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Invariants, provided they exist and can be computed, are a very useful tool to understand the theoretical
structure of dynamical systems [1-3]. Different methods have been developed to build invariants of

mechanical and physical systems, such as the Ermakov technique [4,5], the symmetries approach [6-11]
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and the discrete symmetries approach [12-16], the dynamical algebraic method [17-19] and the algebraic
structure and Poisson methods [20-23]. Of all the methods, those making use of the algebraic structure
present the additional advantage of being extended in a straightforward way to the corresponding quantum
mechanical systems [24,25]. In recent year, the use of a Lie algebraic approach to build dynamical
invariants has provided many interesting results [18,19,26-30]. Fu et al. have used the algebraic structure
and Poisson methods to study relativistic Birkhoffian systems.

In this paper we will consider the study of two-dimensional systems described by a time-dependent

Hamiltonian of the form

1 1
H= 5(0127? + asp3) + 5(51(15 + 5243) + B3q192 + azpip2

subject to linear nonholonomic constraints such as

n

D tcipads +acip(t, =0, (B=1,---,gie=n—g).

s=1
The Hamiltonian has a coupling term for the momenta p; and p», and the coefficients «;, 35,7 = 1,2,3,j =
1,2,3 are in general time-dependent. Using specifically the Lie algebraic approach [30], we carry out in

what follows the construction of dynamical invariants in the case when H is time-dependent.

2 Time-dependent invariants for linear nonholonomical systems

2.1 Generalized Poisson condition

Let us consider a system described by n general coordinates gs(s = 1,...,n), with its motion subject to

a conservative force and restricted by g ideal linear nonholonomic constraints:

Zaa+ﬂ,s(js+a8+/3(ta q):Oa (ﬂ:177gy‘€:n_g) (1)

s=1

The equations of motion can be written in the form [33]

d oL oL <
VA & = ) € s = 17 e, n), 2
dt aqs 5(]3 Bgl Be+8, (S ’I’L) ( )
where 0 are the multipliyers of the constraints. Introducing the Hamiltonian and the generalized mo-
menta n
oL
H = s Is — L, s — FEE) 3
;p( ds P = 5 (3)

the generalized Hamilton canonicals equations for the system are

OH . OH <
= = o, + ;(%)asm,s. (4)

qs

In this notation, dg is expressed in position-velocity as a function of g¢s, ¢s, t, while (dg) represents dz ex-
pressed in position-momentum as a function of ¢, ps, t. In this method, one expresses the two-dimensional

time-dependent Hamiltonian in the form

H= Zhi(t)rz‘(Q1,(I2ap17P2)~ (5)



The coefficients h;(t) are time-dependent and I'; are the phase-space functions required in order to close

the algebra with respect to the Poisson bracket:
FZ7 F Z Cz_]Fk b (6)

with C’fj the structure constants of the Lie algebra. In the two-dimensional case, the Poisson bracket is

defined by
0A 0B 0A0B 0A0OB 0AJB

—— -t — . 7
O0q1 Opr Op1 Oqq 0qa Opo Op2 Ogo ()

In order to close the algebra, additional functions I'; might be necessary. In that case, they would appear

[A7B] =

in (5) with null coefficients h;(t) = 0. Since any invariant I that we seek must also be a member of the

dynamical algebra, it can expressed in same form
[*ZAm Q1,Q27P17P2) (8)

and the necessary and sufficient condition under which I(gs,ps,t) is a first integral of the linear non-

holonomic system given by (1) and (2) is [33]:

dr oI g ol
== 255 Getpazg- = 0. (9)

Substituting (5) and (8) in (9), using (6) and simplifying, we obtain at a set of first-order, coupled

differential equations of the form

Me+ DD CER;() | Ni+ D =0. (10)
i J

g
ol
It is possible to show that Z(éﬁ)aH@S— can be expressed in terms of the I'; in such a way that, in

= Ips
equation (10), the terms D, satisfy

g .
ZDka = Z Z 5[3 CLE_HJ7 /\1 (11)
k B=1

The set of equations can be solved for the A’s, and substituting them in (8) we obtain the required

invariant 1.

2.2 An example

Let us consider a system with the following Lagrangian

L=3 (1 (t)pi + a2 (t)p3) + as(t)pips — % (B1(t)q5 + Ba(t)a3) — Bs(t)qrae, (12)

and constraint equation
s =4q¢ —ka =0, (13)
where the k is some constant. Since the generalized force is conservative, the equations of motion can be

written in the form [33]:
d oL 0L

dt 04, 9gs

=030c13,s (8 =1,2) (14)



where dg are the multipliyers of the constraint. Using the Hamiltonian and the generalized momenta for

this Lagrangian

. 1 1
H=psqs — L= 3 (o1 (t)p} + 2 (t)p3) + s (t)pip2 + 3 (Br(t)ai + Ba(t)a3) + B3(t)q1qo,
oL
s — - 1
Ps = e (15)
we transform equations (4) into
. OH . 0H
qs Ps = +(66)a6+578a (ﬂ: 17"'79) (16)

