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Abstract The paper studied two kinds of parametric well-posedness for weak vector
equilibrium problems in real Banach spaces. It established some metric characterizations
of unique well-posedness and well-posedness for the problems. It proved that under suit-
able conditions, the unique well-posedness is equivalent to the existence and uniqueness
of solutions. Finally, it gave sufficient conditions to well-posedness in finite dimensional
space.
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0 Introduction

The concept of well-posedness is closely related to stability, approximation and numer-
ical analysis. An initial concept of well-posedness introduced by Tykhonov, was given in
scalar optimization (see [1]). Since then many kinds of well-posedness concepts and appli-
cations in game theory and vector optimization problems were studied (see [2]). Extensions
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of well-posedness to other related problems, such as fixed point problems!?!, variational in-
equality problems!¥ and believel optimization problems!®!, were also considered. Fang et
al.[ discussed the well-posedness for equilibrium problems and for optimization problems
with equilibrium constrains in real Banach spaces. Kimura et al.[”) studied the paramet-
ric well-posedness for vector equilibriums and proposed a generalized well-posed concept
for equilibrium problems with equilibrium constrains in topological vector spaces setting.
Huang et al.[®] investigated Levitin-Polyak well-posedness of variational inequality problems
with functional constraints. Li and Lil% studied two types of Levitin-Polyak well-posedness
of vector equilibrium problems with variable domination structures in metricable locally
convex Hausdorff topological vector spaces. Bianchi et al.l'% introduced and studied two
notions of well-posedness for vector equilibrium problems in topological vector spaces and
provided sufficient conditions for well-posedness in finite dimensional spaces.

Motivated and inspired by the above works, in this paper we shall investigate parametric
well-posedness for weak vector equilibrium problems in real Banach space. We establish
some metric characterizations of unique well-posedness and well-posedness for the problems.
We also obtain that under suitable conditions, the unique well-posedness is equivalent to
the existence and uniqueness of solutions. Finally, we derive sufficient conditions for well-
posedness in finite dimensional space.

1 Preliminaries and definitions

Throughout this paper, let X be a real Banach space, Y be a real Hausdorff topological
vector space, P be a normed space; and let C' be a closed convex pointed cone in Y with
intC' # @, where intC' denotes the interior of C'. We denote the class of the neighborhoods
of 0in X and Y by Nx(0) and Ny (0), respectively, and denote the closed unit ball of X by
B.

Let A be a nonempty subset of X, and F : A x A — Y be a bifunction. The weak
vector equilibrium problem is: find = € A such that

F(z,y) ¢ —intC, Vye€ A.

Let E be a nonempty subset of X. When the set A and the function F are perturbed
by a parameter p, which varies over the space P, we can define the parameterized weak
vector equilibrium problem (WVEP),: find z € A(p) such that

F(pa xz, y) ¢ _intca Vy € A(p)a

where A is a set-valued mapping from P to X with A(p) C E, for all p € P, and F :
P x Ex E—Y is a trifunction.
For each p € P, let S(p) denote the solution set of (WVEP),:

S(p)={z € A(p) : F(p,z,y) ¢ —intC, Vy e A(p)}.

Definition 1.1 Let W be a topological space, and @) be a topological vector space
with a partial ordering cone K. Suppose that h is a vector-valued mapping from W to Q.
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We say that h is K-continuous at wg € W if, for any neighborhood V of 0 € @), there exists
a neighborhood U(wp) of wg such that

h(w) € h(wo) +V + K, Yw € U(wo).

Moreover, h is said to be K-continuous on W if h is K-continuous at every point of W
Definition 1.2 Let W and @Q be two topological spaces, H be a set-valued mapping
from W to Q.
We say that H is upper semicontinuous at wy € W if, for any neighborhood U (H (wy))
of H(wy), there exists a neighborhood U(wg) of wg such that

H(w) C U(H(wp)), Yw € U(woy).

H is said to be upper semicontinuous on W if H is upper semicontinuous at every point
of W.

We say that H is lower semicontinuous at wg € W if, for any net {w,, : & € I'} converging
to wo and for any yo € H(wy), there exists a net y, € H(w,) such that converges to yo. H
is said to be lower semicontinuous on W if H is lower semicontinuous at every point of W

H is said to be continuous on W if H is both upper semicontinuous and lower semicon-
tinuous on W.

