in the first procedure is between const-n~3/% and const-n~'/2 and in the second procedure
is between const-n~1/2 and const-n~2/3. The error estimates here are somewhat worse than in the case
of American put options which is due to the lack of a smooth fit on the boundary of the writer’s stopping
region which causes substantial difficulties in the study of regularity of payoff functions.

We observe that specific properties of game put options had to be used in order to obtain error estimates
with the above precision. For instance, when payoffs are path dependent (and not only dependent on
the present value of the stock) [I0] provides error estimates of similar binomial approximations only of
order n—1/4 (In n)3/ 4. Since price functions of game options can be represented as solutions of doubly
reflected backward stochastic differential equations the results of [4] are also related to game options
approximations. Nevertheless, approximations in [4] are not by binomial models, where computations
can be done by means of the dynamical programming algorithm (see [I0]), but by time discretizations,
and so relevant probability space and o-algebras remain infinite which prevents effective computations.
Furthermore, error estimates in [4] applied to our situation are of order n~'/4 ie. they are worse than
for binomial approximations which we construct here for the specific case of game put options.

Our exposition proceeds as follows. In Section [2] we provide basic results concerning game put option
price functions, introduce our approximation processes and formulate our main result Theorem 2.1l In
Section [3] we show that the price function can be represented as a solution of a variational inequality
problem closely related to the Stefan problem (see [II]). We then use this representation to study
regularity properties of the price function near the free boundary of the option’s holder exercise region.
In Section Ml we study the price function near the boundary of the exercise region of the writer. We use the
information about this region from [I4] in order to represent the price function as an explicit solution of
the heat equation. This representation enables us to understand better the behavior of the price function
near the boundary. We estimate also the rate of decay of the price function when the initial stock price
tends to infinity. Section[Blis devoted to the proof of Theorem 21l Finally, in Section [6] we exhibit some
computations of the price functions and of the free boundaries.

2. PRELIMINARIES AND MAIN RESULTS

The Black—Scholes (BS) model of a financial market consists of two assets among which one is nonrisky
and the other one is risky. A nonrisky asset is called a bond and its price B; at time t is given by the
formula B; = Bge™ where r is interpreted as the interest rate. A risky asset is called a stock and its
price at time ¢ is determined by a geometric Brownian motion

2
(2.1) St = Soexp((r — %)t + kWh)

where k£ > 0 is called volatility and Wy, t > 0 is a standard Brownian motion defined on a complete
probability space (2, F,P). If Sy = = we write also S¥ for S;. The fair price of an American put option
at time ¢t with a strike (price) K and a maturity (horizon) time T' < oo can now be written as a function
F4(t,St) of time and the current stock price having the form (see, for instance, [13]),
2
(2.2) Fy(t,z) = sup Eexp(—r7)(K — zexp((r — K—)T + kW)
T€To, T+ 2
where 7o 7_; denotes the set of all stopping times of the Brownian filtration with values in the interval
[0, T —t] and E is the expectation with respect to the measure P. If we set ¢(x) = (K —e*)", Pa(t,z) =
Fa(t,e”) and p=r — %2 then we can rewrite (2.2)) in the form
(2.3) Pa(t,z) = sup Eexp(—rr)Y(z + pr + cW;).
TE€To, 17—t
Relying on [9] (see also [15], [16] and [14]) we can also write the fair price of a game put option at
time ¢t with a strike price K, a maturity time 7" and a constant penalty 6 > 0 as a function F(¢,S;) of
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time and the current stock price in the form

(2.4) F(t,z) = inf sup Eexp(—ro AT)R(o,7)

o€T0, 7t 7€To 1+
where R(s,t) = (K — Sf)" 4 6l,<; and I is the indicator of an event Q). Using the functions P(t,z) =
F(t,e”) and ¢ as above we can rewrite this formula in the form

(2.5) P(t,z) = inf sup Eexp(—ro A7) (¢(z + po AT+ £Wopnr) + 0locr).
o€70,7—1 T€To,7—t

It follows also (see [18], [9], [14], [16]) that the saddle point (optimal) stopping times for the game value
expressions (2Z4) and (Z3]) are given by

(2.6) oc*=inf{s<T—t: F(t+s,5%)=(K—-S%)"+d6} AT and
T =inf{s<T—t: F(t+s,5%) = (K —S*)T}AT.

Next, we introduce our binomial approximations of the Brownian motion

NG

where €, k = 1,2, ... are independent indentically distributed (i.i.d.) random variables taking on values
1 and -1 with probability 1/2 and [a] denotes the integral part of a number a. It is convenient to view
{er}22, as defined on the sequence space Qe = {—1,1} = {¢ = (&,&,...) : & = £1} by the formula

ex(§) = & if € = (&,&2,...). Then th) will be defined on the probability space (€, Fe, P.) where
Pe = {3, 3} is the product measure and F is generated by cylinder sets.

Now set 0* = F4(0,K) which is the price of the American put option with a maturity 7" and a
strike K. Clearly, if the penalty 6 > * then it does not make sense for the writer to cancel the
corresponding game put option, and so in this case the prices of American and game options are the
same, i.e. F4(0,K) = F(0,K). Since approximations of American options were studied in [I7] we
assume in this paper that § < 6*. Observe that Fa(t, K) is continuous in ¢ and it is strictly decreasing
to 0 as ¢ increases to T', and so for each ¢ € [0, d*] there exists a unique ts < T such that Fa(ts, K) = 4.
Furthermore, we can define &, to be the minimal k£ € N such that § > Fa(Tk/n, K) and set f(") = TT]“"

In order to define two sequences of functions Pl(n) and P2(n), n = 1,2, ... which will approximate P(0, z)

we set X\™ =z + kW™ and introduce stopping times

[nt/T]
N T
W = VT S e tel0, 7], n=1,2,..
k=1

t
h
where () = T if the infimum above is taken over the empty set. Introduce a filtration {G: = Feyn), t > 0}

2.7) o™ =inf{t€[0,8): WK — |pu|h — 26vVh < ph[~] + X <In K + |u|h + 26VR} AT

where Fj is the trivial o-algebra and Fy, is generated by e, ..., €. Denote by 7™ the set of all stopping
times with respect to the filtration {G;} taking on value in the set {kh, k = 0,1,...,n}. Then, clearly,
o™ e T Now, for z < In K we define

n —ra(™ AT n
(2.8) P (z) = su[())E(e A ((pr + X <oy + 0l <))
TeT

and for z > In K we set

n —ro™ AT n K
(29) Pl( )(‘T) = SU-]? ) E(e A (’Q/J(/LT + X7(. ))H{ng(n)} + ((S — Ke(‘”‘\/ﬁ—i_ h))H{U(n)<T})].
TeT(n
The second approximation function is defined for all z by
n —ro(™ AT n n n
(210)  P{”(x) = Sup E(e M (@ (ur + XNy < pony + (W (uo™ + X80 + ) ).
TE n

We can formulate now our main result.



4 Y.Iron and Y.Kifer
2.1. Theorem. For each x there exists C = C(z) such that

C PO~ P0,2) < S and — - < PI(@) - P(0,2) <

(2.11) Tz = n3/4 n2/3 =

C

In the following sections we will analyze regularity properties of the price function P(t, z) of game put
options and will complete the proof of Theorem 2.1l in Section [l providing some computations in Section
The general strategy of the proof resembles that of [I7] but the study of the price function of game
put options is more complicated than in the American options case, in particular, because of appearance
of two exercise boundaries (holder’s and writer’s) having different properties. Our proof will be based on
regularity properties of solutions of parabolic partial diferential equations with free boundary and of the
corresponding variational inequalities and we will rely also on some prior results from [I7], [15] and [14].

3. PRICE FUNCTION NEAR THE HOLDER’'S EXERCISE BOUNDARY

3.1. Some previous results. First, we state the following result from [I4] (see also [16]) which we will
use later on.

3.1. Proposition. (i) There exists an increasing function b: [0,T) — R such that lim;,7 b(t) = K
and F(t,x) = K — x for all (t,x) satisfying 0 < x < b(t).
(i1) There exists 0 < §* such that for every 0 < § < 6* there is a § = $(5) > 0 so that F(t,K) =4 for
t €[0,0] and for t > 8 we have F(t,x) = Fa(t,z) for all z > 0.
(iii) Furthermore,
2
Fy(t,2) +2° Fru(t,2) + (r — S)eFy(t,2) = rF(t ) = 0
for all
(t,2) € (0,T) x RY\ ({(t,2) : 2 < (1)} U [0, B) x {K}).
In particular, F(t,z) is of class C%2, i.e. continuously differentiable once with respect to t and twice

with respect to x, and so, in fact, it is a smooth function there.
(i) Finally, F(t,x) is convex and strictly decreasing in x and nonincreasing in t.

Next, we introduce an operator D which acts on Borel functions (¢, ) on [0,7] X R by

(3.1) Du(t,z) = %[u(t + h, x4+ kVh) + u(t + h,x — kVh)] — u(t, )

Clearly, %D(t, x) can be viewed as a discretization of the differential operator % + 59 We will rely

2 dz2°
on the following results from [I7] concerning the operator D.

3.2. Proposition. For each Borel function uw on [0,T] x R there exists a martingale (My)o<i<r with
respect to the filtration G, t > 0 such that Mo = 0 and for every t € {0, h,2h,...,T},

nt/T
(3.2) u(t,Xt(")) =u(0,x) + M; + Z Du((j — 1)h7X((;1)1)h)-
j=1

3.3. Proposition. Let 0 <t < T —h and x € R. Assume that u is a C? function on ([t,t + h] x [z +
wvVh,x — k\V/h]). Then

(3.3) Du(t )l/ﬁd /Ryd(ﬂ(ﬁ— 2 0t 2) 4 6t + x4 2)
. u,x—ﬁo y_nyzzatax Yo, T+ 2 u Yy, r+z

where
2

S(u)(t,2) = uy(t, ) + %um(t, z).
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We will need also the following result concerning the free boundary s(¢) = In(b(¢)) of the holder exercise
region of our game put option which in the case of American options appears as Proposition 1 in [I7]
and it can be proved for game options in the same way.

3.4. Proposition. Let 0 < t; <ty < 8 and let g = s(0) < z1 = s(8) < In K then (s(t1) — s(t2))? <
Supmogmgml |P(t1,.’l]) - P(fg,.’[]”

We also observe that it follows from the Berry-Esseen estimate that for some constant C; > 0 inde-
pendent of j,n > 1,

(3.9 P — 2l < nvh} < L

We will also rely on the following standard bounds on derivatives of solutions of 2nd order parabolic
equations with constant coefficients (see, for instance, [3] and [5]).

3.5. Proposition. Let D = (0,T) x (0,1) and let w(t,z) € C[D] be a solution in D of the following
parabolic equation

2
—Wgg + YWy — TW = Wi.