- Ops ’ * 78(]5

where, as mentionned before, dg is a function of gs, ¢s,t and (dg) is 03 expressed as a function of g, ps, t.
Since in this example we have g = 1, we can drop the subscript and just write (§)g = (). Substituting

Eqgs.(12), (13) and (15) into (16), leads to
q1=o1(t)pr +as(t)p2, G2 = az(t)p2 + as(t)pr,

p1=-F1t)q — B3(t)q2, P2 = —B2(t)q2 — Bs(t)qr + (9). (17)
From Egs. (13) and (17), we obtain (d) as

1

(6) = o [(kon — éis)p1 + (kas — dia)pa + (23 + a3Br)qr + (@303 + 2 2)q2) - (18)

In order to express H, as given by (15), in the form (7), we make the following identifications for the

phase-space functions I'; and the coefficient h;:

1 1 1 1
Iy=c-pl, To=cp3, Ts=pips, Tu=2q¢i, Ts=-¢, To=aqq, (19)

2 2 2 2
hi=oa1(t), ha=oao(t), h3=as(t), hs=pi(t), hs=0(t), he=p0s(t). (20)

In this case, the closure of the dynamical algebra requires four more I';, namely

I'r=piq1, Ts=pig2, T9=p2g2, T'io=p2q1,

with the corresponding null coefficients h; = hg = hg = h1p = 0. The nonvanishing Poisson brackets in

(7), now turn out to be
[y, Ty =-T7, [, Te]=-Ts, [I'n,I7]=-2I1, [I'1, ']=-T3,

[z, [s] =Ty, [[2,l¢]=-Tw, [I2,Ts]=-T3, [z, g]=-2I",
T3, T4] =T, [[3,05]=-Ts, [[3,06]=-T7-Ty, [[3,T7]=-T3,
[, I'g] = =21y, [I's,Tg]=-T35, [['s, '] =-2T%

T4, 7] =20y, [[4,Ts]=T¢, [[5,0g]=2T5, [[5,')="Ts,

[[g, 7] =Tg, [T, s]=2I5, [Is,T9=T¢, [Is, '10]=2Ty,

[[7, Tg] =Tg, [I'7, T'o] = —To,

Is, gl =Tg, [[s, o] =T7-Tg, [Ig,'10]=T10. (21)



Substituting these results in (9) and considering the terms for each I';, yields the following set of differ-

ential equations for the \’s:
. 2 .
)\1 = 72041)\7 — 2@3)\8 + 7(]17@1 — 0[3))\3
s
) 2 )
)\2 = 720&2/\9 — 20[3)\10 + af(kO&g — Oég)/\g
2
: 1 . 1 .
)\3 = —ag)\7 — OlQ)\g — 043)\9 — CklAlO + ;2(]9&1 - a3)>\2 + ;2(]9&3 - 012)>\3
. 2
Ay =281 A7 + 283010 + 072(04253 + a3 1) Ao
. 2
As = 238 + 2829 + 672(043@3 + a232) A9
. 1 1
A6 = B3A7 + BiAs + B3Ag + BaAio + 072(0@53 + azfB1)Ao + 072(043@3 + a2 82) Ao
. 1 1 .
A7 = 1A + B3d3 — a1 Ag — agde + OTQ(Oézﬁ?, + a3fr) A3 + 072(76‘041 — a3) Ao
. 1 1 )
Ag = B3A1 + Badz — azAs — a1 g + 072(043ﬁ3 + agf2) A3 + 072(19‘@1 — G3)Ag
. 1 1 .
Ao = Bado + B3A3 — azdg — a5 + 07(04353 + o fB2) A2 + Of(’“% — G2)Ag
2 2

. 1 1 .
Ao = B3 + B1Az — azAg — andg + 072(01253 + a3 ) A2 + 072(]“13 — G2) Ao

(22)
(23)
(24)
(25)
(26)
(27)
(28)
(20)
(30)

(31)

Since to obtain the general solution of these ten coupled differential equations is a difficult task, we resort

to particular solutions in the case of equal mass and equal frequency, namely, a1 = as = «, 1 =
We also make the following ansatz:
M=o = —2¢(t),
leading to
)\1 = 721,[)4’01,)\2 = *21,[}4’62.

With all this, equations (22)-(26) take the form
1 ) 1 .
Oz()\7 — )\9) + Oég()\g - )\10) = a(koz - Oég))\g - a(kog — O[))\Q s

As + Aig = 21/)&3 + Ct)\g + [ (kag - a) (ka — 53)} Ao+ [ (k‘a — 043) (k)ag — 5)} A3,

Q

A7+ Ao = —043)\3 - 204’(/) + [ o (k:a — 043) (k‘@g — 5)} Ao+ [ (k‘a3 - a) (k‘a — 53)} A3,

(6]
2)g = _OT ()\7 — )\9) + 20[3¢ + Oé)\3 + |: (k‘Oé?, - a) (k}a - 043) - — k‘Ozg — a)] Ao
—l—[a?’(k’a—ag) (kag—a)—&—ka—ag})g,
o oo
2 0 = — ()\7 — )\9) + 20&31ﬁ + 04)\3 + |: (k‘a3 — a) (ka — Ozg) + k‘Oé3 — a)] Ao
€%} ko — & 2
+ E(a—ag) (ag_a)_@ ko — as)

Ay = <25 + ZZﬁS) (A7 — o) — 26a) + 2as (253 + %ﬁ) U+ 203\

5

=4.