Definition 1.3[''=12 Let E be a nonempty bounded subset of X. The measure of
noncompactness p of set E is defined by

w(E) = inf {t > 0 : there exists n € N such that £ = U E;, diamFE; <t,i=1,--- ,n} ,
i=1
where the diam means the diameter of a set.
Definition 1.4 Let F;, E2 be two nonempty subsets of X. The Hausdorff metric
H(-,-) between E; and FEj is defined by

H(El ,EQ) = max{e(El,Eg), G(EQ, El)},

where

e(F1, Ey) = sup d(a, F2), d(a,Es) = inf |la—1].
a€E; beEE,

Let {E,} be a sequence of nonempty subsets of X. We say that E, converges to F in the
sense of Hausdorff metric if H(FE,, E) — 0.

Lemma 1.1[53] If H is an upper semicontinuous set-valued mapping from topological
vector space W to another topological vector space @ with closed values, then H is closed.

2 Well-posedness for weak vector equilibrium problems

Let ¢ € intC be a given point. Fang et al.l discussed the well-posedness for numerical
equilibrium problems and for optimization problems with numerical equilibrium constrains
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in real Banach spaces. Based on the definition of well-posedness in [6], we extend the
definition to the case of weak vector equilibrium problems.

Definition 2.1 Let p € P, and {p,} C P be a sequence converging to p. A sequence
{zn} (xn € A(pn)) is said to be an approximating sequence for (WVEP),, corresponding to
{pn} if and only if there exists &, > 0 with ¢, — 0 such that

F(pn,@n,y) +enc ¢ —intC;, Vy € A(pn)-

Definition 2.2 The family {(WVEP), : p € P} is said to be parametric uniquely
well-posed if and only if,

(i) there exists a unique solution =, to (WVEP), for each p € P;

(ii) for any given p € P and with p, — p, every approximating sequence for (WVEP),
corresponding to {p,} converging to z,.

Definition 2.3 The family {(WVEP), : p € P} is said to be parametric well-posed if
and only if,

(i) the solution set S(p) of (WVEP),, is nonempty for all p € P;

(ii) for any given p € P and {p,} C P with p,, — p, every approximating sequence for
(WVEP),, corresponding to {p,} has a subsequence converging to some point of S(p).

The approximating solution set of (WVEP),, is defined by

Q,(0,¢) = U {r e A(p)): F(p',z,y) + ec ¢ —intC, Vy € A(p")}, 6>0, £>0.
p'€B(p,9)

where B(p,d) denotes the closed ball centered at p with radius 6. When 6 = 0, B(p,?)
reduces to the point p.

The following theorem shows that the parametric uniquely well-posedness for (WVEP),,
can be characterized by considering the behavior of the diameter of the approximating
solution set.

Theorem 2.1 Let FE be a nonempty subset of X, A be a continuous set-valued mapping
from P to X with nonempty closed values and A(p) C E forallp € P. Let F: PxEXE =Y
be a C-continuous mapping. Then the family {(WVEP), : p € P} is parametric uniquely
well-posed if and only if Vp € P,

Q,(0,) #0, V6>0,e >0, and diamQ,(d,e) — 0, as(d,e) — (0,0). (1)

Proof Suppose that the family {(WVEP), : p € P} is parametric uniquely well-
posed. Then (WVEP),, has a unique solution x, for each p € P. Clearly Q,(d,¢) # 0 since
xp € Qp(d,e) for all 6 > 0,e > 0. If diamQ,(d,e) - 0 as (d,&) — (0,0), then there exist
1>0,8,20,¢e, >0 with 6, = 0, g, — 0, and z,,, yn € Qp(dp,€xn) such that

lzn, —ynll >1, VneN. (2)
Since @y, Yn € Qp(dpn,en) for each n € N, there exist py,gn € B(p,dn) such that

F(pn, Tn,y) + enc ¢ —intC, Vy € A(py)
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and
F(qn, Yn,y) + enc ¢ —intC, Vy € A(gn).

It is clear that p,, — p, ¢n — p, so {z,} and {y,} are approximating sequences for (WVEP)p
corresponding to {p,} and {q¢,}, respectively. By the parametric uniquely well-posedness of
family {(WVEP), : p € P}, both {z,} and {y,} have to converge to x,, which contradicts
(15). Therefore (1) holds.