2
Suppose that w(0,x) = 0 for all 0 < x < 1 and that there exists A > 0 such that |w(t,z)| < A for all
(x,t) € D. Then for every k,n and 0 < a < b < 1 there exists C = C(k,n,a,b, T, A) such that

oFtry
| Ok xont (
3.2. Price function and variational inequalities. Next, we will show that the price function of the
game put option can be represented as a solution of a variational inequality (v.i.) problem which is a
generalization of the Stefan problem (see [II] ,VIII). This will enable us to derive certain regularity
properties of this price function which we will use later on. Details of some of the proofs concerning the
solutions of the v.i. problem below which are similar to the proofs in the case of the Stefan problem will
not be given here. For the corresponding results in the American put option case we refer the reader to
[13], [I7] and to references there.
Let T’ be such that § < T’ < T and set

K2 02 3] b K2
7W+N%_T where 'M_T_f'
Using the maximum principle, properties of price functions of American and game put options and the
fact that after time S the price functions of the game and American option are the same we obtain that
for every x > s(T") the time derivative P,(T',x) = Pa+(T’,z) is strictly negative and we can find a,b
satisfying s(T") < a < b < In K such that for some constant ¢ > 0,

(3.5) t,xz)| < C for all (t,x) € (0,T) X [a,b].

(3.6) A=

(3.7) — P(T',z) >c¢ Vz € [a,b)].
Relying on Proposition BI(iii) we also observe that for all (¢,z) € [0,7"] x (s(¢),In K),
(3.8) 92 (t,z) + AP(t,2) =0, P(t,z)>K —e® Y(t,z) €[0,7] x (s(t),In K),

P(t,x) =K —¢* Vt€[0,T], Vz <s(t) and P, <O0.

Let ag be such that ag < 5(0) < s(T") < b. Introduce the domain D = (0,7") x (ao,b) and for all (¢, z)
in the closure D of D define the functions

(3.9) v(t,x) = P(T' —t,x) — P(T',z) and f(z) = AP(T',z).
We obtain that

(3.10) flx)={ :fﬁ?l’x)’ aj@éiég
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and from the definition of v(¢,z) it follows that for any (¢,) € D,
(3.11) Pi(t,z) = —ve(t,2), Pi(t,x) = —v(t,x), Pu(t,z) = —vu(t, z),
P.(t,x) + Po(T',2) = —v,(t,x) and Py (t, x) + Ppp (T, x) = —vy5 (¢, ).

Since P, (T",z) and Py, (T, x) are bounded we obtain that the integrability properties of the first and
second order derivatives of P(¢,z) and v(t,x) are the same in D. Now set

(3.12) P(t) = v(t,b) , g(t) =v(t,0) for 0 <t <T".
Then by B.7) and B.11),
t t

(3.13) P(t) = / g(T)dr = / ve(r,b)dT >0 for 0<t<T.

0 0
It follows from (B8) and B39)-@.I0) that on the set v > 0,
(3.14) v—Av—f=—-P(T' —t,x) — AP(T' —t,z) + AP(T',z) — f(z) =0
and on the set v = 0 we obtain
(3.15) ve—Av—f=rK >0.

Hence we arrive at the following (see [I1]).

3.6. Lemma. The function v is the unique solution of the following variational inequality problem.
v.i. Problem 1: Find v € L?[0,T'; H*(ao,b)] N H*[D] such that
(i) v,ve > 0.
(ii) (ve — Av)(w —v) > f(w —v) a.s for every w € L2[D], w > 0.
(#ii) v(t,b) = for 0 <t <T', x=b.
(i) v(t,a0) =0 for 0 <t <T', x=ap.
(v) v(0,2) =0 fort =0, ap <z <b.
Proof. We shall prove uniqueness, the fact that v is a solution to v.i. Problem 1 follows from (3.9))- (313]).

Assume that v and o are two solutions of v.i. Problem 1. Since & > 0 (property (i)) we can use the
property (ii) of v and replace w by ©. Since both of them are solutions we obtain that

(3.16) (v — Av)(0 —v) > f(0—v) and (0 — AD)(v — D) > f(v—10).
Define the parabolic boundary as the boundary of D without the interval {T"} x (ag,b) and let u = v — 9.
Note that u is zero on the parabolic boundary and the sum of the two inequalities (B10) is

2
(3.17) Ul — %umu — pugu 4+ ru? = (up — Au)u < 0.
Integrating both sides of BIT) on (0,7”) X (ag,b) we obtain four terms on the left side. For the first
term we have

b T bq
/ / u(t, z)us(t, z)dtde = / §u2(T',x)dw > 0.
ap 40 ao

Integration by parts of the second term and the fact that w = 0 on the parabolic boundary yields

2 T b 2 T b
(3.18) - 7/ / Uy (t, 2)u(t, v)dadt = 7/ / u?(t, z)dxdt > 0.
0 ao 0 ao

%d—f and that u(t, ag) = u(t,by) = 0 for every ¢, and so

T b
,u/ / Ug (t, 2)u(t, z)dxdt = 0.
0

ao

For the third term note that u,u =

The last term satisfies rfOT f:o u?(t, x)dxdt > 0 since 7 > 0. We conclude that the left side of (BIT) can
not be negative and so it must be zero. Since all terms in the left hand side of (BIT) are non-negative
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and their sum is equal to 0 we obtain that rfOT f;o u?(t, v)dxdt = 0, and so u = 0 almost everywhere
(a.e.). Hence, v = ¥ a.e., and so there is only one continuous solution. O

Denote parts of the boundary of D = (0,T") x (ag,b) by
Fl = [O,T/] X {b}, FQ = {0} X (a,o,b), Fg = [O,T/] X {CL()}, I'= Fl UFQ Urg

and set
(3.19) L=— A= _2Y~ _

Thus, I' is a parabolic boundary of D. For every € > 0 we define following functions.
(1) A smooth function f©)(z) > f(x) on (ao,b) such that f&)(z) = f(z) for s(T") < a < x < b and
for ag < = < a; where a; satisfies ag < a; < s(T") and lim._,o f©) () = f(z) for ap < z < b.
(2) A smooth function %) (v) satisfying
BE () =0 for all v > ¢, E0) = -1, B (v) >0 and ) (v) < 0.

(3) &) (t) = (t) + & with ¢ defined in ([BI2).
(4) A smooth function n(x) such that 0 < n(z) <1 and for some a < az < b,

n(z) =1 for ag <z < band n(z) =0 for ap <z < a.

Set F.(z,v) = f©)(x) — rKB®) (v) which is a Lipschitz continuous function and for every constant C
there is My such that C|F®)(z,v)| < M whenever M > My and |v] < M. Let ¢(*) be a function on T
satisfying

0O, = (1), ¢, =en(z), ¢, =0,
and, moreover, relying on Chapter 3 in [5] we can choose ¢ so that

(1) ¢ € Cyy5[D] for some 0 < § < 1 (in fact for each §) and we refer the reader to Chapter 3 in
[5] for the definition of Co,s[D] and for conditions yielding that a function defined only on the
boundary T' can be extended to a function from Co, s[D].

(2) Lo®) = FE)(z,4) at the points (0,b) and (0, ap).

By the theory of semi-linear parabolic equations (see [5]) there exist a function v(¥) € Cy[D] for some
0 <~ < 1 such that

(3.20) Lo® = F (2,0 and v |p = ¢,
In particular v(€), vg(f), vg(gi) , vt(g), are continuous on D.
Let w = Ut(s). By differentiating with respect to ¢ the equation (8:20) and taking into account ([B.12l),

(B20) and the properties of ¢} we obtain that
(3.21) wy — %21011 — pwy + (r+ TKBS,E) (v(s)))w =0
where w(t,b) =g(t) V0 <t <T" and w(t,ap) =0 VO <t <T'
w(0,) = fO (@) + (%5 ne.0(2) + pna(x) — () = rKBY (09 (0,2)) VYag <@ <b.

We see that in D the function w is a solution to a parabolic equation and since r + rK 61(,5) > (0 we can
use the maximum principle

(3.22) min (mlin(w), 0) < w(t,x) < max (mlgx(w), 0) V(t,z) € D.

Therefore in order to bound the function w we only need to bound its values on the parabolic boundary.
First, we estimate the left hand side of [8:22)). For a < z < b we have that v()(0,z) = en(z) < ¢, and so
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BE) (v(#)) < 0. In view of @), (10) and the definition of f(*) above there exists ey > 0 such that for
every 0 < € < gg,
w(0,2) > f(2) + e(Nea(®) + pne () — ()

=-—PB(T', z) + 5(%27711(513) + unz(x) —rp(z)) >0 Va<z<hb
On the interval ag < 2 < a we have 7 = 0 and since v(*)(0, z) = en(z) = 0 we see that 5 (v (0, z)) =
—1. Since on this interval f(z) > —rK we obtain

w(0,z) = £ (x) —rKBE(0) > f(z) +rK >0 for ap <z < a.
Hence, w > 0 on I's. We obtain next that,

w(t,b) = —%—f(T' —t,b) > 0on 'y and w(t,b) =0 on .

It follows that min (minp(w),0) = 0.
Next, we estimate the right hand side of (822). On I's we have that

w(0,2) < |f©) (@) + (5 e (@) + e (@) = (x)) = rEBE) (1) (0, 2))

2
K
< sup | £ +€Sur>|7nm + pne — | +rK < Cy

where Cy > 0 is a constant independent of ¢, and so
oP
0 = min (II%III( w),0) < w(t,z) < max (max(—E(T’ —t,b),C)) = Ch.

We conclude that there are some constants g and C7 such that for every 0 < e < gy,
(3.23) 0< vt z) < Cy.

Since vf’ >0 and v(® (0,z) > 0 for ap < x < b we deduce that v(©) (t,z) > 0 and because vlgg) is uniformly
bounded it follows that v(¢) is also uniformly bounded. By the properties of 5(5) we see that

(3.24) —1< B9 <0 or |89 perpy < 1.

Let Do = (0,T) x (az,b) be an upper subrectangle of D where ay is the same as in the definition of the
function 7 in (4). From the definition we have v(*)(0,z) = en(z) = € in Dy and since Ue,¢ IS nonnegative,
we obtain that v()(t,z) > ¢, and so B (v(®) (¢, z)) = 0.

This means that on Dy the function v(®) satisfies the parabolic equation

Lo = f).

For w = U,EE) and 0 < € < g9 we also have that

Lw(t,z) =0 Y(t,z) € Dy and w(0,z) = £ (z) when ag < z < b.
Next, let y(¢, ) be a function on Dy such that
Ly(t,z) =0 Y(t,z) € Do, y(0,z) = f&(x)Vay <z <b

and all of its first and second order derivatives are bounded there. Such a function exists since we can
choose a smooth function on the remaining part I'g \ {0} X [ag,b] of the parabolic boundary T’y of Dy
which extends f()(z) as a smooth function to the whole Dy, and then use Theorem 12 from Chapter 3
n [II]. For each € < gy we define z(¢,x) = w(t, z) — y(¢,z) in the domain Dy where w(t,x) = ’UEE)(t, x).
Then z(0,z) = w(0,z) — y(0,z) = 0 for every az < x < b. Fix x¢ € (az,b), then by Proposition 4.5
from Section 4.1 of [I1] we obtain that |z;(t,xo)|, |21(t, zo)| < C for every 0 < ¢t < T where a constant
C > 0 is independent of €. Since we assume that |y (¢, xo)|, |ye(t, z0)| < Cy for 0 <t < T" it follows that
|we (¢, o)l |wet (t, 20)| < C1 + C (for every €). Let Dy = (x0,b) x (0,T), then by Theorem 6 in chapter 3
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of [B] we obtain that for every e > 0 (and in fact every 0 < o < 1) U(E),vt(s) € C244[D1] and there is a
constant C' independent of € such that

[0+ 1017 g0 < C.
In particular, we get
(3.25) 108 | Lo (1) + 1052 2 (D1 + 1055 L= () < C.