(32)



|

(2225 + 26— ) (k0 ~ @) — 260 (ks — ) + 1 (2 + 225) (ks — )

[ 205 (kas — &) + (Zgﬂg + %ﬂ - 5) (ka —és) — (253 + ﬂ) (ka — ag)] A3, (39)

aos a2

— (25"‘ %ﬂ‘i‘ O;jﬁi%) ()\7 - Ag) +2 (ﬁgag —ﬁa — ) 1p_|_ <ﬁ3a_26—3 _ 363f ) )\3

2
+ [(Zgﬂg +2225 - ﬂ3> (ko — ds) — 20 (kois — &) — 573 (kas — CV)} A2

3
2
(042220 ) (- @) - 26 (b7~ Ta) + 2 (b o) . (40)

where @ = a/ (0? — a3), @3 = o/ (a® — 03), & = &/ (a® — a3), a3 = d3/ (a® — a3). An inspection of
these results allows us to assume A3 = 0 (i.e., A3 = c3, a constant) and Ay = Ag for simplicity. This
implies quite a simplification of the remaining \’s from equations(27)-(31). In particular, one immediately

obtains

A =2 [53 (2ﬁ3 + %ﬁ) - 55} W
{(20‘35 a35 - 5) (kaiz — &) — 2835 (ko — é) + (253 + 5) ((kas — d))] (=2¢ + c2)

#2000 -3) + (22200 + o 5) 0a-3) - (224 D) ha-aw) o, ()

aas a2
As =2 (/33063504 a> ¥
o

a3, % - = e P -
+ 2ﬁ3+2 B — 3 (ka—ag)—Zﬁ(kag—a)—aa (kaz — &) | (=29 + ¢2)

3

[( 2 s +2225 - 53> (kag—d)—2ﬁ(ka—o'z3)+ai(ka—dS)} ¢35 (42)

3
leading to

M=o01(t)+ca, As=o09(t)+c5, X¢=o03(t)+cs, AMr=Xg=04, Asg=05, Aig=06, (43)
where

o) =2 [ [a 253+%5 — 5@ ¥ dt+
J [ ) ]

/ K?asﬁg + %g - ﬁ) (et — &) — 2 (ka0 — &) + — (wg n ﬁ) ((kas — a))} (=20 + ¢3) dt

aos o2

+/ [—253 (kaiz — &) + (2%53 + a‘*ﬁ - ﬁ) (ko — é3) — (253’ + 5) (ka — ag)} cydt,  (44)
o9(t) = 2/ (ﬁgag — Ba-— z> ¥ dt+

/ Oé% a3 — - - - /83 .
@53 + 2*5 — B | (k& — és) — 26 (kaz — &) — o (kas —a)| (—2¢ + co) dt

3

+/K 0 gy 4222 - ,33) (kag—d)—26(ka—d3)+a'i(ka—dg)] ey dt, (45)

3

o5 = / [(35 n %,6’3) s — (353 n %ﬂ) a] b di+



2 2
/ l (asﬂs o 3&) (ka — &) + (;;ﬂg + 25— 2@9,) (ks — &)

: (agf + §) (o - a?,)] (<20 +c) dt

a3

g

2
(;;m 035 — ‘;’ﬂ) (et — &) — —— (agﬂ sy ﬂ) (ko as>]c=3 dt, (46)

2
(;;f;ﬁz 3+ Oéf’ﬂ) (ke — &s) +

aasg 2 2
o4 = —a’(/.i + % {% (ka—ag,) — (kag, —E)] (=29 + 02) + % {% (kag —E) - (ka—&;)} cs3, (47)
05 = 531& + % l:o;?) (kag — E) - (kﬁ — 53) — aiag (kJOég — Oé):l (—2’(/J + 62)

b3 |2 (@) - - @) 4 ()] o, "

« aag

N | —

70 = T+ 3 [‘fj (k75 ) — (5~ ) + (ks - a)} (<26 + ¢2)

1 — — 1
+§ |:0;3 (k’a— 013) — (k‘ag, - a) — Ckiag (kiOé — 043):| C3, (49)
and ¢;(i = 1,2,---,6) are constants of integration. In this way all ten \; are determined. Furthermore,

we set ¢1 = ¢co = ¢4 = ¢5 = ¢¢ = 0, and use these results for \; in (8) to obtain the final form of the

invariant I, namely,

1
I = —4(t)(p] +p3) + capipa + 501(15)61% +02(t)g5 + 03(t)q1q2 + 04(t) (P11 + p2gz) + 05 (t)prg2 + 06 (t) P2
(50)
for the system represented by (12) and (13).

3 Conclusions

The present work is a generalization of [19] to linear nonholonomic systems in two dimensions. The exact
dynamical invariants are built directly for this dynamical systems. From the example, it is clear that the

general construction of exact dynamical invariants using Lie algebraic method is a difficult task.
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