Conversely, suppose that condition (1) holds. Note that V§ > 0, € > 0, Q,(d,¢) # 0, let
p € P, {p,} C P with p, — p and {x,} be an approximating sequence corresponding to
{pn}, thus there exists ¢, > 0 with &, — 0 such that

F(pn,Tn,y) +enc ¢ —intC, Vy € A(pn). (3)

This yields that =, € Q,(d,,€n) with §, = ||p, — p|| — 0. It follows from (1) that {z,} is a
Cauchy sequence and since X is complete, we can suppose that {z,} converges to T € X.
Since A is upper semicontinuous with closed values, by Lemma 1.1, A is a closed mapping.
Thus & € A(p). Now we show that Z € S(p). If T ¢ S(p), then there exists § € A(p)such
that

F(p,z,7y) € —intC.

Therefore, there exists balanced V' € Ny (0) such that
F(p,z,5) +V +V C —intC. (4)

By the lower semicontinuity of A, there exists y, € A(py) such that y,, — g. Since F
is —C-continuous on P X FE X F and (pn, Zn, yn) — (p, T, ), there exists n; € N, such that

F(pn,n,yn) € F(p,z,5)+V —C, VYn=n,. (5)
For €, — 0, there exists ny € N, satisfying
enc €V, Vn=ns. (6)
By (4)-(6), there exists ng = max{ni,n2}, ¥n > ng, we have
F(pn,@n,yn) +enc € F(p,2,5) +V +V —C C —intC — C = —intC. (7)

This contradicts (3). Thus, Z € S(p).

To complete the proof, it is sufficient to prove that (WVEP)p has a unique solution. If
(WVEP)p has two distinct solutions z1 and z», it is easy to see that 1, z2 € Q,(4,¢) for
all § > 0, e > 0. It follows that

0 < ||z1 — 22| < diam,(d,e) - 0,

which contradicts with (1).
For the parametric well-posedness, we give the following characterization by considering
the noncompactness of approximate solution set.
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Theorem 2.2 Let F be a nonempty subset of X, P be a finite dimensional normed
space. Let A be a continuous set-valued mapping from P to X with nonempty bounded
closed values and A(p) C F for all p € P. Let F: P x E x E — Y be a —C-continuous
mapping. Then the family {(WVEP), : p € P} is parametric well-posed if and only if
Vp € P,

Qp(d,e) #0, ¥6>0,e>0, and pu(Qy(d,¢)) — 0, as (d,¢) — (0,0). (8)

Proof Suppose that the family {(WVEP), : p € P} is parametric well-posed. Then
S(p) # 0 for all p € P. Since for any §>0, € >0, S(p) C Q,(6,¢), we have Q,(d,¢) # 0.
We first show that S(p) is compact. Let {x,} C S(p) be any sequence in S(p), thus

F(p,xn,y) ¢ —intC, Yy € A(p), Vne€N.

Therefore, {x,} is an approximating sequence corresponding to {p,}(Vn € N, p, = p).
Since the family {(WVEP), : p € P} is parametric well-posed, {z,} has a subsequence
which converges to some point of S(p). Thus, S(p) is compact.

Now we show that p(€,(d,¢)) — 0, as(d,e) — (0,0). Since P is finite dimensional, we
know that B(p,d) is compact. Since A is upper semicontinuous with bounded values, we
can know that A(B(p,d)) is bounded in X (see [13], p.123, Proposition 2 and Proposition
4). Hence, Q,(d,e) C A(B(p,?)) is bounded in X. Observe that for every d > 0, € > 0,

H(Qp(6,¢), S(p)) = max{e(2p(5, ), S(p)), e(S(p), (3, €))} = e(2(3, ), S(p))-
Taking into account the compactness of S(p), we get 1(S(p)) = 0 (see [11,12]) and
1(Q2p(0,2)) < 2H(,(6,2), S(p)) + u(S(p)) = 2¢(2p(6,€), S(p))-

To prove (8), it is sufficient to show
e(,(5,2),S(p)) — 0, as (5,£) — (0,0).

If e(Q2p(d,€),S(p)) - 0 as (6,¢) — (0,0), then there exist [ > 0, d, > 0, €, > 0 with
0, — 0, e, — 0,and z,, € Qp(dy,en) such that

xn ¢ S(p)+1B, ¥neN. 9)
As x,, € Qp(6n,€n), there exists p, € B(p, d,) such that z,, € A(p,) and
F(pn,Zn,y) +enc ¢ —intC, Vy € A(pp).