Considering again the whole region D we have

- /b v (t,y)dy = % /b (10 (t,y) — v (t,y) — v (t,y) + B9 (0 (£, y)) + FO(y))dy.
Hence, ' '
o (@) = o7 (6,0) + Z [1(v9) (t:0) — v (¢, 2)
+ [ (=0 () — 0O (1) + BE WO (L)) + £ () dy].

Since all terms in the right hand side are uniformly bounded there is a constant C' > 0 independent of
such that ||Um )|| < C for every 0 < ¢ < ¢g9. Now we see that in the equation

2
vl (ty) = — (ol () - o (ty) — 1o () + 8O 0O (1)) + 1) (y)

all terms in the right hand side are uniformly bounded and therefore the term in the left is uniformly
bounded, as well.
We summarize this in the following lemma.

3.7. Lemma. There are constants C' > 0,e9 > 0 such that for every e < €y,
o () + 10 e ) + 107 | ) + [0 | 0y < .
We now obtain the following (see [11]).

3.8. Proposition. For any 1 < p < oo and t € [0,T'], v®) = v as ¢ — 0 weakly in W'P(D). Further-

more, v¥) — v uniformly on D and also 0 =, uniformly in x € [0, K] for each t € [0,T]. The
function v is the unique solution of v.i. Problem 1.

Next, we analyze properties of second order derivatives starting with the following result.

3.9. Lemma. There is a constant C > 0 such that for any 0 < e < g,

/ / v (t,x))?dwdt < C.

Proof. Set v=v, =8 and w = vts) Multiply the equation (B21)) by w to obtain
2
%wwm — pww, + (r+ KB (v))w? = 0.

Integrating this equation over (ag, b) and recalling that 5’(v),¢ and K are non-negative we obtain that
forany 0 <t < T,

1d [ 2ot * 1 dw?
(3.26) 37 /a0 w?(t, z)dx — % /a0 w(t, T) Wy (¢, 2)dx — u/ao Edix(t,x)dx <0.
By (320) and (B:23) we estimate the third term in (326,

1 dw
w/'2d<twm4 il (1) = w? (¢, a0)| = |l (1,5) < 2.

wWwt —
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For the second term in ([B.26]) we see that

b
__/ (t, X)Wy (t, x)da = (/ w2 (t, z)dz — w(t, b)wy (,b) + w(t, ap)ws(t, ag)).
Since w(t, ag) = 0 and the function w(t, x) is uniformly bounded in D we see that w, = vt(fc) is uniformly
bounded near the boundary [0,7”] x {b} and w(t, ag)w.(t,ap) = 0 while |w(t, b)w,(¢,b)] < Cy for some
constant Cy > 0 independent of . Thus, we conclude from [B26]) that

L\:>|?"

1d
5@ t:z:da:+—/ “(t,z)dx < Cs

for some C5 > 0 independent of e. Integratmg the last equation over [0,7"] we obtain

b
—/ / (t, x)dzdt + ;/ (w?*(T, z) — w?(0,z))dx < Cs.
aop

Since the function w is uniformly bounded it follows that there is C' > 0 independent of € such that
/ / (t,x)dzdt < C.

We will now deal with the L? properties of the function v,gf ) (t,x).

3.10. Lemma. There is a constant C > 0 such that for any 0 < e < e and every 0 < o <t <T’,

/(vmt:z da:—l—// vtt d33d7'<g
o

Proof. Set v =v),3 =) and w = Ut(s). Multiplying (B21)) by the function w; we have

2
w? — %wmwt — pwzwy + (r +rKp (v))ww, =0
and an integration with respect to x over (ag, b) yields
b K2 b b b
(3.27) / widr — —/ Wygwidr — u/ wywid —|—/ (r +rKp (v)wwidz = 0.
ao ao ao

Fix some ¢ € [0,T]. Since wy(t, ag) = w(t,ag) = 0 we see that
k? d

—/ W (E, )Wy (¢, x)dr = 7wm(t b)we(t,b) — Tx wy (t, ) dx.

From [B.28) it follows that %|ww(t, b)w(t,b)| < Cy for some constant Cq > 0 independent of ¢, and so

we obtain
2

(3.28) %dif 2(t, dx—i—f wfdw—i—f (r +rKp (v))w(t, x)w(t,z)dx
< ufao wy (t, )we(t, x)dx + Cy.
Now we deal with the last term in (B:27)). Since 8”(v) < 0 and v, w > 0 we obtain that
o (r+ KB (0))wwydz = § [7 (r+ 1K' (v) Swds
= %gt (r—!—rKﬂ( Nw?(t, z)dx — —f rKp" (v)widr > %dif (r+rKp (v)w?dz.
We plug this inequality into (B:28)) and obtain
1d [*r* / 2

—— [ [zwi(t,x)+ (r+rKp (v)w”(t,x)]dz +
2dt |, 2

ao

b b

wi(t, x)dr+ < u/ wy (¢, 2)we (t, 2)dx + Cy.

ao
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Integrate the last inequality with respect to 7/ over the interval (7,t) to obtain
3/, b [%2 2(t,x) + (r + rKp'(v))w?(t, r)] dx—i—ft f:o w(t, x)dxdr’
< uf fao |we (t, )| |we (¢, 2)|dzdr” + CL(t — 7) + % fao wi(r,z) + (r + rKp' (v))w?(r, x)]dz.

Next, integrating in 7 over the interval (0,0) for some 0 < ¢ < t and taking into account that (r +
rK (' (v))w? > 0 by the property (2) of 3 we obtain that

(3.29) z :0%2 2(t;vd$-‘rf00ftfb wi(t, x)dxdr' dr

< Cy + |l fo f fao |we (¢, ) ||we (¢, x)|dedr’ dT + 5 fo fao —wi(T, z) + (r + KB (v))w?(r, z)|dzdr.

Now, by B323), B24) and Lemma B9 together with the Cauchy-Schwarz inequality we estimate the
right hand side of (3:29) by a constant C5 > 0 independent of €. Hence,

2 b o t
032%/ widw+/ // dxd7d7>”/ 2d;v+0// w?dadr’
ao 0 T

and Lemma follows. O
As a corollary of previous results we obtain

3.11. Proposition. Let f <o < T and a < s5(0) < s(c) < b <InK. Define D = (0,0) x (a,b). Then

(3.30) P(t,z) € H*(D")

where by definition H2[U] is the set of all the functions in L*[U] with an L? weak second order derivatives.
Also there exists C > 0 such that for every 0 <t < T,

82P o?pP
(3.31) / 5a =55 8t(t )| L2 () < C.
Proof. From Lemma BI0, Lemma B9 and Lemma B we obtain that {v(®)}.., are uniformly bounded
in H2[D?] and so they have a weak limit & € H?[D?]. Since v(*) — v uniformly we must have that v = ,
and so v € H?[D?]. Since v is the solution of ([B.I5) we can apply Proposition [3.5 and using the fact that
the constant C' in [B.5) doesn’t depend on ¢t we can obtain in a similar way that for a fixed o there is a
constant C' > 0 such that for every 0 <t < o,

[[ve,e (£, )l L2(ag,6) < C-
From (BI1I) we can deduce the same result for the function P(¢,x). O

3.12. Corollary. For each 0 <t < T the function v(t,z) is Holder continuous with a Holder exponent
1

5
Proof. For every 0 < t < T Proposition B.I1] gives us that v;(t,x) € H'[ag,b]. Hence, the result is a
consequence of the Sobolev inequality. O

3.13. Corollary. For every0 <t < T’ the functions Pi(t,x) and Py, (t, ) as functions of x are continuous
in the closed interval [s(t),b].

Proof. For the function P;(t, z) the result follows from ([BI1]) and the previous corollary. Since P(t,x) is
a solution of B8) in the interval {(¢,z) : s(t) < < In K} and since the functions P,(¢,z) and P(t,x)
are continuous in the interval [s(t), b] we obtain the result for P,,, as well. O

3.14. Corollary. Let § < 0 < T and a < s(0) < s(o0) < b < InK. Define E7 = {(t,z) : 0 <t <
Bya—put <x <b—put} and u(t,z) = e "'P(t,x + pt). Then

(3.32) u(t,z) € L*[E7]
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and there exists C' > 0 such that for every 0 <t < g,

b—put 62 )
(3.33) / 5o () Pz < C.

Proof. The assertion (3.32) follows from Proposition BI1] and the definition of w(¢,z). For 33 note
that

. (2P0 gty PP aruty+ L s 1),

—(t,z) =e —r—(t,x x x

0wdt oa T g2 MO Qeot :
then use (B3I) and the fact that for (¢t,2) € E? the functions %?(t,:zr + pt) and %—};(t,x + pt) are
bounded. O

4. PRICE FUNCTION NEAR THE WRITER’S EXERCISE BOUNDARY

4.1. Regularity properties of price function. Let F(t,z) be the price function of the put game
option (see Section ). We begin this section by showing that near the writer’s exercise region I'y =
{(t,K):0 <t < p} the function & is continuous. Let
(41) }/t[sxw] — (}/t 7[5@], 2,[s, 1]) (S —I—t Sm)
which is a non homogeneous in time Markov process in RT x R where S¥ = zet*t~Bt and y = r — %2
Let

9] 2 92 0]
4.2 Ly = —
(4.2) v 8t+282+m8 o
which is the infinitesimal generator of Y; when considered on the space of all C? functions. This is a
parabolic operator with bounded smooth coefficients in the domain
(43) D= (0,8) x (k. K)
where k > 0. Let P, ;) and E[, ;] be the probability and the corresponding expectation for the Markov
process Y starting at the point [s,z]. We will first show that for any tg € [0, 8),

4.4 Ii P Y. el =1
(4.4) L. ta)[Yr € I'1]

where 7 = 7(I") and for any closed set @ C Ry x R we set 7(Q) to be the arrival time at the set Q
for a Markov process under consideration which is Y; here. Indeed, choosing an appropriate nonnegative
function ¢ < 1 on the boundary I' and relying on Chapter 3 in [5] we can choose u(t, z) € C1?(D) which
solves the equation Lyu = 0 in D and equals 1 on the boundary part I'y for 0 < ¢ < t¢; < § while decaying
smoothly to 0 when ¢ grows to 8. Then

u(t,r) = Ej 00(Yr) < Py o {Yr € T1},

and so

1> liminf PEYEI‘ lim u(t,x) = u(ty, K) = 1.
(t2) > (to,b) D I 12 (to)— (tg,K)( ) = ulto, K)

Next let f(z) = (K —z)* and g(x) = f(x) + 6. Recall that the price of a put game option with an
expiration time 7" and a constant penalty J can be written in the form

F(f,(b) sup inf J[t z](fagvo T)
0<7<T 0<0<

where T = inf{t : Y;! = T} and for any bounded Borel functions f and § we write
J[t,;ﬂ] (fa gv g, T) = E[t,w] [677"0/\7'( (YQ)]I{G'<T} =+ f( )H{T<U})]
Set
(4.5) fs(x) = F(s,x) when < s <T and Fy(t,z) = supo<r<zinfo<o<sJiq(fs, 9,0, 7).
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where § = inf{u : v = s}. Let < o*,7* > and < o}, 77 > be the two saddle points (see [9])
corresponding to the optimal stopping games with values F(t,z) and F(t,x), respectively, and so
(4.6) o =inf{0<t<T:FY;)=g(Y?)} 7 =imf{0<t<T:F(;)=fY?}
or =inf{0<t<3:F(Y) =g(YD)) 75 =mf{0<t<5:F(Y)=f(Y2).
Then
F(t,x) = Jua(f,9,0%,77) and Fo(t,x) = Jj 4 (fs, 9,05, 7).
4.1. Lemma. For all0 <t <s<T and xz >0, Fs(t,z) = F(t,x).
Proof. We have
Fo(t,2) = Jipa)(f5, 9,05, 75) < Jieai(fs, 9,07, 75)
= Ej 4 [e=ro"ATs (fs( e Mire<oey + F (Yo )]I{a*<r:})]
< Eppole ™ (F (Yo )rs<ovy + F(Yor g <r2y)] = B ale ™™ Ve F(Youpr:)] < F(t, ).

Indeed, the first inequality above follows by the saddle point property. The second inequality holds
true since F' is nonincreasing in the time variable, 75 < § = s — ¢ for Y»*! and Yb[bel(7*) < 5. The
third inequality is satisfied since the process e~ Yornu F (Yo« au) is & continuous supermartingale in u with
respect to P, ;) (see [8]). For the other direction we have

F(t, ) < By le "N F(Yapor are )] = Bl g [e "7 (F(Y2 ) <5n0
+E(Ys)ls<r o +Q(Y s <snre ) < Epyle TréneLATt (fs(VA /\s) T AF< o
+9(Y2 Loz <inee )] = J[t,z](fsuguasvT* A38)) < Jita)(fsrg9,0%,70) = Fu(t, )
where we use the submartingale property of e’TYrH*AuF(YT*,\u) in u. O
Now for any bounded Borel functions f and § set

Is(tuxufvg)_ sup lIlf J[tz](f 9707—)
0<‘r<~0

From the time homogeneity of the process Y, = S; we obtain that
(4.7) Lipn(t + hox, f,9) = Li(t,z, f.9).
4.2. Proposition. There is a constant C' > 0 such that for any (t,x) € (0,5) x (k, K),

oF
0< ——-(t2) < CPpglrs <ogpl.

Proof. The left hand side of the above inequality follows from (iii) and (iv) of Proposition Bl For the
right hand side, let h > 0 be such that 5 +h <T —hand t +h < § and let § < s < T — h. By (see [L])
the price function of an American put option has a bounded derivative with respect to ¢ in [0, s+ h] X R,

i.e. C'=SUDPy 1)e(0,54h] xRy |8FA (t7) | < 50. This together with Proposition BI(ii) yields
oF
(4.8) sup |Lx)| <C.
B<s<Tz>0 O
Next, by Lemma 1] and the saddle point property,
(4-9) F(t,z) = Fy(t,z) = tm(fsuguasa 5)<J[tz](f5797 s+h> T, s)
By Lemma [£1] (@) and the saddle point property,
(410) F(t + hu ;C) = Fs-i-h(t + hu ;C) = s+h(t + h7 z, fs-i-hu g) = Is(tu T, fs-i-hu g)

= J[t,m] (fs+h7 g, 0:+h7 7—;4_}1) < J[t,z] (fs-l—hu g, U;k+h7 T;)
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Now, (45), [@3), (9) and @I0) yields that
0< %(F(t, T) — F(t + h,x)) < %E[t,m] [e_m;hm—: (fS(YTQ*) - fs+h(Y7-2 ))H{T;‘ <o* }]

: s+h
< %E[e—ro'erh/\Ts ChH{T;SU;+)L}] < CP[t,m] [7’;k < 0':+h]-

Passing to the limit as h — 0 we obtain the result. (I
4.3. Corollary. For every 0 <tog < 3, limy 4y (10,K) %—f(t,x) =0, and so lim 4y (,1n K) %—I;(t, x) = 0.
Proof. In view of Proposition [£.2] we only have to show that for every 0 < ¢y < 3,

lim Pyl <oip] =0.
(ta)>(to, k) D I +1]

Let D be as in @3), T2 = {(B,z) : k < ax < K} and I's = {(¢,k) : 0 <t < B}. It follows from the
definition of 77 and o}, that for every (z,t) € D,
{r(T1) <7(T2NT3)} C {0l <75} with respect to Py 4.

From ({4) we obtain

a8 PleallOaen <721 =1

and the result follows. O

Next, we deal with functions P(t,z) = F(t,e"), and so it is natural to consider the domain Dy =
(0,8) x (k,InK) for some positive k¥ < InK (which is, essentially, the same domain after the space
coordinate change) and let

(4.11) c=Py (B, InK)= lim Py.(f,x).
rz—log K

Let v(t,x) be a function solving the equation % + Av(t,z) = 0 with A defined by [B.6]) and satisfying
the boundary conditions

(4.12) v(it,InK)=c, v(t,k) = P(t,k) for 0 <t < g and v(B,z) = P(8,x) for k < x < In K.

Since these boundary conditions are continuous then (see [5]) they are satisfied by a unique solution in
C12[D] of the above equation. Let w(t,x) be a function on Dy such that

(4.13) Pi(t,z) = w(t,z) +v(t,x) VY(t,z) € Do\ (B,InK).

Thus, w(t,x) € CY2[D'] and it satisfies the same parabolic equation in Do as 22 (t,z) and v(t,z). Its
boundary values are

(4.14) w(t,InK)=—c, w(t,k)=0for 0<t<pand w(f,z) =0fork <z <lnk.

From the continuity of v(t,z) on Dy we see that it is bounded there and since %—f is also bounded there

we obtain the same result for the function w as for v. Hence,

(4.15) w(t,z),v(t,z) € C+*[Do] N L=[Dy).

4.2. Integrability of w;(t,z) and w,(t,z). Now we will analyze the function w(t,z). Let Zi"* =
(u+t, X7) be the diffusion process in the plane whose infinitesimal generator is equal to Ly = % + A
on the space of C? functions. For each € > 0 define D. = (0,3 —¢) x (k+¢,In K —¢). Let I'- be the
parabolic boundary of D.. For every € > 0 which is sufficiently small we can find a smooth function
w(t, ) with compact support on the plane such that in D, it is equal to w(t, z). By the Dynkin formula
we obtain that for every (u,x) € D¢,

7(Te)
(4.16) Epu.a)[@(Z, (0.)] = (1, ) + Epua| /O Li@(Z,)ds]
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where 7(Q) denotes the arrival time to @) by the process Zt[u’m]. Note that since w(t,z) = w(t, z) for

(t,x) € D. we can replace w by w in the above formula and since Zs[u’m] € Dy for s < 7 we obtain that

Lw(Y;) = 0. It follows that for every £ > 0,
(4.17) w(u, .’L‘) = E{u I] [w(Z (F ))]

[u,z]

Now fix (u,z) € Dy and a continuous path wy. Let £ = {Z )(wo)}n0<n C Do where ng is such that

(u,z) € D1 . The sequence of times {7(I'1)(w)}n>n, is non decreasmg with respect to n and so it has
no n

a limit p < T'. Let v be an accumulation point in &, i.e. limg_, Ay (i“ ]1 )( o) =~ for some subsequence

ng. Define d(y,To) = inf{|y — x| : « € T'v} and note that this functlon is continuous on Dy and it is

0 if and only if y € T'g. Since d( T[?FI] )(wo),FO) < % for each k we conclude that v € T'y and since

nk
limg 00 7(I' 1) = p it follows that Z[u’z] (wo) = limg 00 ZL(F]I )(wo) = ~. Hence, 7(T'¢)(wo) = r. By the
n
definition w(t, x) is continuous except at the point (§,In K) But because P2 Z-ry) = (B,InK)] =
for every (u,z) € Dy we can ignore paths that reach the point (5,In K), and so

(4.18) hm w(Z[(’F ])) = w(Zq[fE’Ifﬂ)) P . as.

4.4. Corollary. For every (t,x) € Do,
w(t, z) = Bt a1 [w(Zrry))] = =Bpr.a) Iz o) <r(rosuran}] = —Ppray[m(For) < 7(Toz UTo3)]
where To1 = {(t,InK): 0<t < B}, Toe ={(B,z) : k <z <InK} and T'o3 = {(t,k): 0 <t < S}.

Proof. From ([I5) we know that the function w(¢, ) is bounded and so we can use the Lebesgue bounded
convergence theorem and from the boundary conditions on w(t, z) it follows that

w(t, ) = lim By oj[w(Zr(r.)] = B[l w(Zz0,))] = Eppag[w(Z70g))]
which gives the first equality of the corollary while the second equality follows from (@I4]) and the third
equality is obvious. (Il
Let (¢,z), (', z) € Do and assume that ¢ < ¢'. Then it is not difficult to understand that
P o[m(To1) < 7(To2 UT03)] > Py g[7(To1) < 7(Lo2 UT03)],
and so w(t, ) is nonincreasing in ¢ for every = which implies that

)
6—;0(15,3:) >0 Y(t,z) € Dy.

It is also easy to see that for 0 <t < T and 0 <z <z’ <1,
Py o[m(To1) < 7(To2 UT03)] < P ap[m(To1) < 7(Lo2 UTe3)],

(4.19)

and so

)
(4.20) a—i’ <0 V(tz)e Dp.

4.5. Lemma. The functions w; and w, are in L'[Dy)].

Proof. We will use ({19 in order to prove the result for wy(t,z). The case of wy(t,x) can be proven
similarly be using [@20)). Using (@.I4), (A19) and the continuity of w(0,z) on {0} x [k,In K] we obtain
that

S, 182 1dtdz = [ [ Qdtdr = lim.o f""7° [} G2 dtda
= lim._0 fan “(w(B,z) — w(0, x))daz = —lim._ fan “w(0,z)dr = — ,ian(O,a:)da: < 0.
Using ([@20) in place of (Z19) the proof of integrability of w, is similar. O
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4.3. Integrability of v(t,r) and v,(t,z). We continue this section by analyzing the function v(t, x)
solving the equation Liv = 0 with the boundary conditions given by @IZ). Let C*?[Dy] be the set of
all functions which have one derivative in ¢ and two derivatives in z both uniformly continuous in Dy.

4.6. Lemma. There exist a function z(t,x) € CY2[Dy] such that

(4.21) z(t, ) =v(t,z) V(t,x) e To.

Proof. Recall that Pa (T, z) = P,(T, x) for k <z < In K and note that the functions Pa (T, ), Pa «(t, v)
and P, (t, k) as function of (¢,7) belong to the space C12[Dy]. Set

(t)an r—k
YT MK —k Kk —k

Then (¢, z) € CH2[D] since it is a linear combination of functions from this space. We also have
2(t, k) = BE=R(P,(t,k) + Pay(T, k) — Pay(T,k)) = Pi(t,x) YO<t<p
Z(t,InK) = Pa, (t,In K) when 0 <¢ < B and for all k <z <In K,
(T, z) = BE=L(P(T, k) + Pas(T, %) — Pay(T.k)) + 152 Pai(T, 2) = Pay(T, ).