So {x,} is an approximating sequence corresponding to {p,}. By the parametric well-
posedness of family {( WVEP), : p € P}, {z,} has a subsequence converging to some point
of S(p). This contradicts (9) and so

e(Q,(6,¢),S(p)) — 0, as (d,¢) — (0,0).
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Conversely, suppose that condition (8) holds. We first show that €,(d,¢) is closed
for all >0, ¢ > 0. Let z,, € Q,(0,¢) with x,, — z. Then for each n € N, there exists
pn € B(p,9), xn € A(pn) such that

F(pn,xn,y) +ec ¢ —intC, Yy € A(py). (10)

Since B(p, §) is compact, without loss of generality, we can suppose that {p,} converges
to p € B(p,d). Since A is upper semicontinuous with closed values, by Lemma 1.1, A is a
closed mapping. Thus z € A(p). We claim that

F(p,z,y) +ece¢ —intC, Yy € A(p). (11)
Otherwise, there exists § € A(p) such that
F(p,z,§) +ec e —intC.
Hence, there exists balanced V' € Ny (0) such that
F(p,z,§) +ec+V C —intC. (12)

By the lower semicontinuity of A, there is y, € A(p,) with y, — §. Since F is —C-
continuous on P X F x E and (p,, Tn,yn) — (P, ,7), there exists ny € N, satisfying

F(pn,xn,yn) € F(p,z,5)+V —C, Vn=n;. (13)
By (12) and (13), Vn > n;, we have
F(pn,@n,yn) +ec € F(p,z,§) +ec+V —C C —intC — C = —intC.

This contradicts (10). Therefore, (11) holds. Hence, £2,(d,¢) is closed.
Now we show that

S() = ) W (6nen),

where §, > 0., > 0, 0 < 0p11 < 00,0 < €py1 < €p, and 0y, €, — 0. According to the
definition of Q,(d,¢) and the proof above, we know that Q,(6,,e,) is nonempty bounded
closed and Vn € N, Q,(dp,6n) D Qp(dp+1,nt1). With the condition pu(Q,(dn,en)) — 0, we

obtain that () Q,(dn,e,) is a nonempty compact set (see [12], p.139 Lemma 5.2). We choose
n=1

z € () Qp(dn,en), thus x € Q,(d,,en) for all n € N. Therefore, there exists p, € B(p,dn)
n=1
such that x € A(p,) and
F(pn,x,y) +enc ¢ —intC, Yy € A(py).

Obviously, p, — p. Since A is upper semicontinuous with closed values, by Lemma
1.1, A is a closed mapping. Thus x € A(p). By the sufficient proof of Theorem 2.1,

we get © € S(p). Thus ﬁ Q,(0n,en) C S(p). It is clear that S(p) C ﬁ Qp(On,en),
n=1 n=1
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S(p) = () Qp(6n,en) is nonempty, compact. According to the theorem on p.412 in [11], we
n=1
conclude that

e(Q,(6,¢),S(p)) — 0, as (d,¢) — (0,0). (14)

(To show (14) holds. If e(Q,(dn,en), S(p)) - 0, without loss of generality, we can
suppose that there exists [ > 0 such that e(Q,(dn,€n),S(p)) > [ for every n € N. Thus,
there exists a,, € Q,(d,,ep) such that

d(an,S(p)) > L.

By the definition of p(€2,(dn, €5)), there exist finite sets ES™ such that
JES = Qy(6,20)

with 1
diamE < pu(Qp(3p,20)) + —.
n

Since Qp(0n,en) O Up(dnt1,6n+1), we know that {a1,aq2, -} C Q,(61,£1). Hence there
exists some ES” contains a subsequence {a;,, ai,, ai, - -} of {a1,as,- - -}, where 1 < i;. For
{aiy, @iy, - -} C Qp(d2,€2), there exists some E) contains a subsequence {aj,,aj,, - -}of
{ai,, iy, -}, where i; < ji. Continue doing this, we get infinite subsequences {a;,, a;,, - -},

{aj,,aj,, -}, --. Choose the first element of every subsequence, we get a new subsequence
. . k
{Gn,, ny, -} (n1 =11 <ng =41 <---) of {a1, a2, --}. Hence {an, ,an,, an; 5} C EP.