Thus, we obtain

(Pt(t, k) + Pay(T,x) — Pay(T, k) + ————Pay(t,z).

InK —x _ z—k

Z(T,x) € C?[D).

Since

z2(t, k) = zZ(t, k) = P(t,x), 2(t,InK) =Z(T,InK) = Pa+(T,In K) = c and 2(T,z) = Z(T,z) = Pa+(T, x)
it follows that

(4.23) z(t,x) = v(t,z) VY(t,z) eT.

O

Next, define f(t,2) = —Lz(¢,z). From Lemma [L6] we obtain that f(z,t) is bounded in Dy and so it
belongs to LP[Dy] for every 1 < p < oo. Set 0(t,z) = v(t,x) — z(x,t) and observe that

Lo(t,x) = f(t,x) and o(t,x) =0 VY(t,z) € Ty.
We conclude that the function o(¢,x) is the unique solution of the following problem (see [I).

4.7. Theorem. Let 1 < p < oo then for any f(t,x) € LP[Dy] there exists a unique function v such that
(i) © € LP[0, T; W2P(0,1)] N LP[0, T; Wy P (0, 1)],
(ii) 5 9 ¢ LP[Dy),
) Lv(t x) = f(t,z) for every (t,x) € Dy,
(iv) ¥lr, = 0.

From assertions (i) and (ii) of Theorem .7 we obtain that the functions o, (¢, z) and ¥;(¢,x) are both
in LP[D] for every 0 < p < oo and since z(t,x) € C*2[Dy] we obtain the following.

4.8. Corollary. For every 1 <p < oo the functions v (t,z) and v, (t, ) belong to the space LP[Dy).
We can now summarize most of the results of this section as follows.
4.9. Proposition. Let s(8) < k <InK < k' and define
Do = (0,8) x (k,ln K) and D}, = (0,8) x (In K, k).

Then the function Py(t,z) is continuous at every point in the domain Do \ {(8,In K)}, and there exist
two functions w(t,z) and v(t,x) on Do such that

(4.24) Pi(t,z) = w(t,z) +v(t,x) for every (t,x) € Do\ {(8,InK)},



Approximations of game put options 17

(4.25) w(t,x),v(t,z) € CY2(Dy) U L°°[Dy]
and both functions are solutions of the parabolic equation Liu = 0. Furthermore, w(t,x) is continuous in
Dy and it satisfies
(4.26) w(t,InK) = Py (8, In K) and w(t,b) =0 when 0 <t < j,
w(B,2) =0 when k < x <InK

and

(4.27) wy(t, ), wy(t,z) € LY[D].
Finally, v(t,x) € C(D) and for every 1 < p < oo,

(4.28) ve(t, ), v, (t, ) € LP[D].

The same decomposition of Py(t,x) with the same properties holds true in the domain Dj,.

Proof. Taking the same functions v and w as in [@I3)) we see that [@2H) is actually the same as ([@I5)
and the fact that both v and w are solution of Liu = 0 is clear from their definitions. Next we see that
@24) is the same as [@I4), that (£21) is the same as Lemma L5 and that (£28]) is, in fact, Corollary
8 Observe that we did not use in this section the fact that k¥ < In K so all the proofs are also applicable
to the case k' > In K and the domain Dy, O

From (£24), (@27) and [@28) we obtain the following.
4.10. Corollary. Let D = {(t,z):0<t <, k—put <z <InK — put} and

(4.29) u(t,r) = e " P(t, x + ut).
Then

0%u 1r7
(4.30) el e L'[D).

4.4. Price function when initial stock price is large. Let F(t,z), P(t,x) and u(t,x) be as above.
Recall that in the domain (0,7) x (In K, 00) the function P(t,x) satisfies the equation Li P = 0, it is
continuous in the closure of [0,7] X [In K, 00) and P(T,z) = (K — €*)* =0 for z > In K. Define

K
V2
where u is given by [@29) and set G = (0,T") x (0,00). It follows from Proposition -9 that
) v(t,x) € CH2[G]U C[G],

) Ve (t, ) = v4(t, x) for every (¢, z) € G,

) v(t,0) =u(T — t,In K + 2|u|T) is continuous,

)

)

(4.31) v(t,x) =u(T —t,—z+In K + |u|T)

v(0,2) =0 for every 0 <t < T,
v(0, z) is bounded (since P(t,x) is).
Since a bounded solution of the heat equation in G is unique (see [3]) then for every (¢,z) € G,

oK 1
4.32 v(t,x) = =2 —(t — 1,2)v(7,0)dT where K(t,x) = e 4t
(432 (t.0) = =2 | Gt =)ol 0)dr where K(1,2) =

2
1 b pe” = u(T, 0)dr
o(t,z) = 47T/0 CEEE .

Differentiating v we obtain polynomials Q. (s, x) such that for all k,n € N,
oFtry
o"tokx

and so

(t,x) = /Ot Qn.i((t — T)_1/2,x)e4<%27)v(7', 0)dr.
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If N is large enough and ¢ > 0 then (t;f\,)N Qrn((t—7)72 2) is a polynomial in (¢ —7)*/2 and 1/x and

it is bounded on (0,T) x (¢, 00). Since supy>oy’¥e ¥ < oo for any N € N we can set y = 4(5”—_1) deriving
that for any N € N and (¢,z) € (0,7T) X (¢, 00),

é’f%a 2) = Jy S Qual(t = 7))y Ve ol 0)dr
fo ( (= T) Qn e (z, (t — T)_l/Q))yNe_yv(T, 0)dr < IQN

For some C' = C(N) > 0. Hence, the following results hold true.

4.11. Corollary. For any k,n positive integers k,n and ¢ > 0,

OFFny(t, )

g € L21(0,T) x (¢,00)].

4.12. Corollary. Let \/Ti(an + | u|T) <k and G = {(t,z): 0<t < B, k' —p <z <oo}. Then

2

o () € LG

5. PROOF OF MAIN THEOREM

We split the proof into two cases for z < In K and for z > In K.

5.1. Case z < In K. We begin by proving the upper bound in (ZI7]). Since the option holder can exercise
at time 0 it is clear from the definition of P(¢, x) in [Z3]) that P(¢,x) > ¢(z) for every > 0. Furthermore,
by Proposition BIl(iv) for each fixed ¢ the function P(t,z) as a function of x is nonincreasing. Therefore,
P(t,z) > P(t,InK) = 6 when z < In K. From the definition ([@7) of the stopping time (™) it is not
difficult to see that in the present case when o™ < T,

x4 po™ 4+ kB, <InK,
and so
(5.1) P(c™ x4 po™ 4 kB ) > 4.
Hence for every 7 € T we obtain,
(5.2) Ele ™" ()@ + pt + kBINL oo + o <, )]
<E[e™ " (P(r Aa™, x4 pr A o™ + kB Y = Elu(r Ac™, XM ).

TAc(™) TAc(™)
By Proposition 3.2

hil(‘r/\a'("))
(5.3) Elu(r A, X" ) =u(0,2)+E[ > Du((G—Dh, X))
j=1

where, as before, u(t, z) = e " P(t, z + ut). Taking the sup with respect to all 7 € 7(") in the inequality
(E2) and using the fact that w(0, ) = P(0,z) we obtain that
h71(7A0(7l))

(5.4) P™(z) = P(0,z) < :%)E[ > Du((j - 1), X&”)l) )]

Thus, in order to bound Pl(") (x) — P(0,z) from the above it suffices to find an upper bound of the right

hand in (E4).
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Next, we split the domain [0,7] x R into three parts
(5.5) C={(t,z) € [0,T —h]: ut +z > s(t + h) + |ulh + sVh},
S ={(t,x) €[0,T —h] : ut +x < s(t) — |ulh — kv/h} and
B={(t,z) €[0,T —h] x R:s(t) — |ulh — sv/h < ut + 2 < s(t + h) + |u|h + kV/h}.
In order to estimate the right hand side of (5.4]) we split it into three parts according to the domains C,
S and B, i.e.
(5.6) E, T Du(( - Db, X001 = BT O Du(( - 1),

n TAc(™)
X((jzl)h)]l((J Dh,X (- 1)}1)GC]+E[ZJ 1( ' Du((j 1), X((J)l) MG-1)h.X-1m)es]

(n)
+E[ZJ 1(TAG )D“((J —1)h, X((] )1)h)H((j*1)h1X<j—1);L)GB]'
By Proposition BIJii) after the time S the prices of the American and game put options coincide which
enables us to conclude that u(t,z) = e " Py (t,z + pt) for t > § and that the sets C;>5 = {(t,z) € C :
t> B}, Si>p={(t,z) € S: t >} and By>5 = {(t,x) € B: t > 3} are the same as the corresponding
parts of the domains C, S and B introduced in [I7] for the case of American put options. Therefore, we
can use the following results from Sections 4.2 and 4.3 in [I7].

5.1. Proposition. There exists a constant C > 0 such that for every v € T
(T/ h)Vkg

(n) Vinn, /s
(5.7) E[ Y Dlu((j - 1), s X2y G=1n,x 6 ymec) < C(T) ,
J=ks
where kg = min{k : kh > B}, and
(t/h)Vkg . c
(5'8) E[ Z 'Du((] - 1)h7X(j_1)h)]1((j71)h,X(j,1)h)eB] < W
Jj=kg

Observe also that P(t,z) = K — e” in the domain S, and so we can use there Lemma 2 from Section
4 of [17].
5.2. Lemma. For every (t,x) € S we have Du(t,x) <0, and so
h™(rAc(™)
E[ Du((j = h X 1) G-10h, X _res) < 0.

Jj=1

Thus, for an upper bound of the right side of (54) we can ignore the second term in the right hand
side of (B.6]) and estimate only two remaining terms starting with the first term in the right hand side of

G.4).
5.3. Proposition. There is a constant C > 0 such that for all n € N,
hil(‘r/\a(n))

(5.9) El Y Du(G— D X0 ) G-nnxmec] < Cn?A,

j=1

Proof. We have
h T 0'( n) ; n
(5.10) B T Du(G = Db X )G hx-e]
(Ao (™ k .
[Z( (TR )) Ak |Du((j — 1)h, X(j,)nh)lﬂ((j—l hX(-nn)ec]

(rAc™))VE
[ZJ kﬁ A Vkp |'Du((j —1)/1 X((J 1)h )|]I ((G=Dh,X G- 1)’1)60]
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Proposition [5.1] provides a bound for the second term in the right hand side of (5.I0]), and so it remains
to deal only with the first term there. Note that if jh < (™ A 3" and (jh, XJ(Z)) € C then

&u(j) = s(jh) — pih + kVh < XY <InK — 26Vh — pjh = &(j)

where the equalities above are just definitions of ¢ and &. Observe also that since z < In K and jh < o™

then by the definition of the stopping times o(™ the process XJ(Z) + pjh does not exceed In K — 2K v/h.
By Proposition [3.3]

(5.11) Du(t,z) = / dy/ dz( ;ta (t+y° 2+2)+6u)(t+y° z+2)).