For diamE < pu(Qy Sk, ex)) + + — 0, {an,,an,, - -} is a Cauchy sequence. Since X is

complete, we can suppose that {a,,,an,, -} converges to a € X.
Now we show that a € S(p). For any given n € N, there exists mg € N such that n,,, >
n. When m > mg, we have ny,, = Ny, > n. Together with Q,(d,,en) D Qp(0nt1,En+1)s
we have ay,, € Q,(0,,ep). Since Q,(,,¢&,,) is closed, we know that @ € Q,(0,,e,). By the
o0
arbitrary of n, we have @ € () Q,(dn,en) = S(p). This contradicts with d(an, S(p)) > I.
n=1

Hence e(Qp(dp,€n), S(p)) — 0.)
Let p, — p € P and {x,} be an approximating sequence corresponding to {p, }. Thus,
there exist 4,, > 0, €, > 0 with §,, — 0, &, — 0 such that

F(pn,Tn,y) +enc ¢ —intC, Vy € A(pn)-
This means that @,, € Q,(6,,&,) with &, = ||p, — p|| + L. It follows from (14) that
d(2n, S(p)) < e(2p(0n,n), S(p)) — 0.
Since S(p) is compact, there exists Z,, € S(p) such that
[2n = Zn|| = d(2n, S(p)) — 0.

Again from the compactness of S(p), {Z,} has a subsequence {Z,,} converging to
Z € S(p). Hence the corresponding subsequence {z,, } of {x,} converges to € S(p). Thus
the family {(WVEP), : p € P} is parametric well-posed.
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The following theorem shows that under suitable conditions, the parametric uniquely
well- posedness of (WVEP), is equilivalent to the existence and uniqueness of the solution.

Theorem 2.3 Let X be a finite dimensional normed space and F be a nonempty subset
of X. Let A be a continuous set-valued mapping from P to X with nonempty compact values
and A(p) C Eforallpe P. Let F: Px E x E —Y be a —C-continuous mapping. Then
the family {(WVEP), : p € P} is parametric uniquely well-posed if and only if Vp € P,
(WVEP),, has a unique solution.

Proof The necessity is obvious. For the sufficiency, suppose that S(p) = {x,} for each
p € P. Let p, — p € P and {z,}(x, € A(p,))be an approximating sequence corresponding
to {pn}. Thus, there exists e, > 0 with &, — 0 such that

F(pn,Tn,y) +enc ¢ —intC, Vy € A(pn)-

We assert that {«,,} is bounded. Indeed, if {,,} is unbounded, without loss of generality,
we can suppose that ||z, — +occ. Since p, — p, the set {p, : n € N} U {p} is compact.
Since A is upper semicontinuous, A ({p, :n € N} U {p}) is compact in X (see [13], p.121,
Proposition 11). So {z,} C A({pn : k € N} U{p}) is bounded, which contradicts ||z, || —
+o00.

Now we show that z,, — z,. Suppose to the contrary that {z,} dosen’t converge to x,.
Then there exist > 0 and a subsequence {x,, } of {z,} such that

T, ¢ Tp +1B, Vke€N. (15)

Since {zn,} is bounded, it has a convergent subsequence. Without loss of generality,
we assume that {z,, } converges to Z € X. Since A is upper semicontinuous with closed
values, A is a closed mapping. Hence, z € A(p). By the sufficient proof of Theorem 3.1,
we get T € S(p). By the uniqueness of the solution, Z = x,. This contradicts (15). Hence
Zn, — Zp. Therefore, the family {(WVEP), : p € P} is parametric uniquely well-posed.

For the parametric well-posedness, we have the following result.

Theorem 2.4 Let X be a finite dimensional normed space and F be a nonempty subset
of X. Let A be a continuous set-valued mapping from P to X with nonempty compact values
and A(p) C E for allp € P. Let F : P x E x E — Y be a —C-continuous mapping. If
Vp € P, S(p) # 0, then the family {( WVEP),, : p € P} is parametric well-posed.

Proof Let p, — p € P and {x,} be an approximating sequence corresponding to {p, }.
Thus, there exists ¢,, > 0 with £, — 0 such that

F(pn,Tn,y) +enc ¢ —intC, Vy € A(pn)-

By the sufficient proof of Theorem 2.3, we know that {z,,} has a subsequence converging
to some point of S(p). Therefore, the family {(WVEP), : p € P} is parametric well-posed.