Relying on the same computation as in Section 4 of [I7] we see that for (¢,x) € C and z < In K — |u|h —

kVh,

z+l~c\/_ 2u
(5.12) Du(t,z)| < _/ ds/ 5 5,21

Thus, for 0 < j < kg,

E(|Du(jh, X\)I < [229 Du(jh, y)|dPx,, (y)

)
< Cz(J)( ! 3h+h nyr:f 8t2 (s Z>|dz)dPXJh( )

= Jéi(j) jh y

(3+1)h & min(é2(4),z+kVh)
f] ds f2 dz|at2 sz|fmazq(])z K\/—)dPX (y)

+1 c +n\f n
< 4B [ ds [0 dz| Gt (s, 2) [PXSY — 2] < wV/R)
From (B4) we see that there is a constant C' > 0 independent of j and n such that

S
VitT

It {(Gh, X("))ecm{jh<a<n)}

P[IX) — 2| < kVA] <

Hence, for jh < o™,

; n (G+1)h ¢ +Kf c
E(|Du(]h’XJ§h)>|H( X;Z))ec =2k fJ ds f 0 |5 (s, N
_ Ch ((G+1)h é +mf
= S22
(J+1)h gs e +N\/_
a3 (;‘11 fﬂz % fcf 8t2 7(s,2)|.

Define

cr(t) = s(t) — pt, co(t) =InK — put — kVh
where s(t) = In(b(¢)) is the free boundary of the option holder and b(t) was introduced at the beginning
of Section Bl Observe that for every j and any jh < s < (j + 1)h,

&) = wVh 2 er(s), (i) +rVh < eafs).

Summing up the above estimates we obtain

kg—1 . (n)
(5.13) E 5 (|Du(‘]h,X< )|H{(3h X("))EC}F]{Jh<a(”)})

2 + 01 fﬁ ds ICz S) 8t2 (s,2)]

1(s)

_ %_i_%(f\/_ ds fc2 S)dzlé)t2 S Z |+fﬁ ds fcz(s dZ|at2( )|)

1(5 1(5
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where the term €2 comes from the first term E|Du(0,z)| of the sum which can be estimated easily using
the fact that u:(t, z) and u,.(t, ) are bounded for small .
Let G ={(t,z): 0 <t < B,c1(t) <z <InK — ut} and note that G C E U E° where E and E“ are

defined in Corollaries E-I0 and B:14] which imply that 2 8t2 Y(s,z) € L'[F]. Hence,

B ds [e2(s) 02(5 92u
(5.14) /\/E 7 " |a 5 (s z)| < C’lnl/4/ ds/ (s,z)| < Cnl/4,
c1(S

Next, we estimate the first integral in brackets in the right hand side of (5.I3)). Let s(8) <k <In K, k' =

—h’l;*k and split the integral in question as follows
(5.15) s o2 4z 2 (s, 2))
Vh ogs K 5 Vh ds rea(s
e R e S (s, 2)| 4 [ L [0) de| G (s, 2).

From Corollary B.I4]l we know that the function %(s, z) is in L?[E], where
E={(52):0<s<Tc(t)<z<k —put} C E°

(for an appropriate b < In K in the definition of E7). Therefore we can use the Cauchy-Schwarz inequality

to obtain

Vh gs (k' —ps u
(5.16) S [T 2 G (s, 2)]

S( h\/ﬁdsfk o d )(fh fk o | atz(s,z)|2dz)§01nn.

s Jei(s) c1(s)

Now we are left with the second integral in the right hand side of (B.15). We will show that there is a
constant C' > 0 such that,

Vh (s) 24,
(5.17) 7, :/ d—\/s_ dz |‘Z = (s,2)] < Cnt/™,
h S k' —ps

Recall that u(t,z) = e " P(t,z + ut), and so

o2
8151; (t,x) = e " (rPP(t,x + pt) — 2rP(t, @ + pt) — 2rpPy(t, x + pt))

+€7Tt (,UJ2Pmm (ta x + /Lt) + 2/LPzt (tv € + /Lt) + Ptt (tv € + ,Ut)) .

Observe that the functions P(¢,z), Py(t,x), Pi(t,x) and P, (t,z) are all bounded for small ¢. Indeed,
P < K + ¢ while P, is bounded in the domain of integration in (G.I7) for small h in view of (4.13]), (.13)),
@24) and (@23). Next, P, is bounded by Theorem 8.1 from [I4]. Finally, P, is bounded since in the
domain in question P and its first derivatives are bounded and P satisfies the equation (% +A)P=0
(see [B8)). Therefore, we can write

vh dt ca(t)

(5.18) I, < / dz(|2pe” " P (t, @ + pt)| + le ™" Py (t, x 4 pt)]) + Ct,
h \/_ K/ —pt

for some constant Cy > 0 independent of n. Recall that for (z,t) € D = (0, 8) x (k,In K) by Proposition

A9 Pi(t,x) = v(t,z) +w(t,z) where v; and v, belong to L?[D]. Hence, expressing P, and Py via vy, wy

and v, w, we can estimate the integral (B.I8) containing v; and v, by means of the Cauchy-Schwarz

inequality as it was done in ([.I6]). Replacing these integrals by CsInn we obtain

Vh ®)

dt

I, < / — dz(|2pe” " w, (t, x + pt)| + e wi(t, z + pt)|) + Co lnn + Cy.
oVt
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By (I9) and (@20) the functions wy(t,x) and wy(t, ) do not change signs in D, and so it follows that
(5.19) e 12O ((9pemw, (6 x4 pt)| + ey (t e + pt) ) de
_‘f\/_ dt2| e *”J"IHK VR = (t, da:‘ —|—‘ \/_ AL fcz(t e "wy(t a:—l—,ut)d:r‘

By Proposition [£.9, w(z,t) is bounded on D, and so the contribution of the first integral in the right
hand side of (B.19) is bounded by a constant and it remains to estimate only the second integral there.
Next, we will need a more explicit representation of the function w. Let

(5.20) Z(t,z) = e "w(t, T + ut).

Then in the domain E = {(,2),0 <t < 8,k — ut < & < In K — put},
42
?Zm(t,x) + Z(t,x) = 0.

Define
(5.21) 2(10) = 50T -1, 22)
and let
E={(tz):0<t<T, M<x<w}'

In the domain E the function z(t, z) satisfies the heat equation
Zza(t, ) = 2(t, ).
If we let

VA= p(T =) o VANK (T 1)

K K

(5.22) dy(t) =

then from the boundary values of w(t, z) we obtain
2(0,2) =0 for di(0) <z < dy(0), z(t,s1(t)) =0 and z(t,s2(t)) = e " T for 0<t<T.

Note that z(¢,x) is a bounded continuous function on the boundaries (¢,d;(t)), i = 1,2, 0 <t < T of
E. Hence, by Chapter 14 of [3] we can represent z(t, z) in the form

(5.23) z(t,x) = /0 %(x —di(7),t — 1)1 (7)dT + /0 %—Ij(x —da(7),t — 7)o (T)dT

where H(t,z) = \/ﬁe’% is the fundamental solution and the functions ¢;(t), ¢ = 1,2 are bounded

continuous on the interval (0,7]. From the definition of Z we see that
Zi(t,x) = —re " w(t, x + pt) + e twy(t, x + pt).

Since w(t, x) is bounded then for some constant C; > 0 independent of n,

e "w t,x—i—utdw‘g‘/ — z t,xdw‘—i—Cl.
\/_ k' —pt ! h \/E k' —pt t( )

From the representation (5:23) of z(t,z) we obtain that

(5.24) ’ S e ) d:v‘ <
p \f YEco(t) T—
7 3 f*/_(lj/(— 9 dtf K aH —dl(T),T—t—T)(bl(T)dex‘
AN f;(‘;j & I O (@ — da(r), T — t = 7)s (r)drdal.
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Observe that as long as we keep x or ¢ away from 0 the function H(z,t) is smooth and it has bounded
derivatives with bounds depending on the range of ¢,z and their distance from zero. Next, if x satisfies

@(k' —ut) <z < ?Cg(t) = g(an — put — kV'h)

K

then

=%

K —k< (K —k+u(T—t—7)) <z—di(r) for 0<7<T—t

Since k' > k we see that = — d1(7) stays away from 0 on the entire interval (0,7 — ¢t]. It follows from the
above that the function

has bounded derivatives with respect to ¢ with bounds independent of n in the region {(t,z) : h <t <

Vh, g(k' — ut) < 2¥2¢,5(t)}. We conclude that the first integral in the right hand side of (5.2 is
bounded from above by a constant independent of n and it remains to estimate the second integral there.
Set

T—t 8H
watr) = [ G dalr). T = yoa(r)ir
0 ./L'
We see that if
T < ?CQ@) = g(an — put —Vh),

then

2 2
x—da(r) =2 — %(mK —uw(T—-71)) < %(,u(T —t—71)—Vh).
In this case © — d2(7) can be zero when 7 € [0,T — t] but this can happen only for a 7 that which is at
least u~'vh apart from T — t. Thus, the function ®5 is smooth with a bounded uniformly continuous
derivative with respect to ¢ though this bound may depend on n. Nevertheless, we still have the following

P \/_ V2o (t) T—t

ol ff(,j( IE [0t ACEACH T — t = 7)6s(r)dr) de|
G

| (R (T ff(;« o Pl da(r), T — t = 7)dugs(r)dr)|

(I (B O — ). T 1= 7)
—H(‘/_(k:’ )_dQ(T)7T—t—T))¢2(T)dT)‘
VP (T (H(Ler(t) — do(r). T~ — 7)on(r)r )|

'y d( THCZK WK+ u(T— =), T~ t = 7)go(r)dr) |

ho Vidt

We see that in the second term in the right hand side &’ —In K + p(T — ¢ — 7) can take on the value 0 for
7 € (0,T — t] but then 7 is at least ¢ = p~ 1|k’ — In K| apart from T — ¢t and now the separation constant
¢ does not depend on n. Thus, we can bound the second term there from above by a constant and it
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remains to estimate the first term which we do as follows

- = h\/ﬁ d_ft% OT—tH(\/Ticz(t) _dQ(T)vT_t—r)qﬁQ(r)dr‘
<C’2 Vh dt f Y72 exp( ({{5(#(5(;:1););{\/3)2 ¢2(7)’d7'
O [V JT \mw e el
Oy fdtf WGXP(_ﬁ)eXP(M—g_%(T_t_T ) d2(T }dT

where Cy > 0 is a constant independent of n. Analyzing the integral with respect to 7 in the second term
in the right hand side above by considering different possible values of T'— ¢t — 7 we conclude that this

integral is bounded by a constant independent of n. Next we observe that | exp (% — W (T—t— T))(;Sg (1)]
is also bounded by a constant independent of n too. Hence, we obtain
T< G+ Cy [0t [T exp (= gty )
+C3 J, VI dt f Wexp( m)dT
for a constant C3 > 0 independent of n. Set p = ,/ﬁ and note that Z—ﬁ = —W and

dp® _ ___Vh
dr = 4(T—t—71)2

I<Cy+Cy h\thf

. We proceed by changing variables arriving at

e dp+Cy [ AL [,

1 —p% 7.2
2(T ) \/ﬁpe dp

¢2<T—r\f
<C4+C5\/—f\/_ & <C4+052(1+h11/4)§06n1/4

for some constants Cy, C5,Cs > 0 independent of n and (B17) follows. Combining (5.17) and (G.16) we
obtain from (G.15) that

Vh ci(s) 2
d ! 0
(5.25) / a5 dz|—g(s,z)| < Cn'/*,
h \/E ca(s) ot
Finally, Proposition 5] follows from (B:25), (513) and (514). O

Next, we turn our attention to the domain B. First, we will prove the following result.

5.4. Lemma. There exists a constant C > 0 such that for alln € N,

hil(‘r/\a'(n))

(5.26) E[ Z Du((] — 1)h7X((;l_)1)h)]1((j71)h,X(j,1)h)\GB] < Cn73/4.

j=1
Proof. Let B;_gm and Bysgm) be the set of all points (t,2) € B such that ¢ < B and t > B,
respectively. We split (5.26]) according to these two regions, namely,
h= Y (rAc(™ (n)
S5, Dul(G — Db X ()T G- x - les]
A (™) . (n)
=B " Du((j - 1)h, X DGR XG_m)IeB, o]

TAc (™ (n)
+E[Z ( )D“((J - 1)h X(J 1)h )H((jfl)h,X(j,l)h,)\eBtzﬁ(n)]-
By Proposition [5.1] we have that for a constant C' > 0 independent of n,

hil(‘r/\a'(n))

E[ Z Du((j — 1)h’X((;‘l—)1)h)]1((j*1)hvx(j—1)h)|€Bt25(n)] < Cn~3/1,

j=1
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Thus, it remains to estimate only the first term in the right hand side. Let E = {(¢t,z) : 0 < t <
B a—put < x <b—pt} where a < s(0) and s(8™ + h) + |u|h +2kvh < b < In K. For n large enough
we can find such a b because s(t) is continuous and s(3™) < In K. We know from Corollary B.14] that
u(t,x) € H?[E]. Since C?[E] is dense in this space we can approximate u(t,z) by C? functions to get
equality B3] of Proposition B3] for u(t, x), as well. Since u(t, x) + %2um(t, x) <0 in the domain F we
obtain

Du lfo dy fﬁy dz(z 8t8m(t+y 7+ 2))
Sfo ydyff dz|8t8m t+y?, I"'Z)‘

= zfo f ataz (s Z)’

It follows that

s(t+h)+AVh—put 92u
Duft, < d I — d

where A = |u| + k. Hence,
=Y (rAc(™
E[Z] 1( " )Du((] - 1)h X((J)l) )]I{((j_l)h’)X(jfl)h))EBP<B(TL)}]
( +1)h (jh+h)+AVh—pjh (n) C
<3(Z fj dr [ g]h) AWR— th P(1X;, —zl <sVh)|5 atam (s,2)|dz) + 5.

Here kg = [ﬂ, and the term < is the contribution of Du(0, X§) = Du(0,z) < £ which holds true from

by the definition of the operator D and boundedness of u; and u,, for small ¢. From Corollary B.14] we
see that there exists a constant C7 > 0 such that

(5.27) / |ata (t,2)[*dz < Cy when 0 < ¢ < g

This together with (8.4)), the Cauchy-Schwarz inequality and the inequality % > ﬁ, which is satisfied
when j > 1 and jh <7 < 2jh, yields that

h™ (A8 . (n)
E[ijl( )Du((] - 1)h7X(j—1)h)]1{((j71)hvx(j—1)h))eBt<ﬁ(n)}]
< VRC S8 [N 2 (s + 1)h) — s(jh) + 2AVR)P 4+ &2

From Proposition 34 and Lipschitz continuity of the function P(¢,z) in t < (™ uniformly in z < In K
(see Theorem 8.1 in [I4]) we obtain that for some constant Cs > 0,

|s(t1) — s(t2)| < /]t1 — t2|Cs whenever 0 < t;,ty < S,

Hence,
h=H(rAB™) c
. (n) 4
E| Z Du((j — 1)h,X(jil)h)H{((j—l)h,X(jfl)h,))6Bt<ﬁ(n)}] < 371
§=0
for some constant Cy > 0 independent of n. (I

By combining the results of Lemma[5.2] Proposition and Lemma 5.4l together with (5.6) we obtain
that the upper bound Pl(n)( )—P(0,2) < 3/4 for some constant C' > 0 independent of n and of z < In K.

Next, we will obtain a lower bound for the approximation error P( )(3:) — P(0,z) when z <In K. Set

(5.28) 7 = inf{t: plt/h)h+ X < s([t/h]h + h) + |plh + sVR}.
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By Proposition [5.3]

n F(M) A g . n
(5.29) E[u(r™ Ao XT) ] =u(0,2) + B[], [Dul(j - 1), X((J)l)h)]

(™ _
=E[Y)_ A |DU((J —1)h, X((J )1) (G- 1R X _1yny)lec] = P(0,2) = Cn~?

Seta=ap, =T —— — and let T ") be defined by (B28) with s there replaced by the free boundary s4
for the American put option (see Sectlon 2.2 in [I7]). Define also Té " = T(")H{T(n>+h<a} + T4 h>a)
andTg):TI(L‘) +T1

7.

We will rely on the following estimate from Section 4.5 in

Lrincay T T ihzay

5.5. Lemma. There exists a constant C' > 0 independent of nN such that

(5.30) |E[uA(Tg">,Xf’§2)) — R + X o)l < =7

where ua(t,z) = e " Pa(t,x + ut) with Pa given by (2.3).

5.6. Remark. Note that sa(t) = s(t) for B <t < T, andSOTA)\/B—T(" \YG] andTn) \/B—T \/ﬁ

From now on we assume that n is large enough so that 3(" < a. From the definition of Pln) (x) we
have

n N n n
(5.31) Py )(55) >E[e"" " (¢(MTé )+ Xig%)]l{r;")gg(m} + 5H{a<n><7;")})]-

Hence, if we prove that for some constant C' > 0 independent of n,
(5.32)

(n n —rr(M A (™) n n
J = [Elu(r™ A o™ Xr(uzmg(w)] Ele™"7e " (‘/’(“Tc(v : +X§;’2>)H{n§">ga<n)} +6]Ia(n)<7'(n))]| <

Bl

then by (E31) and (5:29) we could conclude that
C

(5.33) - =% P™(z) — P(0, ).
We split the left hand side of (532)) into three parts
(5.34) 3 =B[{u(r™ A B, XD ) — e (Gur ) A g

n o™
+X7('(3)/\ﬁ(") )}H{T<"><g<nmg<n>} |+ E[{u(o Xé(rz)) —€ 5}H{g<n><7;w}]
n n —pr(n) n
+E[{u(r ’Xi(r?)) — e (s + X(uz)))}]I{B<n><ré")§a<n)}]'
This equality is true since () = Té") = (") A B on the set Tén) < g /\ﬁ(") < a. We begin with the last
term. First note that on the set §(® < Tén) < 0" we have, in particular, 3" < (™ and so o™ =T

by Remark 5.6l In the case Tén) > (™ we have Tén) = TX?L and 7(™ = 71(4”) and so from Lemma [5.5] we
derive that

E[{u(r™ Xi?n) — e (Y, o )+X(<n) )}H{5<n)<7<n><g<n>}]|

< [E[{u(ry % X(ZE)) St (7/1(/“'2 M+ X(m) ) HI <

Next, we deal with the first term in the right hand side of (5.34]) where 7 = 1) < oW A B This
means that before time 3™ the process X (") is stopped near the boundary s(t) and

pr™ 4+ X < s(r™ 4+ h) + |ulh + oV
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By the definition, u(T("),X(") )= e_”(n)P(T("),X(") + (™). Thus, we have

r(n)
n n n —rr(MABM n n n
E[{U(T( A ﬂ( )7X7(.(72)) —€ NB (7/}(/”'( ) A ﬂ( ) + Xf-('r?)/\ﬁ(n)))}H{Té")ga(n)/\ﬂ(n)}]

—pr(™ n n n n n
= E[{e (P(T( )7 XM + NT( )) - w(NT( ) + XT(<3>)) }H{Té")ga.(n)/\ﬁ(n)}]'

If pr™ + Xi’:)) < s((™) then P(r™, X ™ 4 pr™M) — 4p(ur™ + X)) = 0 s0 we can assume that

n ()
(5.35) s(rM) < pr™ + XS(Q) < s(t™ + ) + |ulh + oVh.
To continue we need the following lemma.

5.7. Lemma. There is a constant C > 0 independent of n such that for every point (t,z) satisfying
sty <put+x <s(t+h)+|ph+ovhand 0 <t < M),

Q

[Pt ut +2) = p(pt +2)| < —.
Proof. The function P(t, ) is Lipschitz continuous when ¢ < 8 and 0 < x < pf + In K (see [14]), and so
C
|P(t,ut + x) — P(t + h,ut + )| < o

for some C' > 0 independent of n. If ut +x < s(¢+ h) then P(t + h, ut + x) = ¥ (ut + =) and we are done.
Now assume that s(t +h) < pt +z < s(t+h) + ﬁ where A\ = /n(|ulh + ov/h).

From Corollary B.I3] it follows that for every ¢ < T and a < In K the function Py, (¢, x) is continuous
in z on the closed interval [s(t), a], so we can write

A A2
P(t+h,ut+z) = Pp(t + h, s(t + h))ﬁ + Ppo(t + b, s(t + h))% +a

where a = a(h) satisfies limy_,0(%) = 0. From the property of smooth fit (see [14]) it follows that
Py(t+h,s(t+ h)) = z(s(t + h)), and so for some C' > 0 independent of n,

C
|P(t+h,pt +2) —d(ut +2)| < —.

O
Using (£.35) and the above lemma we obtain
n n n 77“7'(”) (n) n "
(536) |E[{u(7-( )/\ﬂ( )7X7(-(72)/\ﬁ(n)) —e AB (U)(,UIT( )/\ﬂ( )
(n)
+XT(")/\£3(">))}H{rci")gammﬂ(n)}“ <<

Hence, we are done with the first term in the right hand side of (534]) and it remains to estimate the
second one. Since o™ < Tén) < T the process X (™ is stopped near the writer’s boundary. Namely, we
have

InK — |plh—ovVh < po™ + XS(Q) <InkK.
Since P(t,In K) = § when ¢t < 3, 3" — 3 < h and P is Lipschitz continuous (see Theorem 8.1 of [14])
we obtain that o
[P(o™ o™ + X7)) — 8] <

o(n)

E

for some C' > 0 independent of n. Hence,

n (n) —ro(™) C
(537) E[(U(U( )’Xa(”)) —€ 5)H{o(7l)<ré")}] < ﬁ
It follows that there exists C' > 0 independent of n such that for every x < In K,
C n
(5.38) — — < P™(z) - P(0,x).