Remark 2.1 Fang et al.l% discussed the well-posedness for numerical equilibrium prob-
lems and for optimization problems with numerical equilibrium constrains in real Banach
spaces. In this paper, for Theorem 2.1-2.4, we use the method which was utilized in [6] to
deal with the vector equilibrium problems.
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It is well known that both the assumptions of concavity and monotonicity together with
their generalizations are strictly related to many results concerning equilibrium problems.
The following theorem focus on concave functions, by providing results that extend a similar
one in [10]. Bianchi et al.'% studied the well-posedness of vector equilibrium problems
without any parameter, next we consider the well-posedness of weak vector equilibrium
problems which was perturbed by parameter.

We denote the boundary and closure of set E by bd(F) and cl(E) respectively.

Theorem 2.5 Let X be a finite dimensional normed space, £ be a nonempty closed
convex subset of X, and Vp € P, A(p) = E. Let F : P x Ex E — Y. If the following
conditions

(i) the solution set S(p) is nonempty and bounded for all p € P;

(ii) F(p,z,2) = 0 for all p € P, x € E; and for each p € P, F(p,z,y) ¢ —bd(C),
whenever z € S(p), and y € E\S(p);

(iii) for any given (z,y) € FE x E, F(-,x,y) is continuous on P; for any given y € E,
F(-,-,y) is —C-continuous on P x E;

(iv) for any given (p,y) € Px E, F(p,-,y) is C-concave on E;

(v) if p, — p € P, {x,} is an approximating sequence corresponding to {p,}, then for
any y € E, the sequence {F(pn,Zn,y)} is bounded in Y
hold, then the family {(WVEP), : p € P} is parametric well-posed.

Proof Let p, — p € P and {x,} be an approximating sequence corresponding to {p;, }.
Then there exists ¢,, > 0 with £, — 0 such that

F(pp,xn,y) +enc ¢ —intC, VyecE. (16)

We first show that {z,} exists bounded subsequences. If not, then any subsequence
of {z,,} is unbounded. Without loss of generality, let us suppose that ||z,|| — +oo and
xy ¢ cl(S(p) + B) for all n € N. Let Q = cl(S(p) + B)\int(S(p) + B). Since S(p) is
bounded and X is finite dimensional, we know that @ is compact. For any = € S(p) we have
x+ B C S(p) + B, therefore S(p) C int(S(p) + B), which implies that S(p) NQ = 0. Fix an
arbitrary € S(p) and let

A =sup{A € [0,1] : A2+ (1 — Nz, € S(p) + B}, neN.

Let z}, := A\pZ 4+ (1 — Ay )z, We claim that o], € Q for each n € N and\, — 1.

(In fact, by Vn € N, z, ¢ cl(S(p) + B), we know 0 € {\ € [0,1] : Az + (1 — Nz, ¢
S(p) + B}, thus )\, is meaningful and A, > 0. If there exists ng € N such that \,, =1, we
know that there exists €,, — 01 such that

(1—em)T4+em@ng =T +em(zn, —Z) ¢ S(p)+ B
for any m € N. But for Z € S(p) and &, — 0T, there exists enough large m such that
Z+em(zn, — %) € S(p) + B.

It is a contradiction. Hence 0 < A\, < 1 for all n € N.
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If there exists ng € N such that x], = Ao Z + (1 = Ay )Tn, ¢ @, then we can divide
the following two cases:
L. If z, € int(S(p) + B), then there exists A;, > 0 such that

x5, + A, B C S(p)+ B.

That is
Ao + (1= Ay )ny + Ay B C S(p) + B.
Since ;‘0 B is a balanced absorbing set, there exists 0 < £ < A, such that
/ /
—rz € ;0 B, rx,, € ;UB
and

My = 1)Z 4+ [1 = (Ang — )]0y € S(p) + B
for all 0 < r < &. By the definition of A,,, there exists A, — & < Ao < Ap, such that
MoZ + (1 — Xo)xo ¢ S(p) + B.
That is to say that there exists 0 < rg = A, — Ao < & such that
Mg —710)T+[1 — (Ang —70)]Zn, ¢ S(p) + B.

It is a contradiction.
2. If 27, € X\(cl(S(p) + B)), then there exists A;, > 0 such that

T+ Xoy B € X\(el(S(p) + B)).

That is
Ao + (1= Mg )ng + Ay B € X\(cl(S(p) + B)).