NG
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Next, we will derive a lower bound for the second approximation function P2 ( ) defined by (210,
still assuming that < In K. According to (5:29) in order to obtain

n c
(5.39) P (z) - P(0,z) > -
it suffices to show that
n n n n C
(5.40) Efu(r™ A o™, X0} o)) = P (@) < —5.
We have
(5.41) Efu(r™ no™, X)) - P (2) <

n n n —rr(M Ag(m) n n
Efu(r™ A o™, x ) )—e el (U’(Mﬂg : +Xié3))ﬂ{rg">gg<n)}

(M) Ag(n)

n n n —rr(MAB() n n

+ (¥ (uo' )+XU(M)+5) {U<n><7<n)})] = E[{u(r™ A g™ Xi(g)w(m) e B (4 (™ A B
(n n —ro(™ n

+X((73)/\5(") )}H{T<")<g<nm5<m} ]+ E[{u(s™ X((z)) e (¢ (o )+X(<n> +9) }H{g<n><f(">}]

(n) —rr{™ (n) | x ()

+E[{u(r™, X70) = e (™ 4 X 00)) M o <0 <o0my]
Indeed, the first inequality is true since Pz(n) () is defined as the sup on 7 € 7™ and we chose a specific
one, i.e. 78 The equality is true due to the same reason that (534) holds true. We see that the first

. . . . . . . C
term in the right hand side of (5.41) is the same as the first term in (5.34) and by (5.30) it is less then =
for some constant C. The second term is nonpositive because for every (t,z) we have P(t,z) < ¢¥(x) +§
and u(t,r) = e" " P(t, ut + x) so we can just remove it from the equation. The last term is the same as
the last term of (£.34]) and from Lemma (B.5]) we obtain that this term is less or equal than % for an
appropriate C. These arguments yield (E40) and hence (B39), as well. For the upper bound we already
know that Pln) (x) — P(0,z) < 3/4 and from the definition of P1 and Pz(") it is not hard to see that

1P — P < % It follows from above that there exist C' > 0 such that for every z < In K,
C C

5.2. Case x > In K. We begin with the upper bound on Pl("). We will show first that

hil(T/\O'(n))
(5.43) P (z) — P(0,z) < :171}()”)]5][ S Du(( = Db, X))
T j=1

The proof is similar to the proof of (5.4]), we just have to show that for every 7 € 7"
(5.44) Pir Ao™ pur o™ + x™ )

Ao (1)
> 1/)(“‘7- + X‘z(-n))]I{TSU(")} + (6 - K6(|‘U,|h + 2H\/E))H{U(")<T}'

On the set 7 < ¢(™ this inequality is clear since P(t,z) > t(z). For the case o(™ < 1 observe that
because z > In K we must have

K < po™ + X0 < InK + |ulh + 26V

By Theorem 8.1 in [I4] the right derivative F, (¢, K+) at K satisfies 0 > Fy (¢, K+) > —1 for any ¢, and
00 < F(t,K)— F(t, K + C)\) < CA\ for each C > 0 provided 0 < A < A\(C) is small enough. Assume
0 < A< 1,then e* —1 < Ae* < Ae. Hence, taking C = Ke we have

P(t,nK)— P(t,nK + \) = F(t, K) — F(t, Ke*) < F(t, K) — F(t, K + Ke)) < Kel.
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Put A = |u|h + kVh then for ¢(™ < 7 and sufficiently large n,
P(e™, po™ + x0))) > P(e™, InK + \) > § — Ke.
Hence, we obtain (5.44) which yields also (541). To bound the right hand side of (5.43]) we split it
similarly to the case x < In K (see (5.6])) according to the three different regions C, B and S. Since our
process starts at @ > In K, if ((j — 1)h, X((;l_)l)h) € B for some j then this must happen after the time 3,
and so we can use (.8)). The part that belongs to the region S is non positive so we can ignore it, and
so we will be left only with the region C.
5.8. Lemma. For the discrete process Xt(n) such that Xon) =z > In K we have
h™t(rAc(™)
El Y Du(G - Dh X ) MG=1mxgmeay] < Cn7
j=1
Proof. 1t suffices to show that
kgA(ot™ /h)
(5.45) Bl > Dlu((— Db X0 I G-nhxg_amecy] < Cn=3/
j=1
for some C' > 0 independent of n since after time (") we come back to the American option case.

This is done in the same way as in Proposition [5.3] and so we provide only a sketch of the proof. Let
¢(s) = In K — ps + £v/h then similarly to the proof of Proposition 5.3 we obtain

e 0, © 8%u
: (n) 2 1
(5.46) § 0 B(IDu(ih X1 xecyniineay) S 5 f d |at2 (s,2)].
iz

Let ‘f(an + |u|T) < k' and split the integral in (5.40) into two parts
B ds
(5.47) 1 ds f(s d2|8t2 (s,2)] =
fB L fk Msdz %tg S Z |+f6 L fk’ ;,Lsdz %tg S Z)|
Let E = {(s,2):0 < s < B,k — us < z < 0o} then by Corollary 12 we see that & 8t2 Y(s,z) € L?[E], and

so we obtain similarly to (EI6]) that for some constant C' > 0,

B ds [ 0%u
5.48 /— dz s,z)| < Clnn.
(5.48) R o)

In the first integral in the right hand side of (&471) we do the same procedure as in (B13)-(EIT) relying
on Proposition and deriving that for some constant C' > 0,

Bds [Frs 9%y
(5.49) / 7 dz |a 5 (s,2)] < Cnl/4,
Combining (546)-(E49) we obtain (543 and complete the proof of the lemma. O

An estimate for the lower bound of P(")( ) — P(0,z) when z > In K is done similarly to the case
z < InK. As in that case we use the stopping time 7(") from (E28) and from the above we see that

is true also for the case under consideration. We consider again ré") defined before Lemma
g

and similarly to (5.30) obtain that
(5.50) [Blu(rd Aot™, X 0, o)

_E[e—TTé")/\a'(") (@/J(W—é n) + X((3>)]I{T<HJ<U(M} + (5 Ke(|u|\/_—|— oh))ﬂ{g(n)<7_én)}))”.
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In order to estimate (B.50) for « > In K we only need to split it into two parts, one for Té") < 6™ and the

other one for (™ < T(g"). This it true in view of the fact that if we begin with x > In K and Té") < g
then we must have S < Tén), and so we are back to the American option case and can use Lemma [5.5]
for this case. If o(™ < Té") then the process X (™ is stopped near the seller’s boundary and similarly to

(E31) we can use the Lipschitz property of P to obtain,

E[(U(U(n), X(’ﬂ) ) _ e,;,«g(n)

g(")

C
(6 — Ke(|ulh + 2'%\/E))H{a("><q—§x")})] < %

From here we can proceed similarly to the case of z < In K and obtain the lower bound for Pl(n) proving

@II) for P™. O

Next, we turn to the second approximation function Pz("), still in the case of > In K. For the upper
bound we use Lemma [5.7 as in the case z < In K and proceed similarly to the proof of the upper bound
for the first approximation function Pl("). The proof of the lower bound is similar to the case z < In K
and we obtain the result observing that if x > In K then P(t,z) < ¢(z) + ¢ = § for any ¢ € [0,T]. O

6. COMPUTATIONS

In this section we exhibit computations of price functions and free boundaries of game and American
put options. All graphs of functions related to game put options were plotted using the approxima-

tion function PQ(QOOO) (see (ZI0)). The graphs for the American put options were computed using the

. . . (2000)
approximation function P, from [17].

Figure [Il shows both free boundaries of the holder and of the writer of a game put option and also
the free boundary of the holder of an American put option corresponding to the option parameters
K =20, r=0.02, k=0.15, T = 0.5, § = 0.15. Here K is the strike of the option, r is the interest rate,
k is the volatility, T is the time to maturity and ¢ is the writer’s cancelation penalty in the case of game
option.

In Figure 2] we plot the graphs of an American put option price function and of a game put option
price functions with § = 1.0 and § = 1.5 while other parameters are K = 20, r = 0.02, x = 0.15, T' = 10.

Figure Bl shows the holder’s free boundary for American and game put options where we use the same
parameters as in () adding also plots of free boundaries for the game put options with penalty values
6 =0.3 and 6 = 0.5.
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F1GURE 1. Free boundaries of American and game put options.
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FIGURE 2. The price functions of American and game put options.
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F1cure 3. Holder free boundaries of American and game put options.

REFERENCES

BENSOUSSAN, G. and FRIEDMAN, V. (1977): Nonzero-sum stochastic differential games with stopping times and free
boundary problems, Trans. AMS 231, 275-327.

BENSOUSSAN, G. and L1oNs, J. L. (1982): Application of Variational Inequalities in Stochastic Control, North-Holland,
Amsterdam.

CANNON, J. R. (1984): The One-Dimensional Heat Equation, Addison-Wesley.

CHASSAGNEUX, J. P. (2009): A discrete-time approximation for doubly reflected BSDEs, Adv. Appl. Probab. 41,
101-130.

FRIEDMAN, A. (1964): Partial Differential Equation of Parabolic Type Englewood Cliffs, N.J.:Prentice-Hall.
FRIEDMAN, A. (1982) Variational Principles and Free-Boundary Problems, Wiley, New York.

IKEDA, N. and WATANABE, S. (1989): Stochastic Differential Equations and Diffusion Processes, 2nd. ed. North—
Holland /Kodansha.

IrON, Yo0. and KIFER, YU. (2011): Hedging of swing game options in contninuous time, Stochastics. 83, 365-404.
KIFER, Y. (2000): Game options, Finance and Stoch. 4, 443-463.

KIFER, Y. (2006): Error estimate for binomial approzimation of game options, Annals of Appl. Probab. 16, 984-1033.
KINDERLEHRER, D. and STAMPACCHIA, G. (1980): An Introduction to Variational Inequalities and Their Applications,
Academic Press, New York.

KARrATZAS, I. and SHREVE, S. (1991): Brownian Motion and Stochastic Calculus, 2nd ed., Springer—Verlag, New
York.

KARrATZAS, I. and SHREVE, S. (1998): Methods of Mathematical Finance, Springer—Verlag, New York.

KuniTa, H. and SEKO, S. Game call options and their exercise regions, Tech. Report, NANZAN-TR-2004-06.
KypPrIiANOU, A. E. (2004): Some calculations for Israeli options, Finance and Stoch. 8, 73-86.

Kunn, C. AND KYPRIANOU, A. E. (2007): Collable puts as composite exotic options, Meth. Finance 17, 487-502.
LAMBERTON, D. (1998): Error estimate for the binomial approximation of American put option, Annals of Appl.
Probab. 8, 206-233.

LEPELTIER, J. P. and MAINGUENEAU, J. P. (1984): Le jeu de Dynkin en theorie generale sans l’hypothese de Moko-
bodski, Stochastics 13, 24-44.

INSTITUTE OF MATHEMATICS, THE HEBREW UNIVERSITY, JERUSALEM 91904, ISRAEL
E-mail address: yonatani@final.co.il, kifer@math.huji.ac.il



	1. Introduction
	2. Preliminaries and main results
	3. Price function near the holder's exercise boundary
	3.1. Some previous results
	3.2. Price function and variational inequalities

	4. Price function near the writer's exercise boundary
	4.1. Regularity properties of price function
	4.2. Integrability of wt(t,x) and wx(t,x)
	4.3. Integrability of vt(t,x) and vx(t,x)
	4.4. Price function when initial stock price is large

	5. Proof of main theorem
	5.1. Case x lnK
	5.2. Case x > lnK

	6. Computations
	References