)\/
Since —® B is a balanced absorbing set, there is 0 < £ < 1 — A, such that

/ /

— A’ﬂo )\’n()
fxETB and — &z, € 5 B.

Hence

(A +T +[1 = (Mg +&)zn, € X\(cl(S(p) + B)),
()‘no +§)j + [1 = (Ano + 5)]55710 ¢ S(p) + B.

It contradicts the definition of A,,.

Therefore, z/, = AT+ (1 — A\p)zy, € Q for all n € N. By the compactness of @, {||«,||}
is a bounded sequence of real numbers.

If A\, - 1, then there exist some 6 < 1 and a subsequence {\,, } of {\,} such that
An, <O for all kK € N. Thus we may write

(1 - )\nk)x"k = ‘T;zk - )‘nk‘fu
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from which

1 , A _

N

1, .
m(HxnkH + [|1z]]).

But this contradicts the fact that ||z,| — +00.)
Since the set @ is compact, there exists a subsequence {A,, T+ (1 — A, )Tn, } of { AT +
(1 = A\p)zp}, which converges to 2’ € Q. Since FE is a closed convex set, we have

AZ+ (1 =Mz, €E
for any n € N and 2’ € E. By condition (iv), we obtain that Vk € N:
M F (P » T, @) + (1 = X ) F (P s Ty ') € F (P A T + (1 = Ay )Ty, @) — C. - (17)
We claim that F(p,Z,2') € —C. If not, then there exists V € Ny (0) such that
(V-C)N(F(p,z,2")+V)=0. (18)
It follows from condition (iii) that there exists kq such that
F(Dnps A T + (1= Ay )Ty @) € F(py 2, 2') +V = O, Vk > k.
By condition (ii), F(p,z’,2") = 0, we have
F(Dngs A T + (1= Apy )Ty ') —C CV = C, Vk > k. (19)

By condition (iii), (v) and Ap, — 1, A\, F'(Pny, T, 2") + (1 — A\ ) F Py Ty ') —
F(p,z, ).
Therefore, there exists ko such that

M F (P, T, ") + (1 = A ) F Py s Ty, ') € F(p, 2,2") +V, Vk > ko. (20)
According to (17), (19) and (20), we get
(V-C)n(F(p,z,2')+ V) #0.

This contradicts (18). Hence F(p,z,2’) € —C. Since T € S(p) and '’ € QNE, F(p,z,2') ¢
—intC. Those mean that F(p,Z,2') € —bd(C). Observe that 2’ € @, S(p) N Q = 0
so ' € E\S(p). It follows from the condition (ii) thatF(p,Z,z’) ¢ —bd(C). This is a
contradiction. Thus {z,} exists bounded subsequence.

)

Now we show that {z, } has a subsequence converging to some point of S(p). Since X is
finite dimensional and {z,} exists bounded subsequence, {z,} has a convergent subsequence
{zn, } which converges to Z € A(p) = E. We assert that T € S(p). If T ¢ S(p), then there
exists y € E such that

F(p,z,y) € —intC.
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that

Therefore, there exists balanced V' € Ny (0) such that
F(p,z,5) +V +V C —intC. (21)
Again from (iii), and together with (pn,,Tn,) — (0, ), €n, — 0, there exists k3 such
F(png,Zn,,9) € F(p,Z,5)+V —C and e,,ceV. Vk > ks. (22)
It follows from (21) and (22) that

F(pnk7$nk,g)+€nk66F(p,jj,g)+v+v_c
C —intC - C
= —intC, vk = k3.

This contradicts (16). Hence € S(p). Hence, the family {(WVEP), : p € P} is

parametric well-posed.

Corollary 2.1 Let E be a nonempty compact subset of X, and Vp € P, A(p) = E.

Let ': Px Ex E — Y. Assume that

(i) the solution set S(p) is nonempty for all p € P;

(ii) for any given y € E, F(-,-,y) is —C-continuous on P X E.

Then the family {(WVEP), : p € P} is parametric well-posed.

Proof Let p, — p € P and {z,} be an approximating sequence corresponding to {p, }.

Thus there exists ¢, > 0 with &,, — 0 such that

F(pnyZn,y) +enc ¢ —intC, Yy e E.

Observe that E is compact, thus {x,} has a convergent subsequence. By the proof of

Theorem 2.5, it is easy to see that the family {(WVEP), : p € P} is parametric well-posed.
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